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If you think you learned all there is to know
about Lagrange multipliers in that third
semester multivariable calculus class you
took as an undergraduate back in college,
well, think again. The method of Lagrange
multipliers, that clever and extremely use-
ful geometrically motivated, but analyti-
cally and algebraically realized, sleight of
hand that yields necessary conditions for
the solution to a constrained optimization
problem in the form of a set of equations
that must be solved just as would be the
case were the problem unconstrained, was
first suggested by. . . Lagrange! Any serious
text on the history of science will devote
several pages to Lagrange’s life and ground-
breaking work across numerous and diverse
areas of mathematics and its applications,
including analytical mechanics, algebra, the
metric system of weights and measures, el-
ementary calculus, and the calculus of vari-
ations (see, for example, [1, 3, 4] to list just
a few). Briefly, while most people think of
him as French, Joseph-Louis Lagrange was
in fact born in 1736 in Turin in the Pied-
mont region of northern Italy. Although
both of his parents were Italian, Lagrange’s
father did have French ancestors. Lagrange
eventually moved to France following 20
years in Berlin as the director of the math-
ematics section of the Prussian Academy of
Sciences. When he did move to France, it
was at the behest of Louis XIV. He managed
to survive the French Revolution, became a
member of the French Academy of Sciences,
and was installed in the Legion of Honour by
Napolean. Lagrange’s most important re-
sults in France were achieved while he was
serving as the first professor of analysis at
L’École Polytechnique when it was founded
in Paris. Lagrange described this body of
work, which includes what is now known
as the method of Lagrange multipliers, in
a number of treatises. The description of
the Lagrange multiplier method appeared

in his 1804 revision of his 1801 treatise,
Lecons sur le Calcul des Fonctions. In this
treatment the Lagrange multiplier method
was formulated as an extension of his earlier
contributions in the area of the calculus of
variations.

The Lagrange multiplier method, in its
most straightforward application as most
of us learned it, is based on the fact that
at optimality, the gradient of the perfor-
mance index being optimized must lie in
the span of the gradients of the constraints.
When combined with the constraints, this
observation results in a set of equations, or
optimality conditions, that must be solved
simultaneously for the parameters being op-
timized over and for the coefficients in the
expansion of the gradient of the perfor-
mance index in terms of the gradients of
the constraints. These latter values are the
much celebrated Lagrange multipliers. This
is really all there is to it as long as the pa-
rameter space is Euclidean, the constraints
are readily described in terms of a set of
homogeneous equations, and the functions
describing the performance index to be opti-
mized and the constraints are all sufficiently
smooth so as to allow for the computation of
the requisite gradients. Unfortunately, how-
ever, the constrained optimization problems
of interest to today’s scientists, engineers,
and economists violate these assumptions
in all kinds of ways. Indeed, one might
ask if the key idea at the heart of La-
grange multipliers is sufficiently robust to
be extended to the case where the param-
eter space is something other than finite-
dimensional Euclidean space, such as an
infinite-dimensional function space or a col-
lection of shapes, sets, or domains. Or what
if the constraints involve, for example, vari-
ational inequalities, abstract set inclusions,
or nonlinear ordinary, partial, or functional
differential equations as in the case of both
finite- and infinite-dimensional optimal con-
trol problems? What if the functions de-
scribing the performance index or con-
straints are nonsmooth, or, for that matter,
it is not even immediately clear what would
constitute an appropriate notion of gradi-
ent or derivative? One might also inquire
about the relationship between the method



of Lagrange multipliers and other famil-
iar approaches to constrained optimization
such as penalty function methods, Newton’s
method, quadratic programming, etc.

All of these questions and a host of
others are expertly addressed in the new
monograph in the SIAM Advances in De-
sign and Control Series, Lagrange Multi-
plier Approach to Variational Problems and
Applications by Kazufumi Ito and Karl Ku-
nisch. Ito and Kunisch are two first-rate ap-
plied analysts who are well known and well
respected in the optimization community.
In particular, over the last three decades,
both with other authors and with each
other, they have produced numerous re-
sults in the area of control, estimation, and
optimization of infinite-dimensional or dis-
tributed parameter (i.e., partial and func-
tional differential equation-based) systems.
Their papers, while being highly abstract,
rich in technical detail, and thoroughly rig-
orous via the use of deep results from func-
tional analysis, are at the same time always
chock full of motivational and illustrative
examples derived from applications in the
sciences, engineering, and economics. This
monograph is written in exactly the same
style: extremely technical and meticulously
precise with abstract theorems and rigorous
functional analytic formulations and proofs,
but also with significant nontrivial illustra-
tive examples drawn from a variety of im-
portant applications.

A brief tour of the highlights of the text
is as follows. In the first chapter the authors
carefully define the abstract constrained
optimization problem to which they will
be directing their attention throughout the
monograph. The problem they consider is
sufficiently general to include both equality
and inequality constraints as well as con-
straints of set inclusion type. At this point
they assume that the performance index
and constraints are, respectively, Fréchet
and continuously Fréchet differentiable at
the constrained optima. The notion of an
abstract Lagrange multiplier is defined in
the context of necessary conditions and es-
sential geometric and functional analytic
results are introduced. The existence and
regularity of Lagrange multipliers are estab-
lished and several sophisticated examples
(obstacle problems, parameter estimation,
optimal control, etc.) to which the theory

introduced thus far does and does not apply
are laid out in detail and discussed. The
authors also present approximation tech-
niques that allow for the theory to be ap-
plied in cases where sufficient smoothness
is not present.

In Chapter 2 the authors establish a num-
ber of sensitivity, stability, and regularity
results for a class of constrained optimiza-
tion problems which depend on a param-
eter. The results involve continuity, Lip-
schitz continuity, and differentiability with
respect to the parameter of solutions to
the constrained optimization problem. The
authors set out a list of eight abstract hy-
potheses which a problem must satisfy if
their results are to apply. Finally, they con-
sider an optimal control problem for a linear
ODE whose system matrices depend on a
parameter and are able to show that the
requisite eight hypotheses are all satisfied.

Chapters 3 and 4 deal with various as-
pects of the augmented Lagrangian ap-
proach to solving constrained optimization
problems. Chapter 3 deals with the case
of equality and finite rank inequality con-
straints, while in Chapter 4 the authors
consider the case of the minimization of a
nonsmooth performance index over a con-
vex subset of a Hilbert space. The two
authors are recognized experts in the aug-
mented Lagrangian technique, especially
in the context of constrained optimization
problems involving partial differential equa-
tions, and in general infinite-dimensional
systems, having published numerous pa-
pers in this area during the 1990s. The
augmented Lagrangian technique is a hy-
brid method combining the Lagrange multi-
plier and penalty function methods. Rather
than the typical use of penalty functions
with weights tending to infinity for the pur-
pose of forcing the constraints to be satis-
fied, in the augmented Lagrangian approach
the Lagrange multipliers take care of see-
ing to it that the constraints are satisfied,
while the penalty functions with fixed fi-
nite weights serve to enhance the convex-
ity and regularity of the performance index
in the neighborhood of solutions. The au-
thors present an augmented Lagrangian al-
gorithm involving the systematic update of
the Lagrange multipliers in each iteration.
They prove that the algorithm converges
and show how it can be used to solve the



problem of estimating the diffusion coeffi-
cient in least squares formulations of elliptic
boundary parameter estimation problems.
In Chapter 4 the authors provide a sum-
mary of the basic results for convex analysis
and duality in Banach space, they extend
the Lagrange multiplier and augmented La-
grangian methods from Chapters 1 and 3
to the nonsmooth case, and they discuss
several applications.

In Chapter 5 the authors develop and
analyze an abstract Newton method for
a class of optimal control problems with
equality constraints. They show how the
optimal control problem can be solved via
a sequential quadratic programming tech-
nique in which both the state and control
are considered to be independent variables
constrained by the state equation. Then a
Newton iteration is used to solve the neces-
sary conditions for optimality in the form
of a system of Lagrange equations. The
chapter concludes with the application of
these ideas to an optimal control problem
for an abstract form of the Navier–Stokes
equations for two-dimensional incompress-
ible flow.

In Chapter 6 the authors revisit the aug-
mented Lagrangian techniques in the con-
text of optimization problems with equality
constraints. They replace the first-order La-
grangian updatewith a second-order update
and show that these methods are closely re-
lated to the Newton-based methods and se-
quential quadratic programming approach
considered in the previous chapter. They
are able to exploit this relationship to es-
tablish local quadratic convergence. They
show how these ideas can be applied in the
context of optimal control problems for a
class of nonlinear partial differential equa-
tions and briefly discuss issues related to
finite-dimensional approximation and dis-
cretization.

In Chapter 7, techniques useful for solv-
ing the Lagrange equations for a class
of quadratic programming problems with
affine constraints are presented. A discus-
sion of their application to nonlinear dis-
tributed parameter optimal control prob-
lems with control constraints is included.
Chapters 8 and 9 are concerned with semi-
smooth Newton methods and their appli-
cation. These techniques essentially extend
Newton’s method to the case in which the

resulting optimality equations that have
to be solved are not sufficiently differen-
tiable. Situations where this arises include
variational inequalities and optimal control
problems with constraints on the controls.
The price paid is a loss of quadratic con-
vergence. However, the authors are able
to establish superlinear convergence with
a sufficiently accurate initial guess. The
authors treat both the finite- and infinite-
dimensional cases and have included a dis-
cussion of how to incorporate regularization
into these algorithms. There is an in-depth
treatment of an application involving im-
age processing and frictional behavior in
contact problems from elasticity.

Chapter 10 describes the application of
Lagrange multiplier techniques to parabolic
variational inequalities. The authors moti-
vate these ideas with an application from
mathematical finance involving the Black–
Scholes theory for American options. The
book concludes with a brief description of
how results derived earlier can be applied
in the context of shape optimization. In
particular they show how their results from
Chapter 5 can be used to compute the shape
derivative which can be used as part of a
search algorithm to locate an optimal do-
main. For example, one could imagine an
optimization problem in which one seeks
the domain over which a performance in-
dex depending on the solution to a par-
tial differential equation over that domain
is minimized. The authors discuss a num-
ber of engineering applications which yield
shape optimization problems and they show
how their results can be applied.

This book is nothing if not thorough and
complete. It has a full 12 pages of bibli-
ographical references. And while it seems
to be largely a compendium of results that
can be found in many of the authors’ pa-
pers from the past 20 or 30 years, it has
been put together and edited in a manner
that logically fits, is well organized, and
seems to flow with continuity. I am not in-
timately familiar with all of the available
treatments of Lagrange multipliers, but my
guess is that what would set this one apart
from the rest, even those at the highly the-
oretical end of the spectrum (such as, for
example, [2]), would be its level of abstrac-
tion and generality. One thing the authors
did not include, with the exception of a brief



mention in the context of the augmented La-
grangian algorithm for problems with equal-
ity constraints and later its use as a means
to establish the existence of weak solu-
tions to parabolic variational inequalities in
Hilbert space, is finite-dimensional approx-
imation and convergence. Ito and Kunisch
are among theworld’s leading experts on the
convergence of finite-dimensional approxi-
mation of infinite-dimensional optimization
problems and a more extensive treatment
of the approximation theory would have
given the monograph significant practical
as well as theoretical appeal. Finally, one
might ask what audience would find this
monograph most useful. I would highly rec-
ommend this text to applied mathemati-
cians and graduate students looking for a
functional analytic–based treatment of con-
strained optimization for broad classes of
problems set in infinite-dimensional spaces.
It would make an excellent text for a grad-
uate level topics course or for self-study.
However, I think that your average work-
a-day engineer or economist with a con-
strained optimization problem to solve that
in some way involves infinite-dimensionality
would find it tough going unless they were

quite comfortable with rather sophisticated
mathematics, in particular, operator the-
ory, functional analysis, and abstract partial
differential equations. On the other hand, if
you have the right background, this expertly
and meticulously written treatment might
very well provide you with the solution you
are seeking. . . and then some!
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