
If the conductivity is radial (σ(z) = σ(|z |)), then
the DN map has trigonometric eigenfunctions

Claim: Λσϕn = λnϕn with real-valued eigenvalues λn.
Moreover, λ−n = λn for all n ∈ Z.

Define ũ := ρϕu, where ρϕ is the operator defined by
(ρϕu)(z) = u(e iϕz). Consider the solutions

∇ · σ∇u = 0 in Ω
u|∂Ω = f on ∂Ω

∇ · σ∇ũ = 0 in Ω
ũ|∂Ω = ρϕf on ∂Ω

Therefore Λσ(ρϕf ) = σ ∂ũ
∂r |r=1, and we can conclude that

ρϕΛσ = Λσρϕ. Consequently ∂θ(Λσf ) = Λσ(∂θf ). Now we can
solve a differential equation to find a unique C for f = ϕn such that

∂θ(Λσϕn) = in Λσϕn =⇒ Λσϕn = Ce inθ = (C
√
2π)ϕn.



Having defined the eigenvalues, we now need
to show that λ−n = λn ∈ R. First show λ−n = λn.

Conductivity-type potentials always have λ0 = 0.

Use the real-valuedness of q to see that

(−∆ + q)un = 0 in Ω, un|∂Ω = ϕ−n,

implying

λ−nϕ−n = Λqϕ−n =
∂un

∂ν
|∂Ω =

∂un

∂ν
|∂Ω = Λqϕn = λnϕn = λnϕ−n,

so we get
λ−n = λn.



Finally, we prove that λn = λn.

Note that un = u−n. Use the real-valuedness of q to compute

λn = λn〈ϕ−n, ϕn〉
= 〈ϕ−n, λnϕn〉
= 〈ϕ−n,Λqϕn〉

=

∫
Ω

(∇u−n · ∇un + qu−nun)dz

=

∫
Ω

(∇un · ∇u−n + qunu−n)dz

=

∫
Ω

(∇u−n · ∇un + qu−nun)dz

= 〈ϕ−n,Λqϕn〉
= 〈ϕ−n, λnϕn〉
= λn〈ϕ−n, ϕn〉
= λn.


