If the conductivity is radial (¢(z) = o(|z])), then
the DN map has trigonometric eigenfunctions

Claim: Ay, = A, with real-valued eigenvalues A,.
Moreover, A\_, = A\, for all n € Z.

Define u := Pl where p,, is the operator defined by
(ppu)(z) = u(e'?z). Consider the solutions

V-oVu=0inQ V-oVu=0inQ
U‘BQ: f on 00 E|3Q:p¢f on 012

Therefore Ay (p,f) = a%hzl, and we can conclude that
poNe = Nopy,. Consequently 9p(Asf) = Ay(Opf). Now we can
solve a differential equation to find a unique C for f = ,, such that

Oo(Nopn) = inhgonp =  Nopp = Cem? — (CV27m)pp.



Having defined the eigenvalues, we now need
to show that A\ _, = )\, € R. First show \_, = \,.

Conductivity-type potentials always have A\g = 0.

Use the real-valuedness of g to see that
(-A+q)u,=0inQ,  Tnloa = p—n,

implying

Jun

8u,,
Afn@fn = AqQDfn = Ebﬂ =

|8Q Aq(’pn = >\n90n = )\7,,(,07”,

so we get o
Aln = An.



Finally, we prove that \, = \,.
Note that u, = —,. Use the real-valuedness of g to compute

An = An<§0—n790n>
= <80—n7/\n90n>
= (—n;Ngn)

= /(Vu,, -Vup+ qu_pup)dz
Q

= / (Vup - Vu_p+ quau_p)dz
Q

= /(Vu_,, -Vu, + qu_pup)dz
Q

= {¢—n:Ngn)
= <90—n=/\n90n>

= /\n<§0—n7 QOn>

= A



