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and page numbers on which terms are defined.

accuracy, 22, 123
accuracy order, 13, 38, 94
Adams methods

absolute stability, 54
adaptive mesh refinement (AMR),

371
adiabatic invariant, 200, 202
advection, 1
advection equation, 7, 8, 13, 147
advection-diffusion equation, 1, 327
algebraic multigrid, 320
algorithm

CG, 315
Gaussian elimination, 73
multigrid, 319
PCG, 316
tridiagonal system, 74

alternating direction implicit (ADI),
290

amplification factor, 18, 136
amplification matrix, 136
amplitude, 3
animation, 1, 305
anisotropic diffusion, 102
ansatz, 19
approximate inverse, 317
artificial diffusion, 164
artificial time, 372
artificial viscosity, 164, 358
astrophysics, 246

backward differentiation formula
(BDF), 40

backward error analysis, 196
basis function, 112
biharmonic equation, 274
Black–Scholes model, 32
boundary conditions (BC), 1, 5, 58,

92, 253
absorbing, 263, 272
Dirichlet, 2, 11, 107, 253
essential, 109, 274
extrapolation, 254, 262, 272
inflow, 261
mixed, 107
natural, 104, 109, 274
Neumann, 107, 253
nonreflecting, 262, 272
outflow, 261, 346
periodic, 2, 11, 20, 253
radiating, 272, 274

boundary value ordinary differential
equation (BVODE), 71

Boussinesq system, 250, 311
box scheme, 165, 167
Burgers equation, 157, 170, 260, 272

Cauchy problem, 5, 6
cell average, 338, 342
cell Reynolds number, 358
chaos, 44, 191, 252
characteristic curve, 8, 16, 17
characteristic variable, 259, 352
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Chebyshev points, 55, 78, 245
Chebyshev polynomial, 78, 245
classical wave equation, 217
cloth simulation, 68, 69, 308
collocation

Gauss, 47, 174, 188
Radau, 47

compact
discretization, 94
set, 331
support, 331

complexity
flop, 139

compressible fluid flow, 356
computational fluid dynamics (CFD),

58, 66
computer graphics, 1, 67
computer vision, 1
condition number, 26, 31, 282
conforming finite elements, 110
conjugate gradient algorithm (CG),

315
conjugate gradient method (CG), 281

preconditioned (PCG), 281, 307,
316

conservation
L2-norm, 169
energy, 181
form, 157
mass, 181
momentum, 181

conservation law, 156, 225, 329
conservative system, 23, 182
consistency, 22, 38, 123
convergence, 22, 94, 120
corner-transport upwind, 358
coupling, 204
Courant number, 19, 237
Courant–Friedrichs–Lewy condition

(CFL), 15, 16, 18, 220
crystal growth, 372

dangling node, 118
decoupling, 204
delay differential equation, 88

diagonally implicit Runge–Kutta
(DIRK), 61

difference
backward, 96
centered, 24, 96
compact, 95, 242
forward, 24, 95, 96
implicit, 97, 243, 269

differential algebraic equation
(DAE), 56, 64–65, 108,
181, 204, 256, 269, 288

index, 65
index reduction, 65
inequality constraint, 288
limit, 204
semi-explicit, 65

differentiation matrix, 83, 243
diffusion, 1
diffusion-generated motion, 303
dimensional splitting, 276, 356
discontinuous Galerkin (DG), 113
discrete Fourier transform (DFT), 82,

300
discretization

full discretization, 92
semi-discretization, 37, 91

dispersion, 23, 211, 212, 231
dispersion relation, 212
dissipation, 23, 153, 211
dissipativity, 153, 278

strict, 153
divergence, 183
divided differences, 74
domain of dependence, 16, 220
donor-cell upwind, 358
double well, 303
Dufort–Frankel scheme, 148

earth sciences, 1
elasticity, 67
elliptic

differential operator, 93
problem, 9

energy
conservation, 181
norm, 315
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energy method, 153, 169–177
entropy condition, 333

Lax, 333
Oleinik, 333

error
bound, 128
boundary layer, 270
control, 368
local, 53
local truncation error, 40, 43

essentially nonoscillatory scheme
(ENO), 328, 345, 362

Euler equations, 327, 356
Euler–Lagrange equation, 104, 109,

194, 365
Eulerian method, 246
exponential Runge–Kutta, 311
exponential time-differencing, 310

fast Fourier transform (FFT), 82, 236,
300

Fermi–Pasta–Ulam (FPU), 199
finite difference

centered, 14
one-sided, 13, 19

finite difference method, 92, 93
finite difference scheme

explicit, 14
leapfrog, 14, 19

finite element method (FEM), 67, 93,
94, 110, 195

discontinuous Galerkin, 113
finite volume, 100, 342
finite volume method, 92, 93, 110,

195
fixed point iteration, 80, 312
fixed point iteration and Newton’s

method, review, 80
floating point operation (flop), 73
fluid flow, 1, 305
flux, 329

Buckley–Leverett, 362
fluctuation, 355
limiter scheme, 342
numerical, 336
splitting, 337, 351

forward problem, 284, 287
Fourier

analysis, 135
mode, 18

Fourier transform, 6, 18, 29, 31
continuous, review, 29
discrete and fast, review, 82
periodic, review, 31

fractional step method, 276
frequency, 6, 212
front tracking, 329
Function spaces, review, 28

Gauss divergence formula, 102, 168,
227, 335

Gauss–Newton method, 289
Gauss–Seidel, 317
Gaussian

points, 47, 78, 80
quadrature, 80

Gaussian elimination, 73
without pivoting, 73

geometric integration, 181
Gershgorin’s theorem, 27
ghost

differential equation, 202
Hamiltonian system, 196
unknown, 108

Gibbs phenomenon, 160
Godunov’s scheme, 338–340
Godunov–Ryabenkii condition, 264
gradient, 182
grid, 318
groundwater flow, 304
group velocity, 212

Hamilton–Jacobi equation, 373
Hamiltonian, 182

error, 192
separable, 189

Hamiltonian PDE, 298
Hamiltonian system, 70, 181, 222
harmonic average, 100
harmonic oscillator, 66, 183
hat function, 132
heat equation, 7, 9
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Henon–Heiles Hamiltonian system,
191

Hessian matrix, 185
high resolution, 328
highly oscillatory problem, 66
hyperbolic

differential operator, 91
problem, 7, 8
system, 11

image processing, 1
implicit difference scheme, 97, 243,

269
implicit-explicit method (IMEX),

173, 306
incomplete Cholesky decomposition,

317
incomplete LU -decomposition (ILU),

317
incompressible Euler equations, 305
incompressible Navier–Stokes, 157,

305
inexact Newton, 292
initial condition, 1
initial value problem, 4, 38
initial-boundary value problem, 2, 5,

107
inner product, 26, 31, 171
inner-outer iteration, 292
integration by parts, 170
interpolation

error, 76
Lagrange form, 75
piecewise polynomial, 77
polynomial, 94

invariant, 181
inverse problem, 71, 284, 287

regularization, 289
inverting electromagnetic data, 285
iterative methods for linear systems,

review, 312

Jacobi, 317
Jacobian matrix, 49

Korteweg–de Vries equation (KdV),
148, 151, 170, 211,
230–242, 276, 311

Krylov space, 315
Krylov space method, 281, 315
Kuramoto–Sivashinsky equation

(KS), 252, 311

Lagrange polynomial, 75
Lagrangian, 194
Lagrangian method, 34, 246
Laplace equation, 9
Lax–Friedrichs scheme, 147
Lax–Richtmyer theorem, 126
layer

initial, 57, 58
transition, 327

leapfrog, 14, 218
Legendre polynomial, 78, 174
level set, 373
level set method, 372–374
line search, 314
linear multistep method, 39
Lipschitz

constant, 49
continuity, 49, 154

local error, 52
local truncation error, 38, 40, 43, 120,

122, 128
locally one dimensional (LOD), 294
logarithmic norm, 35
Lorenz equations, 44

marker-and-cell (MAC), 305
mass-spring model, 67
material derivative, 157
material point method, 246
mathematical finance, 1
MATLAB

bvp4c, 89
cholinc, 319
dde23, 88
delsq, 319
fft, 83
ode23s, 63
ode45, 53, 192
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pcg, 319
MATLAB script

leapfrog for advection, 21
Lorenz butterfly, 44
Robertson’s equations, 61

matrix
banded, 74
block structure, 136
block-tridiagonal, 122
circulant, 236
commutativity, 275
condition number, 26, 31, 282
defective, 140
diagonalizable, 27
diagonally dominant, 27
eigenvalue, 25, 26
eigenvector, 26
exponential, 31
fill-in, 281
Hermitian, 25, 141
Jordan canonical form, 27
LU -decomposition, 73
normal, 25, 139, 141
orthogonal, 25
positive definite, 26
simultaneously diagonalizable,

275
singular value, 28
skew-Hermitian, 25
skew-symmetric, 25, 184
sparse, 73
spectral radius, 26, 139, 277
symmetric, 25
symmetric positive definite, 10,

73
tridiagonal, 74, 94
unitary, 25

matrix power and exponential,
review, 30

Maxwell’s equations, 106, 134, 224,
249, 287

quasi-static approximation, 105
mean curvature, 104
mechanical systems, 1
mesh, 12

adaptive mesh refinement
(AMR), 371

coordinate transformation, 114
dual, 99
equi-distribution, 370
finite elements, 116
function, 13, 50
monitor function, 370
nonuniform, 115
Octree, 117
primal, 99
Quadtree, 117
ratio, 117
refinement, 368
rezoning, 371
selection, 368
stretching, 114
tensor product, 115
uniform, 12

method
A-stable, 54, 124
accuracy, 123
Adams, 40
Adams–Bashforth, 40
Adams–Moulton, 41
additive, 276
backward differentiation

formula (BDF), 42, 108,
120, 256

backward Euler, 41, 125
box, 165, 167, 336
classical fourth order

Runge–Kutta (RK4), 44,
159

collocation, 47, 174, 188
collocation at Radau points, 108
compact, 211, 219
consistency, 40, 43, 123
contractivity, 349
convergence, 120
Crank–Nicolson, 124, 165
diagonally implicit

Runge–Kutta (DIRK), 61
dispersion, 211
dissipativity, 153, 278
Dufort–Frankel, 148
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energy, 153
energy conserving, 148, 159
essentially nonoscillatory

(ENO), 345
Euler, 123
Eulerian, 246
explicit, 39, 120
explicit Runge–Kutta, 43
explicit trapezoidal, 42
exponential integration, 276
finite element, 110
finite volume, 100, 342
fixed point iteration, 80
flux limiter, 342
forward Euler, 37, 40, 43
four step Adams–Moulton

(AM4), 41
Gauss–Newton, 289
Gauss–Seidel, 313
Godunov, 338
implicit, 39, 121, 124
implicit Runge–Kutta, 47
implicit-explicit (IMEX), 276,

306
Jacobi, 313
L-stable, 56
Lagrangian, 34, 212, 246
Lax–Friedrichs, 159, 352
Lax–Wendroff, 156, 213, 279,

294
leapfrog, 121, 140, 158, 218
level set, 303
MacCormack, 158, 279, 294,

355
meshless, 246
midpoint, 47
monotone, 159, 328
monotonicity, 86
monotonicity preserving, 341
multiple shooting, 72
multistep, 39
multisymplectic, 211
Newmark, 87
Newton, 80
nodal, 113
nonnegative, 86

one-sided, 66
order, 40, 43, 48
particle, 212, 246
partitioned Runge–Kutta, 189
predictor-corrector, 60
Radau collocation, 256
Richtmyer, 158, 355
Rosenbrock, 60
Runge–Kutta (RK), 42, 120, 268
Runge–Kutta–Chebyshev, 55,

282
semi-implicit, 60, 70
semi-Lagrangian, 252, 305, 359
shooting, 72
spectral, 212, 242, 280
splitting, 359
Störmer–Verlet, 187, 191
stability, 120, 125
staggered midpoint, 191
stiff decay, 125
streamline diffusion, 366
strict stability, 126
strictly dissipative, 153
strong stability preserving

(SSP), 347
successive overrelaxation

(SOR), 313
symmetric, 66
symmetric successive

overrelaxation (SSOR), 313
symplectic, 211, 222, 276, 298
symplectic Euler, 187
theta, 84, 165
time reversible, 189, 195
total variation bounded, 341
total variation diminishing, 341
trapezoidal, 41
underrelaxation, 313
upstream, 34
upwind, 34, 359
variational, 194
weighted essentially

nonoscillatory (WENO),
350

method of lines, 71, 91, 108, 144
midpoint method
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dynamic equivalence to
trapezoid method, 207

mode, 3
modified Hamiltonian system, 196
modified PDE, 164–165, 178, 335
molecular dynamics, 205
monotone scheme, 159, 328, 340
monotonicity, 347
monotonicity preserving, 341
moving mesh, 229, 371–372
multigrid algorithm, 319
multigrid method, 281, 307, 316,

317, 367
multistep method, 39–42

Adams, 40
Adams–Bashforth, 40
Adams–Moulton, 41
backward differentiation

formula (BDF), 42
multisymplectic structure, 225, 231,

249, 298

Navier–Stokes equations, 157, 327
Newton’s method, 80
nodal representation, 75
nonlinear Schrödinger equation

(NLS), 34, 170, 298, 311
norm

logarithmic, 35
matrix, 25
vector, 25

Octree, 117, 371
operator splitting, 189, 234, 276
optimal control, 365, 367

adjoint variables, 367
Hamiltonian function, 367

optimization, 104
order of accuracy, 38, 40, 43, 48, 94
order reduction, 268
ordinary differential equation (ODE),

3, 6, 38
autonomous, 44
boundary value problem, 71
initial value problem, 71

orthogonal and trigonometric
polynomials, review, 77

orthogonal projection, 310

Padé approximation, 294
parabolic

differential operator, 93
problem, 7, 8
system, 10

parasitic wave, 213
Parseval’s equality, 29, 31
partial differential algebraic equation

(PDAE), 180
partial differential equation (PDE), 1

constant coefficient, 6
hyperbolic, 3
parabolic, 3

particle method, 67, 93, 246
phase velocity, 212
piecewise polynomial, 77
polynomial

Chebyshev, 55, 78
Legendre, 78
trigonometric, 79

polynomial interpolation, review, 74
preconditioned conjugate gradient

algorithm (PCG), 316
preconditioning, 281
predictor-corrector approach, 60
primitive function, 343
properly posed problem, 5

quadrature
Gaussian, 80
midpoint rule, 80
Simpson’s rule, 80
trapezoidal rule, 80

quadrature rule, review, 79
Quadtree, 117
quasi-linearization, 292
quasilinearization, 233

Radau collocation, 48
Radau points, 47
Rankine–Hugoniot jump condition,

332
rarefaction wave, 333
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region of absolute stability, 53, 144,
145

regularization, 289
relaxation, 317
relaxation method, 312–314
reviews

discrete and fast Fourier
transforms, 82–83

fixed point iteration and
Newton’s method, 80–81

Fourier transform, the
continuous case, 29–30

Fourier transform, the periodic
case, 31–32

function spaces, 28–29
Gaussian elimination and matrix

decomposition, 73–74
iterative methods for linear

systems, 312–320
matrix norms and eigenvalues,

25–28
matrix power and exponential,

30–31
orthogonal and trigonometric

polynomials, 77–79
polynomial interpolation, 74–77
quadrature rule, 79–80
Taylor’s theorem, 24–25

Reynolds number, 327
Riemann problem, 332, 333, 339, 352

approximate solver, 355
Rosenbrock method, 60, 311
roundoff error, 22
Runge–Kutta method, 42–48

semi-discretization, 255, 342
semi-group, 12
semi-implicit backward Euler, 70
semi-Lagrangian method, 252, 305
shallow water equations, 250, 301
shock

capturing, 329
jump condition, 332

similarity solution, 333, 334
similarity transformation, 27
simultaneously diagonalizable, 275

sine-Gordon equation, 221
singular value, 28
smooth particle hydrodynamics

(SPH), 246
smoother, 7, 22
Sobolev space, 28
solution operator, 12
sonic point, 340, 350
sound synthesis, 225
space variable, 1
specral method, 247
spectral

accuracy, 243
collocation method, 243
Galerkin method, 243

spectral derivative, 83
spectral method, 93, 242, 300, 304,

325
spectral radius, 26, 139
speech synthesis, 225
splitting, 312
splitting method, 189, 234, 276, 292,

356
spurious mode, 215
stability, 17, 120, 125

0-stability, 215
A-stability, 54, 124
AN-stability, 207
condition, 18, 19
conditional, 125
function, 125
Godunov–Ryabenkii condition,

264
L-stability, 56
ODE methods, 53
region, 53, 144
stiff decay, 125
unconditional, 125
unconditionally unstable, 18
von Neumann, 139, 143

staggered grid, 94
staggered mesh, 94, 101, 117
stationary iterative method, 312
steady state, 12
steepest descent, 314, 323
step size, 39
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stiff decay, 56, 125, 256
stiffness, 23, 55, 296

transient, 57
Strang splitting, 191
strict dissipativity, 278
strong stability preserving (SSP), 347
summation by parts, 171
superposition, 352
symbol, 6, 154
symmetric discretization, 94
symplectic

map, 183
method, 70, 185

symplectic discretization, 222

Taylor’s theorem, review, 24
tensor product mesh, 115, 116
test equation, 53
theorem

convergence-stability
equivalence, 126

monotonicity and TVD, 341
ODE convergence, 50
stability for perturbed problem,

129
stability of dissipative schemes,

154
symplectic perturbation, 196
well-posed ODE, 49

time variable, 1
total variation (TV), 104, 341

bounded (TVB), 341
diminishing (TVD), 341

trapezoid method
dynamic equivalence to

midpoint method, 207
triangle mesh, 111
trigonometric

basis function, 31
polynomial, 79

truncation error, 94
two time scales, 297, 301

upstream difference, 34
upwind scheme, 34

variational
approach, 94
form, 111
principle, 109, 365

variational method, 194–195
viscosity, 1
von Neumann stability condition,

139, 143, 276

warm start, 283
wave equation, 8, 217, 259
wave number, 3, 6, 212
weak solution, 331
weighted essentially nonoscillatory

scheme (WENO), 328, 350,
362

well-posed problem, 4, 49


