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Preface

Computational fluid dynamics (CFD) is the art of solving partial differential equations
that model the motion of fluids, as well as mass and heat transfer phenomena. This
book describes one the most powerful numerical techniques for CFD, the finite element
method. The finite element method is readily applicable to domains of complex geo-
metrical shape and provides a great freedom in the choice of numerical approximations.
Regrettably, only finite difference and/or finite volume methods are usually discussed in
introductory courses, and most CFD codes are based on these methods. One of the rea-
sons for this state of affairs is the lack of self-contained elementary textbooks on finite
elements for fluids.

In 1994, the second author and his colleague Jari Järvinen wrote a Finnish-language
guide to finite elements for CFD (Elementtimenetelmä virtauslaskennassa [95]) which be-
came a popular textbook at Finnish universities. The revised and extended second edition
appeared in 2006. The present text brings [95] up to date and adds a lot of new material.

The mission of our guidebook is to provide an informal introduction to finite element
methods for CFD applications without burdening the reader with the underlying mathe-
matical theory. Instead of tedious proofs of convergence for the Poisson equation in a unit
square, the reader will find a clear and detailed presentation of state-of-the-art numerical
algorithms for convection-dominated transport problems and the incompressible Navier–
Stokes equations. The methods to be presented have been chosen among many others for
their accuracy, robustness, and simplicity. Moreover, the book will equip the reader with
a collection of fail-safe tools for enforcing physical constraints such as nonnegativity.

We anticipate that the readers of this book will have very diverse backgrounds. The
first chapters are written for beginners and present elementary concepts assuming no prior
knowledge of CFD or finite elements. The material covered in these chapters may be used
in undergraduate-level courses for students majoring in mathematics or computational en-
gineering. In the chapters that follow, basic methods are extended to increasingly complex
flow problems. Following a practice-oriented approach, numerical algorithms for repre-
sentative models are discussed in great detail. The best way to gain the full understanding
of these methods is to implement them. Simple problems can be solved using just a few
lines of MATLAB code. As a software development kit for more advanced applications,
we recommend the open-source finite element library Elmer developed at Finnish center
for scientific computing CSC - IT Center for Science (www.csc.fi/elmer). The sections de-
scribing Elmer in Chapters 2 and 5 were contributed by its chief developers Peter Råback,
Mika Malinen, and Juha Ruokolainen (CSC). The authors gratefully acknowledge this
contribution.

The book will guide the reader through all the steps that are involved in solving the
equations of fluid mechanics using continuous finite elements. The text is organized in
nine chapters. Chapter 1 introduces the basic notation and mathematical foundations.
Chapter 2 describes the general CFD philosophy and acquaints the reader with numeri-
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viii Preface

cal methods for partial differential equations. In Chapter 3, some basic models of fluid
flow and heat transfer are derived from physical conservation principles. An introduction
to the Galerkin finite element method is given in Chapter 4 using the one-dimensional
heat equation as a model problem. Chapter 5 extends the presented concepts to the two-
dimensional heat equation and to the steady incompressible Navier–Stokes equations. In
Chapters 6 and 7, we present a self-contained review of stabilization techniques and high-
resolution schemes for convection-dominated transport problems. Chapter 8 addresses
the numerical solution of the time-dependent incompressible Navier–Stokes equations
and the implementation of the k−ε turbulence model. In addition to numerous citations
throughout the book, the reader will find a list of books for further reading in Chapter 9.
To some extent, the eclectic choice of topics reflects the authors’ personal research inter-
ests and teaching philosophy. Nevertheless, we hope that this excursion into the realm
of finite element methods for CFD will be a useful experience for the reader and the first
step toward solving real-life problems.

Our own interest in finite element methods for CFD goes back to our graduate studies
at the University of Jyväskylä (Finland) in the 1990s. This book is an outcome of teaching
and research activities which have been greatly influenced by the feedback of our students
and colleagues. The methods and software that we develop are based on the work of
many other people. We express our sincere gratitude to all individuals with whom we
had the privilege to work during the last two decades. Special thanks go to Suncica Canic,
Roland Glowinski, Heikki Haario, Jari Järvinen, Raino Mäkinen, Pekka Neittaanmäki,
John Shadid, Friedhelm Schieweck, Mikhail Shashkov, Timo Tiihonen, Jari Toivanen,
Stefan Turek, and to our late advisor Valery Rivkind. We also wish to thank Markus
Hämäläinen, the son of the second author, for bringing the figures from the 20-year-old
book [95] up to present-day standards. Last but not least, we thank our wives, Antonia
and Taija, for patience and understanding.
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