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Appendix 
 

Complementary Material 
 
 
A.2 Coprime Polynomials 
 
Proof of Theorem A.2.5 [1]. Lemma A.2.4 guarantees the existence of  polynomials ( )c s  
and ( )d s  such that  
 ( ) ( ) ( ) ( ) 1.a s c s b s d s+ =  (AC.1) 
 
Multiplying both sides of (AC.1) by the polynomial ( )a s∗ , we obtain 
  
 ( ) ( ) ( ) ( ) ( ) ( ) ( ).a s a s c s a s b s d s a s∗ ∗ ∗+ =  (AC.2) 
 
Dividing ( ) ( )a s d s∗  by ( )a s , i.e., 
  

( ) ( ) ( )
( ) ,

( ) ( )

a s d s p s
r s

a s a s

∗

= +  

 
where ( )r s  is the quotient of degree d aa

n n n∗ + − , ( )p s  is the remainder of degree 

p an n< , and ,a da
n n n∗ ,  are the degrees of ( ) ( ), ( )a s a s d s∗ , , respectively, we have  

 
 ( ) ( ) ( ) ( ) ( ).a s d s r s a s p s∗ = +  (AC.3) 
 
Substituting (AC.3) into (AC.2), we  obtain  
 
 ( ) ( ) ( ) ( ) ( ),l s a s p s b s a s∗+ =  (AC.4) 
 
where ( ) ( ) ( ) ( ) ( )l s a s c s r s b s∗= + . (AC.4) implies that deg( ( ) ( ))l s a s =  
deg( ( ) ( ) ( ))a s p s b s∗ − max{ }p ba

n n n∗≤ , + . Hence, deg( ( )) max{l a pa
n l s n n n∗≤ − , +  

}.b an n−  Therefore, we have established the existence of polynomials ( )l s  and ( )p s  of 
degree max{ }l a p b aa

n n n n n n∗≤ − , + −  and p an n< , respectively, that satisfy (AC.4). 

Since p an n< , we also have max{ 1}l a a bn n n n∗≤ − , − . 
Next, we show the uniqueness of ( )l s  and ( )p s . Suppose that 

1 1 2 2( ( ) ( )) ( ( ) ( ))l s p s l s p s, , ,  are two solutions of (AC.4) that satisfy the degree constraints 
max{ 1}p a l a ba

n n n n n n∗< , ≤ − , − , i.e., 
  

1 1 2 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).a s l s b s p s a s a s l s b s p s a s∗ ∗+ = , + =  
 
Subtracting one equation from the other, we have   
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1 2 1 2( )( ( ) ( )) ( )( ( ) ( )) 0,a s l s l s b s p s p s− + − =  
 

which implies that  
 

 2 1

1 2

( ) ( )( )
.

( ) ( ) ( )

l s l sb s

a s p s p s

−
=

−
 (AC.5) 

 
Since p an n< , (AC.5) implies that ( ) ( )b s a s,  have common factors, which contradicts 
the assumption that ( )a s  and ( )b s  are coprime. Thus, 1 2( ) ( )l s l s=  and 1 2( ) ( )p s p s= ; 
i.e., the solution ( )l s , ( )p s  of (AC.4), is unique.      
 
 
Proof of Theorem A.2.6 [1].   
If  Consider the polynomial equation 
 
 ( ) ( ) ( ) ( ) 1,a s c s b s d s+ =  (AC.6) 
  
where 1 2 1 2

1 2 0 1 2 0( )   ( )n n n n
n n n nc s c s c s c d s d s d s d− − − −
− − − −= + + + , = + + + . Equating 

the coefficients of equal powers of s  on both sides of (AC.6), we obtain 
  
 [0 0 0 1] ,T

eS p …= , , , ,  (AC.7) 
 
where 1 2 0 1 2 0[ ] .T

n n n np c c c d d d− − − −= , , , , , , ,… …  
Since eS  is nonsingular, (AC.7) has a unique solution for p . Therefore, the solution 

of (AC.6) for ( )c s  and ( )d s  is also unique, which according to Lemma A.2.4 implies 
that ( ) ( )a s b s,  are coprime. 
  
Only if  Given that ( )a s  and ( )b s  are coprime, we prove nonsingularity of eS  using 
contradiction. Suppose that eS  is singular. Then 
 

0eS x =  
 
has a nontrivial solution for x . Equivalently, there exist nonzero polynomials ( )p s  and 

( )q s  of degree pn n<  and qn n< , respectively, such that 
 

( ) ( ) ( ) ( ) 0a s p s b s q s+ =  
 
and hence 
 

( ) ( )
.

( ) ( )

b s p s

a s q s
=−  

 
Since pn n<  and qn n< , ( )a s  and ( )b s  must have common factors, which contradicts 
the assumption that they are coprime. Hence, eS  has to be nonsingular.      
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A.4 Properties of Functions and Matrices 
 
Proof of Lemma A.4.5 [1]. (i) Since f  is bounded from below,  
 

0
inf ( )m t

f f t
≤ ≤∞

=  

 
exists, which implies that there exists a sequence { } [0, )nt ∈ ∞  such that 
lim ( )n n mf t f→∞ = . Therefore, given any 0ε> , there exists an integer 0N >  such that 
  

( ) .n mf t f n Nε| − |< ∀ ≥  
 
Moreover, since f  is nonincreasing, for any Nt t≥  we have 
  

( ) ( ) .m N mf t f f t f ε| − |≤| − |<  
 
Since 0ε>  is any given number, it follows that lim ( )t mf t f→∞ = .  

(ii) The proof is straightforward for p =∞ . For finite p , since pg ∈L , we have 
 

1/ 1/

0 0

( ) ( )  0.

p pt
p pf d g d tτ τ τ τ

∞⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜≤ <∞ ∀ ≥⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎝ ⎠ ⎝ ⎠
∫ ∫  

 

Moreover, since  
0

( )
t

pf dτ τ∫  is nondecreasing, we can establish, as in (i), that 

1

0
lim ( ( ) )

t
p p

t f dτ τ→∞ ∫  exists and is finite, which implies that pf ∈L .      

 
Proof of Lemma A.4.8 [1].  Assume that lim ( ) 0t f t→∞ ≠ . Then there exists an 0ε>  
such that for every 0T >  one can find a sequence of numbers it T>  such that 

( )if t iε| |> ∀ . Since f  is uniformly continuous, there exists a number ( ) 0δ ε >  such 
that 
 

( ) ( )  [ ( )] .
2i i if t f t t t t
ε

δ ε| − |< ∀ ∈ , +  

 
Hence, for every [ ( )]i it t t δ ε∈ , + , we have 
  

( ) ( ) ( ) ( ) ,
2 2i if t f t f t f t
ε ε

ε| |≥| |−| − |≥ − =  

 
which implies that  
 

 
( ) ( )

( )
( ) ( ) ,

2

i i

i i

t t

t t

f d f d
δ ε δ ε

εδ ε
τ τ τ τ

+ +

= ≥∫ ∫  (AC.8) 
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noting that ( )f t  retains the same sign for [ ( )]i it t t δ ε∈ , + . On the other hand, existence 

of  
0

lim ( )
t

t f dτ τ→∞ ∫  implies that there exists a ( ) 0T ε >  such that for any 

2 1 ( )t t T ε> >  we have 
  

2

1

( )
( ) ,

2

t

t

f d
εδ ε

τ τ <∫  

 
which for 1 2, ( )i it t t t δ ε= = +  contradicts (AC.8). Therefore, lim ( )t f t→∞   has to be 
zero.      
 
 
A.5 I/O Stability 
 
Proof of Corollary A.5.6 [1].   Since ( )H s  is proper and analytic in Re[ ] 0s ≥ , it can be 
expressed as 
  

0( ) ( ),sH s H H s= +  
 
where 0H  is a constant and ( )sH s  is strictly proper and analytic in Re[ ] 0s ≥ . Writing 
the I/O relation in the form 
  

,

( ) ,
s s

s s

y H u y

y H s u

= +

=
 

 
we see using Corollary A.5.5 that 2sy ∞∈ ∩L L  and ( ) 0sy t| |→  as t →∞ . Therefore, 
from 2u ∞∈ ∩L L  and ( ) 0u t →  as t →∞ , it follows that 2y ∞∈ ∩L L  and ( ) 0y t| |→  
as t →∞ .      
 
 
Proof of Corollary A.5.8 [1]. Corollary A.5.5(i) indicates that 
  

0

0 0

( )
1 0( ) ( ) ( ) ( ) 0

t t
t

t t

y t h t u d e u d t tα ττ τ τ α τ τ− −| |≤ | − | ≤ | | ∀ ≥ ≥∫ ∫  

 
for some constants 1 0 0α α, > . Applying the Schwarz inequality, we obtain 
 

 0 0 0

0 0 0

( ) ( ) ( )2 2 2 2 2
1 1 0( ) ( ) ( ) .

t t t
t t t

t t t

y t e d e u d e u dα τ α τ α τα τ τ τ α α τ τ− − − − − −| | ≤ | | ≤ | |∫ ∫ ∫  (AC.9) 

  
Therefore, for any 0 0t t≥ ≥  and 0T ≥  we have  
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0

0

0 0

0

0 0

0

2
( )2 21

0

2
( ) ( )2 21

0

2
21

0

( ) ( )

                       ( ) ( )

                      ( )

t T t T
s

t t t

t T t
s s

t t t

t T t
s

t t

y d e u s dsd

e u s ds e u s ds d

e d e u s ds

τ
α τ

τ
α τ α τ

α τ α

α
τ τ τ

α

α
τ

α

α
τ

α

+ +
− −

+
− − − −

+
−

| | ≤ | |

⎛ ⎞⎟⎜ ⎟⎜= | | + | | ⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠

= | |

∫ ∫ ∫

∫ ∫ ∫

∫ 0 0

0

0

2
21

0

2
( ) 2 21

2
0

( )

                      ( ) ( ) .

t T t T
s

t s

t t T
t s

t t

e u s e d ds

e u s ds u s ds

α α τ

α

α
τ

α

α
α

+ +
−

+
− −

⎛ ⎞⎟⎜ ⎟⎜+ | | ⎟⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞⎟⎜ ⎟⎜≤ | | + | | ⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠

∫ ∫ ∫

∫ ∫

 

 
Since ( )u μ∈ S , it follows that 
 

 
2

2 1
0 0 12

0

( ) ( ) ,
t T

t

y d t t c T c
α

τ τ μ
α

+
⎡ ⎤
⎢ ⎥⎢ ⎥⎣ ⎦

| | ≤ Δ , + +∫  (AC.10) 

 
where  
 

 

0 0 0

0

0

0 0 0

0

1 0
( ) 2 2

0
0

0

1

( 1 ) 2

0

( ) ( ) ( )

( )

t

t

i tt n
t s t s

it i t

i tn
t i t

i i t

t t e u s ds e e u s ds

e e u s ds

α α α

α α

+ +

− − −

= +

+ +
− + +

= +

Δ , | | ≤ | |

≤ | |

∑∫ ∫

∑ ∫
 (AC.11) 

  
and tn  is an integer that depends on t  and satisfies 0 01t tn t t n t+ ≤ < + + . Since 

( )u μ∈ S , we have  
 

 0 0 0 0

0

( 1 ) 0 1
0 0 1

0

( ) ( ) .
1

tn
t i t

i

c c
t t e c c e e

e
α α α

α

μ
μ− + +

−
=

+
Δ , ≤ + ≤

−∑  (AC.12) 

 
Substituting (AC.12) into (AC.10), we get  
 

0

0

2
2 0 11

0 1 02
0

( )  0,
1

t T

t

c c
y d c T c e t t

e
α

α

μα
τ τ μ

α

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠

+

−

+
| | ≤ + + ∀ ≥ ≥

−∫  

 
i.e., ( )y μ∈ S . The upper bound for 2( )y t| |  can be calculated using (AC.9), (AC.11), 
(AC.12).      
 
Proof of Lemma A.5.9 [1]. The transfer function ( )H s  can be expressed as ( )H s =  

0 ( )sH H s+ , and the corresponding impulse responses can be written as 
  

0

0, 0,
( )

( ) ( ), 0,s

t
h t

H t h t tδΔ

⎧ <⎪⎪=⎨⎪ + ≥⎪⎩
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where ( )tδΔ  denotes the unit impulse function and ( ), ( )sh t h t  are the impulse responses 
of ( ), ( )sH s H s , respectively. Since ( )H s  and hence ( )sH s  is analytic in Re[ ] 2s δ≥− , 
we have 1sh ∈L . Therefore, Remark A.5.3 applies to ( ) and ( )H s h t . Defining 
  

2
0

2

2

0, 0,
( )

( ) ( ), 0,

( ) ( ),

( ) ( ),

t

s

t

t

t
h t

H t e h t t

y t e y t

u t e u t

δδ

δ

δ

δ

δ

δΔ

⎧ <⎪⎪⎪⎨⎪⎪ + ≥⎪⎩

 

 
it follows from (A.16) that 
  

( )
2 2

0

( ) ( ) ( ) .
t

t
y t e h t e u d

δ δ
τ τ

δ τ τ τ
−

= −∫  

 
Since 2 2e eu uδ∈ ⇒ ∈L L  and ( 2)H s δ− /  is the Laplace transform of hδ , applying 
Lemma A.5.2 and Remark A.5.3 for the signals t ty uδ δ,  at time t , we obtain  
 
 

2 2
( 2) .t ty H s uδ δδ

∞
≤ − /  (AC.13) 

 

Substituting 2
2 2

t

t te y y
δ

δ δ

−
= , 2

2 2

t

t te u u
δ

δ δ

−
= , and ( 2) ( )H s H s

δ
δ

∞ ∞
− / =  into 

(AC.13), we complete the proof of (i).  
In (ii), assuming that ( )H s  is strictly proper we have 

 
( ) ( )

2 2

0

( ) ( ) ( ) .
t

t t
y t e h t e u d

δ δ
τ τ

τ τ τ
− − −

| |≤ −∫  

 
Applying the Schwarz inequality and Parseval’s theorem [2], we obtain 
 

1/ 2 1/ 2

( ) 2 2

2 2
0

1
( ) ( ) ,

22
t

t ty t e h t d u H j d uδ τ
δ δ

δ
τ τ ω ω

π

∞ ∞
−

−∞

⎛ ⎞ ⎛ ⎞⎛ ⎞⎟ ⎟⎜ ⎜ ⎟⎜⎟ ⎟⎜ ⎜| |≤ | − | = | − |⎟⎟ ⎟⎜⎜ ⎜ ⎟⎜⎟ ⎟⎝ ⎠⎜ ⎜⎟ ⎟⎝ ⎠ ⎝ ⎠
∫ ∫  

 
which completes the proof of (ii). 

The last inequality can be shown by observing that 
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1/ 22

2

1/ 2

2
2

1/ 2

2

1
( )

22

1 1
              

2 2 22

1 1
              sup

22

H s H j d

j p H j d
j p

d j p
j p

δ

ω

δ
ω ω

π

δ δ
ω ω ω

ω δπ

δ
ω ω

ω δπ

∞

−∞

∞

−∞

∞

−∞

⎛ ⎞⎛ ⎞ ⎟⎜ ⎟⎟⎜⎜= − ⎟⎟⎜⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟⎟⎜⎝ ⎠

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎟⎜ ⎟ ⎟⎜ ⎜ ⎟⎜= | + − − |⎟ ⎟ ⎟⎜ ⎜⎜ ⎟ ⎟⎜ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎜ ⎟| + − |⎝ ⎠

⎛ ⎞⎟⎜ ⎟⎜≤ | + −⎟⎜ ⎟⎜ ⎟| + − |⎝ ⎠

∫

∫

∫

( )

2 2

1
             ( ) .

2 22 2

H j

s p H s
p δ

δ
ω

δ δ

δ ∞

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎟⎜ ⎟ ⎟⎜ ⎜ ⎟− |⎟ ⎟⎜ ⎜ ⎜ ⎟⎟ ⎟⎜ ⎜⎜ ⎟⎝ ⎠ ⎝ ⎠⎜⎝ ⎠

⎛ ⎞⎟⎜= + − + ⎟⎜ ⎟⎜⎝ ⎠−
  

 
Proof of Lemma A.5.10 [1].  The solution of (A.20) for ( )x t  is given by 
 

0

0

( ) ( ,0) ( , ) ( ) ( ) .
t

x t t x t B u dτ τ τ τ=Φ + Φ∫  

 
Therefore, using (A.21), we have 
 

 
0

0

0

( )
0

0

( ) ( 0) ( ) ( ) ( )

        ( ) .

t

t
t

t

x t t x t B u d

c e u dα τ

τ τ τ τ

ε λ τ τ− −

| |≤ Φ , | |+ Φ , | |

≤ + | |

∫

∫
 (AC.14) 

 

Applying the Schwarz inequality to 0 ( )

0
( )

t
te u dα τ τ τ− − | | =∫  

0(2 )( ) 2 ( ) 2

0
( )

t
t te e u dα δ τ δ τ τ τ− − − − − | |∫  in (AC.14),  we obtain  

 

0

1/ 2 1/ 2

(2 )( ) ( ) 2 0
0 2

0 0 0

( ) ( ) ,
2

t t
t t

t t t

c
x t c e d e u d uα δ τ δ τ

δ

λ
ε λ τ τ τ ε

α δ
− − − − −

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜| |≤ + | | ≤ +⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟ −⎝ ⎠ ⎝ ⎠
∫ ∫  

 
which completes the proof of (i).  

By definition of the 2δL  norm, it follows from (AC.14) that  
 

02 2 2
,t t tx c Q

δ δ δ
ε λ≤ +  

 
where  
 

 0 0

1/ 22

( ) ( )( )

2
0 0 02

( ) ( ) .
t t

t st
t

t

Q e u d e e u s ds d
τ

α τ α τδ τ
δ

δ

τ τ τ− − − −− −
⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜| | = | |⎢ ⎥⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

∫ ∫ ∫  

 
Using the Schwarz inequality, we have  
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1 1
0

0

0 1 1

22
( ) ( )( ) 2 2

0 0

(2 )( ) ( ) 2

0 0

( ) ( )

                                  ( )

                             

s ss

s s

e u s ds e e u s ds

e ds e u s ds

τ τ δ δα τ τα τ

τ τ
α δ τ δ τ

⎛ ⎞⎟⎜ ⎟− − −⎜ − −⎟⎟⎜− − ⎝ ⎠

− − − − −

⎛ ⎞⎛ ⎞ ⎟⎟ ⎜⎜ ⎟⎟ ⎜⎜ | | = | | ⎟⎟ ⎜⎜ ⎟⎟ ⎜⎜ ⎟ ⎟⎜⎝ ⎠ ⎝ ⎠

≤ | |

∫ ∫

∫ ∫

1 ( ) 2

0 1 0

1
     ( ) .

2
se u s ds

τ
δ τ

α δ
− −≤ | |

− ∫

 

 
Therefore, 

1

1 1

1 1

1

1/ 2

( )( ) 2

2
0 00 1

1/ 2

( )2

00 1

1/ 2
( ) ( )

2

100 1

1
( )

2

1
         ( )

2

1
         ( )

2

t
st

t

t t
t s a

s

t s t
t s

Q e e u s dsd

e u s e d ds

e e
e u s ds

τ
δ τδ τ

δ

δ δ δ τ

δ δ δ δ
δ δ

τ
α δ

τ
α δ

δ δα δ

− −− −

− + − −

− − − −
− +

⎛ ⎞⎟⎜ ⎟⎜≤ | | ⎟⎜ ⎟⎜ ⎟− ⎝ ⎠

⎛ ⎞⎟⎜ ⎟⎜= | | ⎟⎜ ⎟⎜ ⎟− ⎝ ⎠

⎛ ⎞−⎜⎜= | |⎜⎜ −− ⎝ ⎠

∫ ∫

∫ ∫

∫

1

1/ 2

( )( ) 2
1

00 1

1/ 2

( ) 2

00 1 1

1
         ( )

2

1
         ( ) ,

(2 )( )

t
t st s

t
t s

e e u s ds

e u s ds

δδ

δ

δ δ
α δ

α δ δ δ

− −− −

− −

⎟⎟⎟⎟⎟

⎛ ⎞⎟⎜ ⎟⎜= − − | | ⎟⎜ ⎟⎜ ⎟− ⎝ ⎠

⎛ ⎞⎟⎜ ⎟⎜≤ | | ⎟⎜ ⎟⎜ ⎟− − ⎝ ⎠

∫

∫

 

 
and (ii) follows using the fact that 

2t tδ
ε ε≤ . (iii) can be proven using (ii) and the 

inequality   
 

 
2 2 2 22

( ) ( ) sup ( ) sup ( ) .T
t t t t t

t t

y C x Du C t x D t u
δ δ δ δδ

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜≤ + ≤ +⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠
  

 
 
Proof of Lemma A.5.12 [1].  By definition of UCO, it can be shown that there exists a 
matrix ( )K t  with bounded continuous elements such that the state-transition matrix 

( )c t τΦ ,  of ( ) ( ) ( ) ( )T
cA t A t K t C t−  satisfies 

 
1 ( )

1( ) t
c t e α ττ λ − −Φ , ≤  

 
for some constant 1 0λ > . Rewriting (A.20) as 
  

( )

  ( ) ,

T T

c

x A KC x Bu KC x

A t x Bu Ky

= − + +

= + +
 

 
where B B KD− , and following the procedure used in the proof of Lemma A.5.10, we 
obtain 
  

( )
0 0

1
1 22 2

1 0

( )
2

t t tx t c u c y
δ δ

λ
ε

α δ
| |≤ + +

−
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and 
 

( )
0 0 0

1
1 22 2 2

1 0 1 1

,
( )(2 )

t t t tx c u c y
δ δ δ

λ
ε

δ δ α δ
≤ + +

− −
 

 
where 1 2sup || ( ) || sup || ( ) ||t tc B t c K t= , = , and tε  is a term exponentially decaying to 
zero due to 0(0)x x= . Hence, we have proven (i) and (ii). The proof of (iii) follows 
directly from (A.20).      
 
Proof of Lemma A.5.13 [1].  (i) From (A.22) we have  
 

 
1

1

( )
1

( )
1

( ) ( ) ( ),

( ) ( ) ( )

A t t

A t tT

x t e x t x t

y t C e x t y t

−

−

= +

= +
 (AC.15) 

 
1t t∀ ≥  where ( ), ( )x t y t  are defined for 0t ≥  as 

 

 

( )

0

( )

0

1

1

( ) ( ) ,

( ) ( ) ( ),

0 if   ,
( )

( ) if   .

t
A t

t
T A t

x t e Bv d

y t C e Bv d Dv t

t t
v t

u t t t

τ

τ

τ τ

τ τ

−

− +

⎧ <⎪⎪⎨⎪ ≥⎪⎩

∫

∫  (AC.16) 

 
Note that x , y  in (AC.16) is the solution of the system  
 

 
(0) 0,

,T

x Ax Bv x

y C x Dv

= + , =

= +
 (AC.17) 

 
whose transfer function is 1( ) ( )TH s C sI A B D−= − + . Since A  is a stable matrix, there 
exist constants 0 0 0λ α, >  such that 
 

0 ( )( )
0 ,tA te e α ττ λ − −− ≤  

 
i.e., ( )H s  is analytic in 0[ ]Re s α≥− . Applying Lemma A.5.10 to (AC.17), we obtain 
 

0
02 2

0

0
12 2 2

1 0 1

( ) ,
2

.
( )(2 )

t t

t t t

B
x t v c B v

B
v c vx

δ δ

δ δ δ

λ

α δ

λ

δ δ α δ

| |≤ =
−

≤ =
− −

 

 
Since 

12 2t t tv u
δ δ,=  and 

1 22t t tx x δδ, ≤ , it follows that for all 1t t≥  

  
 

11 10 122 2
( ) .t tt t t tx t c B u c ux δδ δ,, ,| |≤ , ≤  (AC.18) 

 
Substituting (AC.18) into (AC.15), we get  
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0 1

0 1

1

( )
0 1

( )
0 1 0 12

( ) ( ) ( )

        ( ) .

t t

t t
t t

x t e x t x t

e x t c B u t t

α

α

δ

λ

λ

− −

− −
,

| |≤ | |+ | |

≤ | |+ ∀ ≥
 

 
(ii) Using (AC.15), we have  

 
 

 

( )1

11
1

0 1

1

1

1

1

( )
1 22 2

1/ 2

2 ( )( )
0 1 2

( ) / 2
0

1 2
0

( )

           ( )

           ( ) .
2

A t t
t tt t t t

t
tt

t t

t

t t

t t

x e x t x

e e d x t x

e
x t x

δδ δ

α τδ τ

δ

δ

δ

τ λ

λ

α δ

−
,, ,

− −− −
,

− −

,

≤ +

⎛ ⎞⎟⎜ ⎟⎜≤ | |+⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠

≤ | |+
−

∫  (AC.19) 

  
Substituting (AC.18) into (AC.19), the result follows.  

(iii) Applying the results of Lemma A.5.9 to the system (AC.17), we have 
 

22
( ) .tt H s vy

δ δδ ∞
≤  

 
Since 

1 22
|| ||t t tv u δδ ,=  and 

1 2 2
|| ||t t ty yδ δ, ≤ , we have 

 
 

11 22
( ) .t tt t H s uy

δ δδ ,, ∞
≤  (AC.20) 

 
From (AC.15) we have  
 
 0 1( )

0 1 1( ) ( ) ( ) ,t ty t C e x t y t t tαλ − −| |≤ | |+ | | ∀ ≥  (AC.21) 
 
which implies that 
 

1

1 1

( ) / 20
1 12 2

0

( ) ,
2

t t
t t t ty C e x t t tyδ

δ δ

λ

α δ
− −

, ,≤ | |+ ∀ ≥
−

 

 
and the result follows immediately. 

(iv) For ( )H s  strictly proper, we have 
 
 

1 12 2 2 2
( ) ( ) ( ) .t t ty t H s v H s u t t

δ δ δ δ,| |≤ = ∀ ≥  (AC.22) 

 
Using (AC.22) and (AC.21), we establish the result.      
 
 
A.6 Bellman–Gronwall Lemma 
 
Proof of Lemma A.6.1 [1].  Because ( )k t  is nonnegative, we have 
 

0
( ) ( )

0( ) ( ) 0 .

t

t
g k d

q t k t e t t
τ τ τ−∫

≥ ∀ ≥  
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Multiplying both sides of (A.24) by ( )q t  and rearranging the inequality, we obtain 
 

0

0 0

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).

t

t

t t
g k d

t t

d
q t y t q t g t k s y s ds e k s y s ds t q t

dt

τ τ τ
λ

−⎛ ⎞⎟∫⎜ ⎟⎜− = ≤⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠
∫ ∫  (AC.23) 

 
Integrating (AC.23), we obtain 
 

0

0 0

( ) ( )

( ) ( ) ( ) ( ) .

t

t

t t
g k d

t t

e k s y s ds s q s ds
τ τ τ

λ
−∫

≤∫ ∫  

 
Therefore,  
 

 

0

0 0

0 0

0

0

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

                     ( ) ( )

                     ( ) ( ) ,

t

t

t s

t t

t

s

t t
g k d

t t

t
g k d g k d

t

t
g k d

t

k s y s ds e s q s ds

e s k s e ds

s k s e ds

τ τ τ

τ τ τ τ τ τ

τ τ τ

λ

λ

λ

−

∫
≤

∫ ∫
=

∫=

∫ ∫

∫

∫

 (AC.24) 

 
and (A.25) follows by substituting (AC.24) into (A.24).  

For the special case where λ  is a constant and 1g = ,  from (A.24) we have 
 
 

0

1 ( ) ( ) ( ).
t

t

q k s y s ds y tλ+ ≥∫  

 
Since 0k ≥ , we have 
 

11 .ky kqq = ≤  
 
Defining 11 0w kqq − ≤  and noting that 1 0( )q t λ= , we obtain 
 

 0 0

0

( ) ( )( )

1 1 0( ) ( ) ( ) ( ) .

t tt

t t

t
k d k dk s ds

t

y t q t e q t e w d eτ
τ τ τ τ

τ τ λ
∫ ∫∫≤ = + ≤∫   

 

Proof of Lemma A.6.2 [1].  Defining 
0

( ) ( ) ( ) ( )
t

t
z t t k s y s dsλ +∫  and ( ) ( ) ( )v t z t y t− , 

we have  
  

( ) 0 0 ( ) ( ),z ky kz kv z t tλ λ λ= + = + − , =  
 
whose solution is given by  
 

( )0

0

( ) ( )

0( ) ( ) ( ) ( ) ( ) .

t t

t

t
k s ds k s ds

t

z t e z t e k v dτ λ τ τ τ τ
∫ ∫= + −∫  
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Since ( ) ( ) 0k vτ τ, ≥ , we have  
 

0

( )
( ) ( ) 0

tt
k s ds

t

e k v dτ τ τ τ∫ ≥∫  

 
and hence 
 

 

0

0

0

0

( ) ( )

0

( ) ( )

0

( ) ( ) ( ) ( )

                ( ) ( ) .

t t

t

t t

t s

t
k s ds k s ds

t

t
k s ds k d

t

y t z t e z t e d

t e s e ds

τ

τ τ

λ τ τ

λ λ

∫ ∫≤ ≤ +

∫ ∫= +

∫

∫   

 
Proof of Lemma A.6.3 [1].  Rewriting the inequality  
 

0

0

( ) ( )
0 1 2( ) ( ) ( )

t
t t t

t

y t c e c c e k y dα α τ τ τ τ− − − −≤ + + ∫  

 
as 
 

0

( ) ( ) ( ) ( ) ,
t

t

y t t k y dλ τ τ τ≤ +∫  

 
where 0

2 0 1( ) ( ) ( ) ( ) ( ) tt ty t e y t k t c k t t c e c eαα αλ= , = , = + , and applying B–G Lemma 2, we 
obtain 
  

2 2
0 0

0

( ) ( )

0 1 1( ) ( ) .

t t

t

t
c k s ds c k s dstt

t

e y t c c e e c e e dταα ατα τ
∫ ∫≤ + + ∫  

 
Multiplying each side of this inequality by te α− , the result follows.      
 
A.8 Stability of Linear Systems 
 
Proof of Lemma A.8.4 [1] (if part). By definition of UCO, the if part is equivalent to the 
following: If there exist positive constants 1 2 0β β, >  such that the observability Gramian 

0 0( )N t t ν, +  of the system ( )C A,  satisfies 
  
 1 0 0 2( ) ,I N t t Iβ ν β≤ , + ≤  (AC.25) 
 
then the observability Gramian 0 0( )N t t ν, +  of ( )TC A KC, +  satisfies  
 
 1 0 0 2( )I N t t Iβ ν β≤ , + ≤  (AC.26) 
 
for some constant 1 2 0β β, > . Consider the following systems corresponding to (AC.25) 
and (AC.26), respectively: 
 



Page AC.13 Appendix. Complementary Material 

 ,  ,Tx Ax y C x= =  (AC.27) 
 

 
( ) ,

.

T

T

x A KC x

y C x

= +

=
 (AC.28) 

 
From (AC.27), (AC.28) we have that e x x−  satisfies  
 
 .Te Ae KC x= +  (AC.29) 
 
Assuming that 0 0( ) ( )x t x t=  and denoting the state-transition matrix of (AC.29) by Φ , 
this implies that 
 

0

( ) ( ) ( ) ( ) ( ) .
t

T

t

e t t K C x dτ τ τ τ τ= Φ ,∫  

 
Applying the Schwarz inequality, we obtain 
 

 0

0 0

2 2

2 22
1

( ) ( ) ( ) ( ) ( ) ( ) ( )

                 ( ) ( ) ( ) ( ) ( ) ( ) ,

t
T T T

t

t t
T T

t t

C t e t C t t K C x d

C t t x K d C x d

τ τ τ τ τ

τ τ τ τ τ τ τ

≤ Φ ,

≤ Φ , | |

∫

∫ ∫
 (AC.30) 

 
where  
 

1

if 0,

 if 0.

T T T

T

KC x KC x C x
x

K K C x

⎧⎪ | |≠⎪⎪⎨⎪ / | |=⎪⎪⎩
 

 
Using the inequality 2 2 2( ) 2 2a b a b+ ≤ +  and the UCO property of ( , )C A , this further 
implies that 
 

 

0 0 0

0 0 0

0 0

0 0 0 0

0

0 0 0

2 2 2

2 22 2
1

22 2
2 0 1

( ) ( ) 2 ( ) ( ) 2 ( ) ( )

2 ( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( )

2 ( ) 2 ( ) ( ) ( ) ( )

t t t

T T T

t t t

t t t t
T T T

t t t t

t t
T

t t t

C t x t dt C t x t dt C t e t dt

C t x t dt C t t x K d C x d dt

x t C t t x K d

ν ν ν

ν ν

ν

τ τ τ τ τ τ τ

β τ τ τ τ

+ + +

+ +

+

| | ≤ | | + | |

≤ | | + Φ , | |

≤ | | + Φ , | |

∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫
2

( ) ( ) .
t

TC x d dtτ τ τ∫

 

 
Applying B–G Lemma 2 (Lemma A.6.2), we obtain 
 

 

200 2
1

0 0

0

20 0 2
1

0

2 ( ) ( ) ( ) ( )2 2

2 0

2 ( ) ( ) ( ) ( )2

2 0

( ) ( ) 2 ( )

                             2 ( ) .

t t
T

t t

t t
T

t

t
C t t x K d dt

T

t

C t t x dt K d

C t x t dt x t e

x t e

ν

ν ν

τ

ν
τ τ τ τ

τ τ τ τ

β

β

+

+ +

+
Φ , | |

Φ ,

∫ ∫
≤

∫ ∫
=

∫
 (AC.31) 
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Since 1 1x = ,  (AC.25) implies that 
 

 
0 0

0 0

2 2

1 2( ) ( ) ( ) ( ) ( )
t t

T T

t t

C t t x dt C t t dt
ν ν

τ τ τ β
+ +

Φ , ≤ Φ , ≤∫ ∫  (AC.32) 

 
 for any 0 0t tτ ν≤ ≤ + . Since 0

0

2( )t
t K d kν

ντ τ+∫ | | ≤ , (AC.31), (AC.32) lead to 
 

 
0

2

0

22 2
2 0( ) ( ) 2 ( ) .

t

kT

t

C t x t dt e x tν

ν
ββ

+

| | ≤ | |∫  (AC.33) 

 
Moreover, using the equalities x x e= + , 0 0( ) ( )x t x t= , the inequality 

2 2 21
2( )a b a b+ ≥ − , and the UCO property of ( )C A, , we have  

 
0 0 0

0 0 0

0

0

2 2 2

221
0

1
( ) ( ) ( ) ( ) ( ) ( )

2

   ( ) ( ) ( ) .
2

t t t

T T T

t t t

t

T

t

C t x t dt C t x t dt C t e t dt

x t C t e t dt

ν ν ν

ν
β

+ + +

+

≥ −

≥ | | −

∫ ∫ ∫

∫
 

 
Again, since 0

0

2( )t
t K d kν

ντ τ+∫ | | ≤ , using (AC.30), (AC.32), this further implies that 
 

0 0 0

0 0 0 0

0

0

2 2 22 21
0 1

2 21
0 2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

                               ( ) ( ) ( ) ,
2

t t t t
T T T

t t t t

t

T

t

C t x t dt x t C t x t dt C t t x K d dt

x t k C t x t dt

ν ν ν

ν

ν

β
τ τ τ τ

β
β

+ + +

+

⎛ ⎞⎟⎜ ⎟⎜≥ − Φ ,⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠

≥ | | − | |

∫ ∫ ∫ ∫

∫
 
which can be rewritten as 
  

 
0

0

2 21
0

2

( ) ( ) ( ) .
2(1 )

t

T

t

C t x t dt x t
k

ν

ν

β
β

+

| | ≥ | |
+∫  (AC.34) 

 
Combining (AC.33) and (AC.34), we have  
 

0

0

2 2 2
1 1 0 1 2 1 0( ) ( ) ( ) ( ) ,

t

T

t

x t C t x t dt x t
ν

β β
+

| | ≤ | | ≤ | |∫  

 
where 1 2

2

2
1 2 22(1 ) 0  2 0k

k e ν

ν

β β
ββ β β+= > , = > . Using the definition of the observability 

Gramian matrix, this further implies that (AC.26) holds and hence ( )TC A KC, +  is UCO. 
Thus the proof of the if part is complete.  

The proof for the only if part is exactly the same as the if part since ( )C A,  can be 
obtained from ( )TC A KC, +  using the output injection ( )T TA A KC KC= + − .      
 
Proof of Lemma A.8.5 [1].  By definition of UCO, the hypothesis is equivalent to the 
statement that the observability Gramian  
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 ( ) ( ) ( )
t T

T T

t

N t t T t CC t dτ τ τ
+

, + Φ , Φ ,∫  

 
satisfies  
 
 ( )I N t t T Iβ α≥ , + ≥  (AC.35) 
 
for some constant 0α β, > , where 0( )t tΦ ,  is the state-transition matrix of the system in 
the lemma. Since φ ∞∈L  and A  is a stable matrix, 0( )t tΦ ,  is bounded, and hence the 
left inequality in (AC.35) follows. The right inequality in (AC.35) is equivalent to  
 

 2 2 2 2 2
0 1 2 1 2( ) ( ) ( ) ( ) (0) .

t T

t

y d x t x t x t xτ τ α α
+

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠≥ | | + | | = | | + | |∫  (AC.36) 

 
From the system equation of the lemma, we have  
 

( ) ( )
0 1 1 2( ) ( ) ( ) ( ) .T T A t T A T

t

y C x C e x t C e B d x t
τ

τ τ στ τ φ σ σ τ− −= = − ∀ ≥∫  

 

For simplicity, define ( ) ( )
1 1 2 2( ) ( )   ( ) ( )T A t T A T

t
x C e x t x C e B d x

τ
τ τ στ τ φ σ σ− −, −∫ . Then, 

we have 
 

 
1 1

1 1

2 2
1 22 2 2

0 2 1

( ) ( )
( ) ( ) ( )

2 2

t T t Tt T t T t T

t t t t T t T

x x
y d d x d d x d

τ τ
τ τ τ τ τ τ τ τ

+ ++ + +

+ +

≥ − + −∫ ∫ ∫ ∫ ∫  (AC.37) 

 
for any 10 T T< < .  Stability of A  implies that 
 

1 ( )
1 1 1( ) ( )tx k e x tγ ττ − −| |≤ | |  

 
for some 1 1 0k γ, > , and, therefore,  
 

 1 1

1

2
22 21

1 1
1

( ) ( ) .
2

t T
T

t T

k
x d e x tγτ τ

γ

+
−

+

≤ | |∫  (AC.38) 

 
Furthermore, since ( )C A,  is observable, we have  
 

1

( ) ( )
2

T

t T

A t T A t

t

e CC e d k Iτ τ τ
+

− − ≥∫  

 
for any 1 2T T>  and some constants 2 2 0k T, > , which implies that 
 

 
1

2 2
1 2 1( ) ( ) .

t T

t

x d k x tτ τ
+

≥ | |∫  (AC.39) 
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Using the fact that  
1

2 2 0 1 1 0

t T
T

t T
n T I d n T Iα φφ τ α

+

+
≥ ≥∫ , where 1 2n n,  are the largest and 

smallest integers, respectively, that satisfy  1

01 2
T T

Tn n−≤ ≤ , we obtain 
 

( ) ( )
1

1

2 22 2
2 2 0 1 2 2 1 1 0 2( ) (0)  and ( ) (0) .

t T t T

t t T

x d T T x x d T T T xτ τ α τ τ α
+ +

+

≤ + ≥ − −∫ ∫  

 
These two inequalities together with (AC.37)–(AC.39) imply that 

 

( ) ( )1 1

2
2 222 2 1 1

0 1 1 0 2 1 0 2
1

( ) ( ) (0) .
22 2

t T
T

t

k k
y d e x t T T T T T xγ α

τ τ α
γ

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

+
− ⎛ ⎞⎟⎜≥ − + − − − + ⎟⎜ ⎟⎟⎜⎝ ⎠∫  

 
Choosing 1,T T  such that 1 2T T> ,  

2
2 1 21 1

1

2
2 2 4

k k kTe γ
γ

−− ≥ , 1

1 0 2 1 0 12 ( ) ( )T T T T Tα α β− − − + ≥  

for some constant 1β , we reach (AC.36) and the proof is complete.      
 
Proof of Theorem A.8.8 [1]. It follows from { ( ( ))}  0i sRe A t tλ σ≤− ∀ ≥  and Theorem 
A.8.7 that the Lyapunov equation  
 

( ) ( ) ( ) ( )TA t P t P t A t I+ =−  
 
has a unique bounded solution ( )P t  for each fixed t , and P  satisfies  
 

( ) ( ) ( ) ( ) ( )  0,TA t P t P t A t Q t t+ =− ∀ ≥  
 
where ( ) ( ) ( ) ( ) ( )TQ t A t P t P t A t= + . Since { ( ( ))}  0i sRe A t tλ σ≤− ∀ ≥ , it can be verified 
that [3] the unique P  is given by   
 

( ) ( )( ) ( )

0

TA t A tP t e Q t e dτ τ τ
∞

= ∫  

 
and therefore 
 

( ) ( ) ( ) ( )

0

.
TA t A tP t Q t e e dτ τ τ

∞

≤ ∫  

 
Since { ( ( ))}  0i sRe A t tλ σ≤− ∀ ≥  implies that 0( )

1|| ||A te e α ττ α −≤  for some 1 0 0α α, >  it 
follows that  
 

( ) ( ) 2 ( ) ( )P t c Q t c P t A t≤ ≤  
 
for some 0c ≥ . This together with P ∞∈L  implies that  
 
 ( ) ( )  0P t A t tβ≤ ∀ ≥  (AC.40) 
 
for some constant 0β ≥ . For the Lyapunov function  
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( ) ( )TV t x x P t x, =  
 
we have 
  
 2( ) ( ) ( ) ( ).TV x t x t P t x t=−| | +  (AC.41) 
 
Substituting (AC.40) into (AC.41) and noting that P  satisfies 10 β< ≤  

2( ) ( )min maxP Pλ λ β≤ ≤  for some 1 2 0β β, > , we have 
 

2 2 1 1
2 1( ) ( ) ( ) ( ) ( ) ( ) ( )V t x t A t x t V t A t V tβ β ββ− −≤−| | + | | ≤− +  

 
and therefore 
 

 
1 1

2 1
0

( ( ) )

0( ) ( ).

t

t
A d

V t e V t
β ββ τ τ− −− −∫

≤  (AC.42) 
 
If condition (a) holds, from (AC.42) we have  
 

1 1 1
2 1 0 1 0( )( )

0( ) ( )t tV t e e V tβ ββ μ ββ α− − −− − −≤  
 
and hence [0 )μ μ∗∀ ∈ , , 1

2

β
β βμ∗ = , ( ) 0V t →  exponentially fast, which implies that 

0ex =  is u.a.s. in the large. 
If (b) holds, we rewrite (AC.42) as  

 
1

1 1
2 0 0

( )
( )

0( ) ( ),

t

t
A d

t tV t e e V t
ββ τ τ

β
−

−− − ∫
≤  

 
and by applying the Schwarz inequality we obtain  
 

0 0

1

2
2

0

1
2 2 2

0 0 0

0 0 0

( ) ( )

( ) ( )

( ) .

t t

t t

A d A d t t

t t t t

t t t t

τ τ τ τ

μ α

μ α

⎛ ⎞⎟⎜ ⎟⎜≤ −⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠

⎡ ⎤≤ − + −⎢ ⎥⎣ ⎦
≤ − + −

∫ ∫

 

 
Therefore,  
 

0( )
0( ) ( ) ( ),t tV t e y t V tα− −≤  

 
where 1 1

2 1(1 )α γ β ββ μ− −= − − ,  γ  is an arbitrary constant that satisfies 0 1γ< < , and  
 



Page AC.18 Appendix. Complementary Material 

1 1
2 0 1 0 0

2
1 2

1 01 0 2
2 0 1 2

2 1

2
2

0 02
1

( ) exp ( )

      exp
2 4

      exp .
4

y t t t t t

t t

c t t

γβ ββ α

ββ α α β β
γβ

γβ γβ

β β
α

γβ

⎡ ⎤− −⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞⎢ ⎥− ⎟⎜ ⎟⎜⎢ ⎥⎟⎜ ⎟⎢ ⎥⎜− ⎟⎜ ⎟⎢ ⎥⎜ ⎟⎟⎜⎢ ⎥⎟⎜ − ⎟⎜⎢ ⎥⎟⎜ ⎟⎢ ⎜ ⎥⎟⎟⎜⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

= − − + −

= − − − +

≤ ∀ ≥

 

 
Therefore, we have  

0( )
0( ) ( ).t tV t ce V tα− −≤  

 
Choosing 1

2

(1 )β γ
β βμ −∗ = , we have that for all [0 )μ μ∗∈ , ,  0α>  and hence ( ) 0V t →  

exponentially fast, which implies that 0ex =  is u.a.s. in the large.  
(c) is a special case of (a).      

 
A.11 Swapping Lemmas  
 
Proof of Lemma A.11.1 [1]. We have  
 

 

( )

0

0 0 00

( ) ( ) ( )

0 0 0

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

t
T T T T A t T

t t
T T At A T A T

t t
T T A t T A t A T

W s W s d C e B d

d C e e B d e B d d

d C e B d C e e B d

τ

ττ τ
σ σ

τ

τ
σ τ τ σ

θ ω ω θ θ ω ω θ τ

θ ω ω σ σθ τ ω σ σθ τ τ

θ ω ω σ σ ω σ σ

−

=

− −

=

− − −

⎡ ⎤ ⎡ ⎤= = +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎛ ⎞⎟⎜ ⎟⎜ ⎟= + −⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠
⎛ ⎞⎟⎜ ⎟⎜= + −⎟⎜ ⎟⎜ ⎟⎝ ⎠

∫

∫ ∫ ∫

∫ ∫ ∫ ( ) .dθ τ τ

(AC.43) 

 

Since ( ) 1

0
( ) ( )

t
T A t T

t
C e f d C sI A fτ τ τ− −= −∫   for an arbitrary differentiable bounded 

function ( )f t , we have 
 

( )

( ) ( ) ( )

0 0 0

1 1 ( )

0

( ) ( ) ( )

( ) ( ) ( ) ( ) ,

t t
T T A t T A t A T

t
T T T A t T

d C e B d C e e B d d

d C sI A C sI A e B d t

τ
σ τ τ σ

τ

θ ω ω σ σ ω σ σθ τ τ

θ ω ω τ τθ

− − −

− − −

⎛ ⎞⎟⎜ ⎟⎜ + −⎟⎜ ⎟⎜ ⎟⎝ ⎠
⎡ ⎤
⎢ ⎥= + − − − ⎢ ⎥
⎢ ⎥⎣ ⎦

∫ ∫ ∫

∫
 

 
and hence  (AC.43) can be rewritten as  
 
 [ ] ( )( ) ( ) ( ) ( ) .T T T

c bW s W s W s W sθ ω θ ω ω θ⎡ ⎤⎡ ⎤ ⎡ ⎤= +⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
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Proof of Lemma A.11.2 [1].  We have 
 

( )0 0

1 0 0

1 0 0

1 ( ) ( )

      ( ) ( ) ( )( )

      ( )( ) ( )( ),

T T T

T T

T T T

F s F s

F s s F s

F s F s

θ ω α θ ω α θ ω

α θ ω α θ ω

α θ ω θ ω α θ ω

= − , + ,

= , + ,

= , + + ,

 

 
and hence the equality in the lemma is established. In order to establish the bound on 

1 0( )F s
δ

α
∞

,  , we form a decomposition of  
 

 0 0 0
1 0

0

1 ( ) ( )
( )

( )

k k

k

F s s
F s

s s s

α α α
α

α
− , + −

, = =
+

 (AC.44) 

 
using the equality 
 

 1
0 0 0 0 0 0

0 1 1

( ) ,
k k k

k i i k i k i i k i k i i k i
k k k

i i i

s C s C s s C sα α α α α α− − − −

= = =

+ = = + = +∑ ∑ ∑  (AC.45) 

 
where ( )

i k
k i k iC !

! − !  ( 0 1! ). Substituting (AC.45) into (AC.44), we obtain 
 

1 1
01 0

1 0 1
100 0 0

1
( ) .

( ) ( ) ( )

k i i k i k iik
k ii

kk i k i
i

C s s
F s C

ss s s

α α
α

αα α α

− − −−
=

− −
=

, = =
++ + +

∑ ∑  

 
Since 0α δ> ,  

 

0 0 0

0 00

2
2 1,

2( )

i ii
i

i
i

ss
δδ

α α α
α α δα

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠∞∞

⎛ ⎞⎟⎜ ⎟= = ≤ , ≥⎜ ⎟⎜ ⎟⎜+ −+ ⎝ ⎠
 

 
and  
 

1

1
0 0 0 0

1 2 2
1 1,

2 ( )

i

i

s
i

s s
δ δ

α α δ α α

−

−
∞ ∞

= ≤ , = , ≥
+ − +

 

 
we have  
 

11
0 1

1 0 1
10 0 00 0

21
( ) ,

2( ) ( )

k i k ik iik
ki i

k i k i
i

Cs c
F s C

s s sδ
δ δ

α
α

α α δ αα α

− +−−
=

− −∞
=∞ ∞

, ≤ = ≤
+ −+ +

∑∑  

 
where 1

1
2

k i k i
ki

c C − +

=∑  is independent of 0α .      
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Proof of Lemma A.11.3 [1]. (i) follows immediately observing that 
 

( )

( )

( )

( )

0
1 0

1 1
0

1 0

2 2 1 1
0

1 0

1
1

0
1 0 0

( )( ( ) ) ( )

( )

( )

( )

n m
i j

i j
i j

n m
i j j

i j j
i j
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i j j i j

i j j j
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n m i
j i k j i k

i j j
i j k
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−
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= = =
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⎡ ⎤= , + + +⎢ ⎥⎣ ⎦

⎛
= , + +

∑ ∑

∑ ∑

∑ ∑

∑ ∑ ∑

( )
1

1

0 0 1 0 0

( ) ( ),
n m n m i

j i k j i k
i j j

i j i j k

a b s f s b s f C s t f r t
−

+ + − −

= = = = =

⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

= + = , +∑ ∑ ∑∑∑

 

 
where 
  

( )
1

1

1 0 0

1

( ) s s

     ( ) ( )

n i m
k j i k

i j
i k j

T
n b

r t a b f

a D s r t

−
+ − −

= = =

−=

∑ ∑ ∑ 
 

 

and 
 

1 2

0 0 0

1 1 1 1

2 2 1 2

1

( ) ,  , ,

    

    
      

                           

                 1

T
m m m

j n j n j
b j j j

j j j

n m n m n

n m n m n

m m

r t b s f b s f b s f

s s s

s s s
f

s s

+ − + −

= = =

− + − + − −

− + − + − −

−

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎣ ⎦
⎛⎡ ⎤⎜⎢ ⎥⎜⎜⎢ ⎥⎜⎜⎢ ⎥⎜= ⎢ ⎥⎜⎜⎢ ⎥⎜⎜⎢ ⎥
⎢ ⎥⎝⎣ ⎦

∑ ∑ ∑…

( )1
1

0

( ) ( ) .

m

m T
n m

b

b s s f b

b

α α−
−

⎞ ⎡ ⎤⎟⎟ ⎢ ⎥⎟⎟ ⎢ ⎥⎟⎟ ⎢ ⎥⎟ =⎟ ⎢ ⎥⎟⎟ ⎢ ⎥⎟⎟ ⎢ ⎥⎜ ⎟⎟⎜ ⎢ ⎥⎠ ⎣ ⎦

 

  
Using (i) and noting that there is no restriction on the polynomial orders ,n m , we have  
 
 ( )1 1( )( ( ) ) ( ) ( ) ( ) ( )T T

n n mA s t B s t f C s t f a D s s s f bα α− −
⎡ ⎤, , = , + ⎢ ⎥⎣ ⎦  (AC.46) 

 
and 
 
 ( )1 1( )( ( ) ) ( ) ( ) ( ) ( ) .T T

m m nB s t A s t f C s t f b D s s s f aα α− −
⎡ ⎤, , = , + ⎢ ⎥⎣ ⎦  (AC.47) 

 
Subtracting (AC.47) from (AC.46), we obtain  

 

( ) ( )1 1 1 1

1
1 1

1

( )( ( ) ) ( )( ( ) )

( ) ( ) ( ) ( ) ( ) ( )

0                        ( ) ( )
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( ) ( )             0
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−

, , − , ,

⎡ ⎤ ⎡ ⎤= −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
⎡ ⎤
⎢ ⎥⎡ ⎤= ,⎢ ⎥ ⎢ ⎥⎣ ⎦ −⎢ ⎥⎣ ⎦

,
b

⎛ ⎞⎡ ⎤⎟⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎜ ⎟⎜⎝ ⎠⎣ ⎦

 

 
and the proof of (ii) is complete.      
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Proof of Lemma A.11.4 [1].   (i) By definition, we have  
 

0 0

0 0

( )( ( ) ) ( ),

( )( ( ) ) ( ).

n m
i j

i j
i j

n m
j i

i j
i j

A s t B s t f s a b s f

B s t A s t f s a b s f
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∑∑

∑∑
 

 
We examine ( )i j

i js a b s f  for the three cases i j> , i j< , and i j=  separately. 
  
i > j  We have 
 

( )( ) ( ) .i j j i j j
i j i js a b s f s s a b s f−=  

 
Applying the equality 1( ) ( )l l l

i j i j i j i js a b s f a b s f a b a b s f+= + +  successively for 
, 1, , 1l j j i= + −… , we obtain 
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i j j i i j k j k
i j i j i j i j

k

s a b s f a b s f s a b a b s f
−

− − − − +

=

= + +∑  

 
and hence  
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1
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i j i j i j i j

k

s a b s f s a b s f s a b a b s f i j
−

− − +

=

= + + , >∑  (AC.48) 

 
i < j  We have  
 

( ) (( ) ).i j i j i i
i j i js a b s f s a b s s f−=  

 
Applying 1 1( ) ( )l l l

i j i j i j i ja b s f s a b s f a b a b s f− −= − +  successively for l j=   down to 
1i+ , we obtain  

 
1

1

( ) ( ) ( )
j i

j i i j i i j i k i k
i j i j i j i j

k

a b s s f s a b s f s a b a b s f
−
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=
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and hence  
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1
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i j j i j k i k
i j i j i j i j

k

s a b s f s a b s f s a b a b s f i j
−

− − +

=

= − + , <∑  (AC.49) 

 
i j=   We have 
 
 ( ) ( ) .i j j i

i j i js a b s f s a b s f i j= , =  (AC.50) 
 
Combining (AC.48), (AC.49), and (AC.50), we have  
 

1 1
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( )( ( ) ) ( ) ( )( ( ) ) ,
n m

j i
i j

i j

A s t B s t f s a b s f r B s t A s t f r
= =

, , = + = , , +∑∑  
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where  
 

1 1
1

0 0 1 0 0 1

( ) ( ) .
i j j in m n m

i k j k j k i k
i j i j i j i j

i j k i j k
j i j i

r s a b a b s f s a b a b s f
− −

− − + − − +

= = = = = =
< >

+ − +∑∑∑ ∑∑∑  

 
Since all the s  terms in 1r  before and after i j i ja b a b+  have order less than 
max{ } 1n m, − , and 1r  can be expressed as  
 

1 ( ) ( ) ( ) ,T
n nr s F a b s fα α= ,  

 
where max{ } 1n n m= , −  and ( ) n nF a b ×, ∈R  is a TV matrix whose elements are linear 
combinations of i j i ja b a b+ , we establish the identity in (i). Since a b ∞, ∈L , it also 
follows  that 
  

1 2( ) .F a b c a c b, ≤ | |+ | |  
 

(ii) Applying Swapping Lemma 1 to iaθ =  and jbω =  with 
0 ( )( )

js
sW s Λ= , we get 
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(( )( )),
( ) ( )
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i j i j jc jb i j i j

s s
a b f a b f W W f a b a b

s s
= − +

Λ Λ
 

 
where ( ) ( )jc jbW s W s,  are strictly proper transfer functions, having the same poles as 

0

1
( )sΛ . 

Therefore,  
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( ) ( ) ,

( )
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where 
 

 ( )
2

1 0
0

( ) ( ),

( ) [ ]  ( ) ( )( ) .

T
n

m

n j jc jb i j i j
j

r s G s f a b

G s f a b g … g g g W s W f a b a b

α

=

, , ,

, , , , , , , =− +∑   

 
A.12 Discrete-Time Systems 
 
Proof of Theorem A.12.21. (i) Given 0k  and 0ε> , we need to show that there exists 

0( , )kδ ε  which depends on ε  and 0k  such that 0x δ<  implies 0 0| ( ; , ) |x k k x ε<   

0k k∀ ≥ . By definition we know that ( ,0) 0 V k k += ∀ ∈Z  and there exists a continuous 
function  : [0, ) [0, )φ ∞ → ∞  such that ( , ) (| |)V k x xφ≥  , ( )k x r+∀ ∈ ∈Z B  and some 

0r > . Without loss of generality we assume that rε≤  (for rε> , 0( , )r kδ  can be used 
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to bound 0x  from above).  Given any 0k , 0k k≥ ,  and 0 rε< ≤ , 0 0| ( ; , ) |x k k x ε<  is 
quaranteed if 
 

( ) ( ) ( ) ( )( ) , .x k V k xφ φ ε φ ε< ⇐ <  
 

According to (1), we have ( , ) 0V k xΔ ≤  and hence 0 0( , ( )) ( , )V k x k V k x≤ , for any 

0k k≥ . Therefore, 0 0| ( ; , ) |x k k x ε<  is quaranteed if 0 0( , ) ( )V k x φ ε< . Since 0( ,0) 0V k =  
and 0( , ) (| |)V k x xφ≥  is continuous at 0x = , there exists a positive 0( , )kδ ε  such that 

0x δ<  implies 0 0( , ) ( )V k x φ ε<  and hence  0 0| ( ; , ) |x k k x ε< . 
(ii)  Due to (i) we have that 0ex =  is stable. (2) implies that (| |)xφ ≤  

( , ) (| |)V k x w x≤  , ( )k x r+∀ ∈ ∈Z B , where , : [0, ) [0, )wφ ∞ → ∞  are continuous strictly 
increasing functions. According to (i), 0 0| ( ; , ) |x k k x ε<  is quaranteed if 0 0( , ) ( )V k x φ ε< . 
Therefore, for 1( ) ( ( ))wδ ε φ ε−= , 0x δ<  implies 0 0 0( , ) (| |) ( )V k x w x φ ε≤ <  and hence 

0 0| ( ; , ) |x k k x ε< . 
(iii) Due to (i) we have that 0ex =  is stable. (3) implies that for any 0k k≥  there 

exists some 1k k≥  such that 1 1( , ( )) ( , ( ))V k x k V k x k< . Hence ( , ( ))V k x k  is a strictly 
decreasing function of k , and since ( , ) (| |)V k x xφ≥  is continuous at 0x =  and (a) 

( , ) (| |)V k x xφΔ ≤−  is continuous at 0x =   or (b) since ( , )V k xΔ  is not identically zero 
along any trajectory other than 0x ≡ , where , : [0, ) [0, )φ φ ∞ → ∞   are continuous 
strictly increasing functions, ( , )V k x  may converge only to 0. Therefore 0ex =  is a.s. 

(iv) follows directly using the arguments in (ii) and (iii). 
(v)  is a direct consequence of (ii) and Definition A.12.20. 
(vi) is a direct consequence of (iii) and Definition A.12.20. 
(vii) We need to show that there exists a 0 1α< < , and for every 0β>  there exists 

( ) 0γ β >  which is independent of k  such that 
 

( ) ( ) 0

0 0; , k kx k k x γ β α −≤  
 

0k k∀ ≥  whenever 0x β< . Given 0x β< , we have, because of (5)(a), 

( )2 2
1 0 0 0 2,c x V k x c β≤ < . Furthermore, using (5)(b) and the right inequality of (5)(a), 

for any 0k k≥  we obtain  
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3

2

1, ( 1) , ( ) ( ) 1 , ( ) .
c

V k x k V k x k c x k V k x k
c

⎛ ⎞⎟⎜ ⎟+ + ≤ − ≤ −⎜ ⎟⎜ ⎟⎜⎝ ⎠
 

 
Therefore, for any 0k k≥ , 
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0 0

23 3
0 0 2

2 2
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c c
V k x k V k x c

c c
β

− −⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟≤ − ≤ −⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠
 

 
Applying the left inequality of (5)(a), we get 
 

( ) ( ) 0
0 0; , ,k kx k k x γ β α −≤  
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where 2

0
( ) c

cγ β β=  and ( )3

2

1 2

1 c

cα= − . 

(viii) is a direct consequence of (vii) and Definition A.12.20.      
 
Proof of Theorem A.12.24. (i)  From (A.59) we have that  
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1
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−

=
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Therefore, using (1)–(3) and Theorem A.12.23, we obtain 
 

( ) ( )( ) ( )
1

1 2
0

0 1 0
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for some constants 1 20 (| (0) |), 1xγ γ< < . Hence, 
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−
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∑ ∑ ∑

∑ ∑∑
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where 2 2

2 1

2 2
1 21 1
= , =k k

γ γ− −
. 

(ii) We have established above that 
 

( ) ( )( ) ( )
1

1 2
0

0 1 0.
k

k j

j

x k x u k j kγ γ
−

=

≤ + − − ∀ ≥∑  

 
Therefore, 
 

( ) ( )1 2
0
max ,

N
x k m m u

τ
τ

≤ <
≤ +  

 
where 

2

1
1 1 2 1,  m m γγ −= = .       

 
Proof of Lemma A.12.32. (i) From (A.61), we can write the solution x  in the closed 
form as 
 

 ( ) ( ) ( ) ( )( )
1

0 0
0

, , 1 , .
k

i

x k k k x k i f i x i
−

=

=Φ + Φ +∑  (AC.51) 

 
Since the unperturbed linear difference equation is e.s., we have 
 

( ), k ik i βλ −Φ ≤  
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for some 0β>  and 0 1.λ≤ <  Using the property of ( , ),f k x  (AC.51) can be written as 
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=
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 (AC.52) 

 
where 1sup { ( )}.i iγ γ=  Setting | ( ) |,k

ks x kλ−=  (AC.52) becomes 
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s h i sβλ γ
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which is equivalent to 
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it can be shown that * 0μ >  and (2 ) / 3μ λ≤ +  for *[0, )μ μ∈ . Therefore, we have 
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Since 1( )kγ  is bounded, we have that k

khλ  and 0 ( )k
kh kλ γ  are u.b. Therefore, from 

(AC.53), we can write 
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for some constants 1, 2 0α α > , and thus | ( ) |x k  is u.b. 
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(ii) If 1( ) 0 k kγ = ∀ , then 0kh xβ=  and (AC.53) can be written as  
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where 2

3 1 0 0| | sup ( ).kx kα β β γ=  Since 0 1λ≤ < , we have 0≤  
(2 ) /3,3 /(2 ) 1;λ λ λ+ + <  therefore, from (AC.54) it follows that as ,  | ( )| 0k x k→∞ →  
exponentially fast.      

 
Proof of Lemma A.12.36.  We have 
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and hence the equality in the lemma is established. In order to establish the bound on 
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using the equality 
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where ( )
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