
fokas
2008/7/24
page ix

�

�

�

�

�

�

�

�

Contents

Preface xiii

Introduction 1
Historical Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
I.1 A Generalization of the Classical Transforms for Linear

Evolution Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
I.2 Inversion of Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
I.3 Novel Integral Representations for Linear PDEs . . . . . . . . . . . . . 16
I.4 Green’s Identities, Images, Transforms, and the Wiener–Hopf

Technique: A Unification . . . . . . . . . . . . . . . . . . . . . . . . . 19
I.5 Nonlinearization of the Formulation in the Spectral Plane . . . . . . . . 26

I A New Transform Method for Linear Evolution Equations 35

1 Evolution Equations on the Half-Line 37
1.1 The Classical Representations: Return to the Real Line . . . . . . . . . 53
1.2 Forced Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
1.3 Green’s Function Type Representations . . . . . . . . . . . . . . . . . . 55
1.4 The Generalized Dirichlet to Neumann Correspondence . . . . . . . . . 57
1.5 Rigorous Considerations . . . . . . . . . . . . . . . . . . . . . . . . . 59

2 Evolution Equations on the Finite Interval 63
2.1 The Classical Representations: Return to the Real Line . . . . . . . . . 69
2.2 Forced Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
2.3 Green’s Function Type Representations . . . . . . . . . . . . . . . . . . 73

3 Asymptotics and a Novel Numerical Technique 77
3.1 The Heat Equation on the Half-Line . . . . . . . . . . . . . . . . . . . 78
3.2 The Equation qt + qxxx = 0 on the Half-Line . . . . . . . . . . . . . . 80
3.3 The Equation qt − qxxx = 0 on the Half-Line . . . . . . . . . . . . . . 81

ix



fokas
2008/7/24
page x

�

�

�

�

�

�

�

�

x Contents

II Analytical Inversion of Integrals 85

4 From PDEs to Classical Transforms 87

5 Riemann–Hilbert and d-Bar Problems 91
5.1 Plemelj Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.2 The d -Bar Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6 The Fourier Transform and Its Variations 97

7 The Inversion of the Attenuated Radon Transform and Medical Imaging 103
7.1 Computerized Tomography . . . . . . . . . . . . . . . . . . . . . . . . 103
7.2 PET and SPECT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
7.3 The Mathematics of PET and SPECT . . . . . . . . . . . . . . . . . . . 105
7.4 Numerical Implementation . . . . . . . . . . . . . . . . . . . . . . . . 110

8 The Dirichlet to Neumann Map for a Moving Boundary 113
8.1 The Solution of the Global Relation . . . . . . . . . . . . . . . . . . . . 119
8.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

III Novel Integral Representations for Linear Boundary Value Problems 125

9 Divergence Formulation, the Global Relation, and Lax Pairs 129

10 Rederivation of the Integral Representations on the Half-Line and
the Finite Interval 137

11 The Basic Elliptic PDEs in a Polygonal Domain 141
11.1 The Laplace Equation in a Convex Polygon . . . . . . . . . . . . . . . 141
11.2 The Modified Helmholtz Equation in a Convex Polygon . . . . . . . . . 148
11.3 The Helmholtz Equation in the Quarter Plane . . . . . . . . . . . . . . . 151
11.4 From the Physical to the Spectral Plane . . . . . . . . . . . . . . . . . . 155

IV Novel Analytical and Numerical Methods for Elliptic PDEs
in a Convex Polygon 159

12 The New Transform Method for Elliptic PDEs in Simple
Polygonal Domains 163
12.1 The Laplace Equation in the Quarter Plane . . . . . . . . . . . . . . . . 164
12.2 The Laplace Equation in a Semi-Infinite Strip . . . . . . . . . . . . . . 168
12.3 The Modified Helmholtz Equation in a Semi-Infinite Strip . . . . . . . . 171
12.4 The Helmholtz Equation in the Quarter Plane . . . . . . . . . . . . . . . 176
12.5 The Modified Helmholtz Equation in an Equilateral Triangle . . . . . . 178
12.6 The Dirichlet to Neumann Correspondence . . . . . . . . . . . . . . . . 184



fokas
2008/7/24
page xi

�

�

�

�

�

�

�

�

Contents xi

13 Formulation of Riemann–Hilbert Problems 189
13.1 The Laplace Equation in the Quarter Plane . . . . . . . . . . . . . . . . 189
13.2 The Laplace Equation in a Semi-Infinite Strip . . . . . . . . . . . . . . 190
13.3 The Modified Helmholtz Equation in a Semi-Infinite Strip . . . . . . . . 192

14 A Collocation Method in the Fourier Plane 195
14.1 The Laplace Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
14.2 The Modified Helmholtz Equation . . . . . . . . . . . . . . . . . . . . 203
14.3 Further Developments and Numerical Computations . . . . . . . . . . . 206

V Integrable Nonlinear PDEs 213

15 From Linear to Integrable Nonlinear PDEs 217
15.1 A Lax Pair Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 217
15.2 A Scalar RH Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 218
15.3 A Matrix RH Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
15.4 The Dressing Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 220

16 Nonlinear Integrable PDEs on the Half-Line 225
16.1 The NLS Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
16.2 The Modified KdV, KdV, and sG Equations . . . . . . . . . . . . . . . . 255

17 Linearizable Boundary Conditions 271
17.1 Additional Linearizable Boundary Value Problems . . . . . . . . . . . . 281

18 The Generalized Dirichlet to Neumann Map 283
18.1 The Gel’fand–Levitan–Marchenko Representations . . . . . . . . . . . 285
18.2 The Solution of the Global Relation in Terms of the

GLM Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291
18.3 The Solution of the Global Relation in Terms of �(t, k) . . . . . . . . . 296

19 Asymptotics of Oscillatory Riemann–Hilbert Problems 301
19.1 The Large-t Limit of the Nonlinear Schrödinger Equation

on the Half-Line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301
19.2 Asymptotics in Transient Stimulated Raman Scattering . . . . . . . . . 308

Epilogue 315

Bibliography 321

Index 335


