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Preface 

During a very large part of his career the author of this book has been interested in 
the application of variational methods to problems from science and engineering, partic-
ularly those modelled by partial differential equations and inequalities. These interests lead 
in particular to GLOWINSKI, LIONS & TRÉMOLIÈRES [1981], GLOWINSKI [1984, 2008] and 
GLOWINSKI & LE TALLEC [1989]. The variational methods discussed in the three books 
above have been applied to a large variety of problems, many of them from fluid me-
chanics and control, as shown, for example, by BRISTEAU, GLOWINSKI & PÉRIAUX 
[1987], DEAN & GLOWINSKI [1993, 2002], GLOWINSKI [1991, 2003], GLOWINSKI & LIONS 
[1994, 1995], DEAN, GLOWINSKI & GUIDOBONI [2007], GLOWINSKI, LIONS & HE [2008], 
and GLOWINSKI & WACHS [2011]. On the other hand, with the exception of those in-
vestigations leading to GLOWINSKI & MARROCCO [1974, 1975] and GLOWINSKI, KELLER & 
REINHART [1985], the author was not particularly interested by the solution of nonlinear 
elliptic problems. Things started to change all at once in 2002–2003: Following a discus-
sion with B. Dacorogna we became interested in the numerical solution (actually, nu-
merical investigation would be a more appropriate term) of the Dirichlet problem for 
the following system of Eikonal-type equations: 
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u
∂
∂  = 1 in Ω, ∀ i = 1, …, d, (0.1) 

Ω being a bounded domain of Rd. Then, following several discussions with D. Bao 
and L. Caffarelli, we started investigating the solution of fully nonlinear elliptic equations of 
the Monge–Ampère type; an ambitious program indeed. At one point (early 2007), we 
decided that we had enough material to justify a book on the above topics. When the 
possibility came to lecture at a NSF/CBMS conference on the numerical solution of nonlinear 
elliptic problems, we realized that this was an opportunity to write a book on the applica-
tion of variational methods to the solution of nonlinear elliptic problems (many of 
them being largely new to us at the time). All this largely explains the present volume 
whose content is as follows: 

• In Chapter 1 we discuss the solution of variational problems in Hilbert spaces, focus-
ing first on linear variational problems and then on variational inequalities. Among the 
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issues to be addressed, let us mention the existence and uniqueness properties of 
the solutions of these problems, and their approximation. 

• Chapter 2 is dedicated to the iterative solution of linear and nonlinear problems in Hil-
bert spaces by conjugate gradient algorithms and by Newton’s method. 

• In Chapter 3, we discuss the numerical integration of initial value problems by operator-
splitting methods. These methods include well-known alternating direction methods, 
such as Peaceman–Rachford’s and Douglas–Rachford’s, and traditional fractional step 
schemes, such as Lie’s, Strang’s, and Marchuk–Yanenko’s; they include also the frac-
tional θ-scheme introduced in GLOWINSKI [1985, 1986]. For those readers wonder-
ing what a chapter on the solution of time-dependent problems has to do with a volume 
dedicated to the solution of nonlinear elliptic problems, let us mention that a still quite 
popular way to solve an equation such as 

 A(u ) = f , (0.2) 

where, for example, A operates (possibly nonlinearly) from an Hilbert space V 
into its dual ,V ′  is to associate with (0.2) the following initial value problem (    flow 
for the dynamical systems specialists): 
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where S is a duality isomorphism from V onto ,V ′  and then integrate (0.3) from t 
= 0 to t = +∞ in order to capture steady state solutions, necessarily solutions of 
(0.2). If A has the right decomposition properties, one can hope that related operator-
splitting methods for the time-integration of (0.3) will translate into efficient algo-
rithms for the solution of (0.2). Many examples discussed in this volume will 
show the soundness of this approach (in Chapters 7, 8, and 9 in particular). 

• In some sense, Chapter 4 is a complement of Chapter 3, but written in the lan-
guage of optimization theory. In this chapter we will discuss the solution of some 
variational problems by methods combining penalty with Lagrange multiplier tech-
niques, in order to take advantage of naturally existing, or artificially created, de-
composition properties of the problem under consideration. Augmented Lagrangians 
provide a systematic way to implement the above ideas and will be discussed, 
therefore, in this chapter. We will show also that some augmented Lagrangian algo-
rithms are in fact disguised operator-splitting methods, such as Peaceman–Rachford’s 
and Douglas–Rachford’s. Indeed, this chapter can be viewed as an introduction to 
the alternating direction methods of multipliers (ADMM), a methodology (originating 
with GLOWINSKI & MARROCCO [1974, 1975]) of very fast growing popularity, 
finding applications in many areas of science and engineering, as shown by the 
many references given in the chapter. 

• In Chapter 5, we will show how some of the conjugate gradient algorithms discussed 
in Chapter 2 can be used to solve nonlinear problems such as (0.2) via the solution 
of associated minimization problems (clearly of the least-squares type) such as 
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with 

 J(v  ) = ½||S – 1(A(v  ) – f     )|| 2
V .  

In this chapter we will also show how to combine least-squares/conjugate gradient 
methods with arc-length continuation techniques (à la H.B. Keller) in order to solve pa-
rameterized families of nonlinear problems in Hilbert spaces, such as 

 A(u, λ ) = 0,  
where A: V × R → .V ′  

• In Chapter 6, we will address the solution of obstacle problems of various kinds by 
computational methods combining penalty techniques with Newton’s method and con-
jugate gradient algorithms. Beside the solution by the above methodology of “clas-
sical” obstacle problems such as 
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(with, for example, K = {v |v ∈ ),Ω(1
0H v ≥ ψ on Ω}), we will consider also the 

solution, via a similar approach, of the following problem from visco-plasticity 
theory: 
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where, in (0.6), Ω is a bounded domain of R2, μ and τ y are two positive parame-
ters, C is the pressure drop per unit length, and j (v  ) = ∫Ω|∇v |dx. Indeed, a dual 
problem of (0.6) reads as follows: 
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with Q = (L2(Ω))2, Λ = {q = {q i }
2
i =1| q ∈ Q, |q| ( = 2

2
2
1 qq + ) ≤ 1}, Aq = 

)(1 q ⋅∇∆∇ −  
μ

τ y , ∀ q ∈ Q, and u0 the unique solution in H 1
0 (Ω) of the follow-

ing Dirichlet problem: 

 – μ ∇ 2u 0 = C in Ω, u 0 = 0 on ∂Ω;  

from the very nature of the convex set Λ, problem (0.7) is clearly a kind of obsta-
cle problem, which can be solved by a (conceptually) close variant of the penalty/ 
Newton/conjugate gradient method we used to solve the classical obstacle problem 
(0.5). 
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• In Chapter 7, we combine perturbation techniques with the least-squares/conjugate gra-
dient/arc-length continuation methods discussed in Chapter 5, in order to investi-
gate, among other problems, the solution of a Lane–Emden type equation with 
Dirichlet boundary conditions, namely (with λ > 0) 

 – ∇ 2u = λ u 3 in Ω, u = 0 on ∂Ω, (0.8) 

completed by || u ||
)Ω(4L
= 1; since λ > 0 (the “interesting” case), problem (0.8) 

has clearly the flavor of a nonlinear eigenvalue problem. The post-buckling solution of 
the von Kármán equations, a well-known model for the flexion of nonlinear elastic 
thin plates, will be also discussed in this chapter, together with the solution of 
other related nonlinear problems. 

• In Chapter 8, we will show that combining together several of the methods dis-
cussed in the previous chapters, makes possible the solution, by purely elliptic tech-
niques, of the following nonlinear Dirichlet problem: 
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u
∂
∂ = 1 in Ω, ∀ i = 1, …, d, u = g on ∂Ω; (0.9) 

B. Dacorogna (who brought problem (0.9) to our attention) uses the terminology 
implicitly nonlinear for this (kind of  ) problem. Actually, the methodology dis-
cussed in this chapter applies also to the solution of the genuine Eikonal equation, 
namely 

 |∇u | = f in Ω, u = g on ∂Ω. (0.10) 

Many practitioners consider (0.10) a (nonlinear) hyperbolic problem; we will show, 
however that the elliptic solver based methods developed for the solution of 
(0.9) apply also to (0.10). 

• In Chapter 9, we discuss the numerical solution of fully nonlinear elliptic equations 
of Monge–Ampère type. Our discussion will involve the two-dimensional Dirichlet 
problem for the prototypical elliptic Monge–Ampère equation, namely 

 det D2u = f (> 0) in Ω, u = g on ∂Ω, (0.11) 

and the Pucci–Dirichlet problem 
 α λ+ + λ – = 0 in Ω, u = g on ∂Ω, (0.12) 

where (with α > 1) D2u is the Hessian matrix of function u (i.e., D2u = 

))( 2,1
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u and λ+ (resp., λ –  ) is the largest (resp., smallest) eigenvalue of D2u. It 

will be shown that after regularization of the data (if necessary), both problems 
(0.11) and (0.12) can be solved by a method combining, among other ingredi-
ents the following: (i) A least-squares formulation in a subset of the space H  2(Ω) × 
Q (with Q the space of the 2 × 2 symmetric real matrix-valued functions with 
elements in L2(Ω)). (ii) The time discretization by operator splitting of an initial val-
ue problem associated with the Euler–Lagrange equation of the least-squares prob-
lem in (i). 
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The solution methods discussed in the above chapters will be illustrated by the re-
sults of a large number of numerical experiments. 

What made this book possible is the close cooperation and invaluable help we 
benefited from A. Caboussat (Chapter 4), E.J. Dean (Chapter 9), F. Foss (Chapter 7), 
G. Guidoboni (Chapter 6), J.W. He (Chapter 5), T.W. Pan (Chapters 6 and 8), and A. 
Quaini (Chapters 2 and 7). Working with them was an exhilarating and most reward-
ing experience. 

We would like to thank K.E. Atkinson, W. Han, D. Hillis, L. Jay, B. Moore, S. 
Oliveira, and D. Stewart for the organization of the May 21–25, 2007 NSF/CBMS 
Regional Conference on Numerical Methods for Nonlinear Elliptic Equations. The support of 
the National Science Foundation (via grants DMS 0412267 and 0913982, in particu-
lar) and of the Department of Mathematics at University of Iowa is also acknowl-
edged. 

Special thanks are due to the following individuals for their contribution to the 
publication of this book: Ron Rosier at CBMS, Elizabeth Greenspan, Sara Murphy, 
Louis Primus, and Gina Rinelli at SIAM, and compositor Cheryl Hufnagle, at The 
PCH Network, who had the daunting task of combining the separate chapters (writ-
ten in various versions of Word) into one coherent volume. 

Very special thanks are due to my wife, Angela, for her patience during all these 
years it took to complete this project. 
 
More acknowledgments will be given at the end of this volume. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


