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Preface

This book gives a comprehensive overview of the recently developed L1 adaptive
control theory with detailed proofs of the fundamental results. The key feature of L1 adap-
tive control architectures is the guaranteed robustness in the presence of fast adaptation.
This is possible to achieve by appropriate formulation of the control objective with the un-
derstanding that the uncertainties in any feedback loop can be compensated for only within
the bandwidth of the control channel. By explicitly building the robustness specification into
the problem formulation, it is possible to decouple adaptation from robustness via continu-
ous feedback and to increase the speed of adaptation, subject only to hardware limitations.
With L1 adaptive control architectures, fast adaptation appears to be beneficial both for per-
formance and robustness, while the trade-off between the two is resolved via the selection
of the underlying filtering structure. The latter can be addressed via conventional methods
from classical and robust control. Moreover, the performance bounds of L1 adaptive control
architectures can be analyzed to determine the extent of the modeling of the system that is
required for the given set of hardware.

The book is organized into six chapters and has an appendix that summarizes the main
mathematical results, used to develop the proofs.

Chapter 1 starts with a brief historical overview of adaptive control theory. It pro-
ceeds with an introduction to the main ideas of the L1 adaptive controller. Two equivalent
architectures of model reference adaptive controllers (MRAC) are considered next, and the
challenges of tuning these schemes are discussed. The chapter proceeds with analysis of a
stable scalar system with constant disturbance and introduces the main idea of the L1 adap-
tive controller. Two key features are analyzed in detail: the closed-loop system’s guaranteed
phase margin and the uniform bound for its control signal.

Chapter 2 presents the L1 adaptive controller for systems in the presence of matched
uncertainties. It starts from linear systems with constant unknown parameters and develops
the proofs of stability and the performance bounds. The results in this section prove that the
L1 adaptive controller leads to guaranteed, uniform, and decoupled performance bounds
for both the system’s input and output signals. First, it is proved that with fast adaptation the
state and the control signal of the closed-loop nonlinear L1 adaptive system follow the same
signals of a reference linear time-invariant (LTI) system for all t ≥ 0. As compared to the
original reference system of MRAC, which assumes perfect cancelation of uncertainties,
the reference LTI system in L1 adaptive control theory assumes only partial cancelation
of uncertainties, namely, those that are within the bandwidth of the control channel. De-
spite this, and because it is an LTI system, its response scales uniformly with changes in
the initial conditions, reference inputs, and uncertain parameters. Therefore, the response
of the closed-loop nonlinear L1 adaptive system also scales with all the changes in initial
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conditions, reference inputs, and uncertainties. Next, it is proved that this LTI reference
system can be designed to achieve the desired control specifications. This step is the key
to the trade-off between performance and robustness and is reduced to tuning the structure
and the bandwidth of a stable strictly proper bandwidth-limited linear filter. Thus, the com-
plete performance bounds of the nonlinear L1 adaptive controller are presented via two
terms: the first is inversely proportional to the rate of adaptation, while the second depends
upon the bandwidth of a linear filter. This decoupling between adaptation and robustness
is the key feature of the L1 adaptive controller. The chapter proceeds by extending the
class of systems to accommodate an uncertain system input gain, time-varying parame-
ters, and disturbances. A rigorous proof for a lower bound of the time-delay margin of the
closed-loop L1 adaptive system is provided in the case of open-loop linear systems with
unknown constant parameters. This lower bound is computed from an LTI system, using its
phase margin and its gain crossover frequency. The loop transfer function of this LTI system
has a decoupled structure, which allows for tuning its phase margin or time-delay margin
via the selection of the bandwidth-limited filter. The chapter proceeds by considering un-
modeled actuator dynamics and nonlinear systems in the presence of unmodeled dynamics
and uses the well-known Rohrs’ example to provide further insights into the L1 adaptive
controller. Other benchmark applications are discussed. An overview of tuning methods
for the design of this filter for a performance–robustness trade-off is presented toward the
end, and as an example, an LMI-based solution is described with certain (conservative)
guarantees.

Chapter 3 extends the L1 adaptive controller to accommodate unmatched uncertain-
ties. It starts with nonlinear strict-feedback systems, for which the L1 adaptive backstepping
scheme is presented. The chapter proceeds with an extension to multi-input multi-output
(MIMO) nonlinear systems in the presence of general unmatched uncertainties and unmod-
eled dynamics or, alternately, unknown time- and state-dependent nonlinear cross-coupling,
which cannot be controlled by recursive (backstepping-type) design methods. Two differ-
ent adaptive laws are introduced, one of which, being piecewise constant, is directly related
to the sampling parameter of the CPU. There are certain advantages to this new type of
adaptive law. It updates the parametric estimate based on the hardware (CPU) provided
specification. At the sampling times, the adaptive law reduces one of the components of
the identification error to zero, with the residual being proportional to the sampling interval
of integration. This implies that by increasing the rate of sampling, one can reduce the in-
fluence of the residual term on the performance bounds. The uniform performance bounds
are derived for the control signal and the system state as compared to the corresponding
signals of a bounded closed-loop reference system, which assumes partial cancelation of
uncertainties within the bandwidth of the control channel. This MIMO architecture has
been applied to NASA’s Generic Transport Model (GTM), which is part of the AirSTAR
system, and to Boeing’s X-48B blended wing body aircraft. Appropriate references are
provided.

Chapter 4 presents the output feedback solution. It starts by considering first-order
reference systems for performance specifications. Next, it considers more general reference
systems that do not verify the SPR property for their input-output transfer function. In the
second case, the piecewise-constant adaptive law is invoked for compensation of the effect
of uncertainties on the system’s regulated output. Similar to state-feedback architectures,
a closed-loop reference system is considered, which assumes partial cancelation of uncer-
tainties within the bandwidth of the control channel. However, unlike the state-feedback
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case, the sufficient condition for stability in this case couples the system uncertainty with the
desired reference-system behavior and the filter design. The two-cart benchmark example is
discussed as an illustration of this extension. Also, the flight tests at the Naval Postgraduate
School are based on the solutions from this chapter.

Chapter 5 presents an extension to accommodate linear time-varying (LTV) reference
systems. This extension is critical for practical applications. For example, in flight con-
trol, quite often the performance specifications across the flight envelope are different at
different operational conditions. This leads to a time-varying reference system, the analy-
sis of which cannot be captured by the tools developed in previous chapters. Appropriate
mathematical tools for addressing this class of systems are presented in the appendices.
The chapter also presents a complete solution for nonlinear systems in the presence of
unmodeled dynamics. The uniform performance bounds of the system state and the con-
trol signal are computed with respect to the corresponding signals of an LTV reference
system, which meets different transient specifications at different points of the operational
envelope.

Chapter 6 summarizes some of the further extensions not captured within this book,
gives an overview of the applications and the flight tests that have used this theory, and
states the open problems and the challenges for future thinking. Appropriate references are
provided.

The book concludes with appendices, where basic mathematical facts are collected to
support the main proofs.

The book can be used for teaching a graduate-level special-topics course in robust
adaptive control.

Notations

The book interchangeably uses time-domain and frequency-domain language for represen-
tation of signals and systems. For example, ξ (t) and ξ (s) denote the function of time and
its Laplace transform, respectively. However, this should not confuse the reader, as all the
equations in the book are written using only one argument, either t or s. There are no mixed
notations in any of the equations of the book. By smoothly moving from one form of rep-
resentation to another, we streamlined the analysis and proofs. Whenever needed, thorough
explanations are provided. Unless otherwise noted, || · || will be used for the 2-norm of a
vector. Finally, L(ξ (t)) is used to denote the Laplace transform of the time signal ξ (t).
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