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Symbols

(-, ), inner product

®, Hadamard product

®, Kronecker product, see FAIR 2
(p- 17)

|| - Il, Le-norm and £3-norm

| - |, Euclidian norm in R?

«, reqularization parameter
(Section 6.3)

B, stability parameter for Hessian
(Section 6.3)

7, edge parameter (Section 7.4)

Q, spatial domain, see FAIR 1 (p. 11)

p, radial basis function (Section 5.3.1)
or joint density (Section 7.3)

o, kernel width (Section 7.3)

0, scale-space parameter (Section 3.6)

d, spatial dimension, see FAIR 1 (p. 11)

H, H, (approzimative) Hessian of J;
entropy, cf. eq. (7.6); coarse grid

h, cell size, discretization width
(Chapter 3), fine grid

I = I,,, see matrix, identity

M, regularization matriz (Section 6.3.2)
or approzimation to d?>D
(Section 9.1)

m, discretization size

n, number of discretization points

n[T], normalized image gradient
(Section 7.4)

O, see Landau symbol

181

omega, MATLAB representation of
spatial domain §2
P, see matrix, interpolation or
prolongation operator
Q, Q, see basic function (Chapter 4)
rj, landmark in reference image
(Chapter 5)
tj, landmark in template image
(Chapter 5)
u, displacement u =1y —y
uc, current discretized displacement
W, weighting matriz for spline
reqularization (Chapter 3)
w, wc, coefficient vector for
transformations (Chapter 4)
wRef, inhomogeneity for parameter
regularization (Section 6.3.2)
xc, current grid (Chapter 8)
y, transformation, see FAIR 1 (p. 11)
y", ve, discretized transformation
y"f yRef, see reqularization
inhomogeneity (Section 8.2)
derivative
dD, ab, of distance D
d’D, a2p, approx. 2nd of D
dJ, ag, of objective J
dsS, as, of reqularizer S
d?S, azs, 2nd of regularizer
dT, ar, of template (Chapter 3)
dy, dy, of parametric transformation
differential operator
A, Laplacian
V-, divergence

ref
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V, gradient operator

V", discretized gradient operator

V7T, image gradient (Section 7.4)

0, 05, partial

o, 8;?, discretized

B, discretized partial differential
operator (Section 8.3)

B, partial differential operator
(Section 8.2)

distance

D, D, (Chapter 7)

Dc, current value

DM landmark, see FAIR 6 (p. 58)

DNCC  normalized cross-correlation,

see FAIR 13 (p. 99)

DNGF  normalized gradient field, see

FAIR 16 (p. 108)
DSSP . Ly-norm, see FAIR 9 (p. 71)
joint functional
J, see FAIR 1 (p. 11)
J, J", discretized
Jc, current value
reference
R, function, see FAIR 1 (p. 11)
Rc, R(xc), discretized (Chapter 3)
R, coefficients for representation
(Chapter 3)
datar, data (Chapter 3)
regularizer
S, S, (Chapter 8)
Sc, current value
STPS bending energy of a thin plate
(Section 5.3.1)
template
T, template, see FAIR 1 (p. 11)
Tc, T(xc), discretized (Chapter 3)
T, coefficients for representation
(Chapter 3)
dataT, data (Chapter 3)
T y], transformed, see FAIR 1 (p. 11)

Acronyms

xc, current iterate

CAD, Canadian Acronym Disorder

CG, cG, conjugate gradient scheme

CT, computer tomography

FAIR, Flexible Algorithms for Image
Registration

<M discretized

his, structure for iteration history,
used in optimization schemes

HNSP, Human NeuroScanning Project

(-BFGS, limited memory
Broyden—Fletcher—Goldfarb—Shanno
scheme

LM, landmarks

MI, M1, Mutual Information, see
FAIR 15 (p. 106)

ML, multilevel

MLdata, structure for multilevel data
representation

MLIR, multilevel image registration

MLPIR, multilevel parametric image
registration

NCC, ncc, Normalized
Cross-Correlation, see FAIR 13
(p- 99)

NGPF, NGF, normalized gradient field,
see FAIR 16 (p. 108)

NPIR, nonparametric image
registration

para, collection of intermediate
variables, used for visualization

PDE, partial differential equation

PET, positron emission tomography

SPECT, single photon emission
computed tomography

PIR, parametric image registration

ref, *Ref, reference, used as
inhomogeneity in regularization

SSD, ssp, Sum of Squared Differences,
see FAIR 9 (p. 71)

TPS, Tps, thin-plate spline
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affine linear, see transformation

Amit, Yali, 18

approximation, 57, 62, 64, 67, 102, 109,
111, 117, 126, 127

Armijo line search, see optimization,
line search

Armijo, Larry, see optimization, line
search

bending energy, see energy

boundary conditions, 148, 150

BrainWeb, 18

Broyden, Charles G., see optimization,
{¢-BFGS

cell-centered grid, see grid
cells, 20-24, 68
center, 20, 68
width, 68, 97
center, grid transfer operator, see
Table 9.1 (p. 140)
chain rule, 107, 109, 141
computing time, 1, 139
conjugate gradient scheme, 78, 134, 159
continuous
cross-correlation, 97
distance measure, 71, 101
image model, see images
model, 2,9, 12, 137
mutual information, 105
normalized gradient field, 107
optimization, 9, 13, 96, 125, 137, 138
smoothing, 35
sum of squared differences, 71
convex, 117, 120-122, 138
coordinate system, 14, 22
curvature regularization, see
regularization

d-linear, see interpolation schemes
data fitting, 117
data size, 20
density, 99, 101, 105
discretized, 106
estimation, 101, 102, 105

marginal, 105
derivative, 4, 13, 26, 120, 125, 141
discretization, 125, 132
distance, 95, 109-110
finite difference, 44, 109, 125
Gateaux, 96
interpolation, 30-32
long stencil, 125
regularizer, see regularization
testing, 31, 32
transformation, 53
variation, 121, 124
curvature energy, 124
thin-plate-spline energy, 124
differentiable, see derivative
discrete derivative operator, see
derivative, discretization
discrete sine transform, 35
discretization, 2, 4, 9, 12, 13, 71, 106,
119, 125, 137-139, 146
coarse to fine, 10, 12, 68, 71, 73, 74
curvature operator, 129
derivative, 34, 125
diffusive operator, 128
distance, 91
elastic operator, 128
gradient, 110, 127
integrals, see integration, numerical
Ls-norm, 130
regularizer, 130
discretize-then-optimize, 2, 12
displacement, 88, 120, 130, 148, 149
distance measures, 3, 4, 9, 12, 57, 67,
72, 75, 87, 110, 111, 117, 131, 137,
139-141
derivative, 95, 109-110
discretization, 92
feature based, 57, 95
guidelines, 116
intensity based, 57, 67, 95
Lo-norm, see distance measures, sum
of squared differences
landmark based, 57
mutual information (MI), 4, 95,
99-107, 110, 118, 138, 153, 154
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derivative, 106
discretization, 106
normalized cross-correlation (NCC),
4,95, 9799, 110
discretization, 99
normalized gradient field (NGF), 4,
95, 107-110, 154
derivative, 110
discretization, 108
similarity, 88
sum of squared differences (SSD), 4,
12, 67, 71-76, 83, 92, 93, 95-97,
99, 107, 109, 110, 138, 142
derivative, 96
discretization, 72
volumetric, 12
distance, distance measure module,
see FAIR 17 (p. 111)
divergence theorem, 124
domain, 2, 10, 11

edge parameter, 107
elastic potential, 12, 121
elastic regularization, see
regularization, elastic
elasticity theory, 138, 142
energy
bending, 26, 27, 33, 34, 61, 62, 117,
123
curvature, 124
deformation, 121
image difference, 92
entropy, 99, 101
Euclid of Alexandria, see Euclidian
norm
Euclidian norm, 122
Euler, Leonhard Paul, see Eulerian
approach
Eulerian approach, 11
example, 17-18
3D, 160
ambiguous rigid registration, 119
affine, 91
coordinate system, 23
derivative
interpolation, 31

transformation, 53
derivative test, 32
diffusion operator, 130
distance, 110
forward problem, 118
grid transfer, 139
grids, 21, 22
hand, 17, 18, 57
histogram, 102
Human Neuroscanning Project
(HNSP), 18, 68
ill-posed, 118
integration, 69
knee, 1, 2, 9-11, 14
landmark registration
affine linear, 59
quadratic, 59
¢-BFGS, 154, 156
lexicographical ordering, 23
linear interpolation, 42
matrix-free implementation, 132
MRI, 18, 107
multilevel nonparametric image
registration, 151
multilevel parametric image
registration, 114
multiscale, 145
multiscale interpolation, 34, 38
multilevel nonparametric image
registration, 152
multilevel representation, 40
multimodal, 99
mutual information, 100, 101
nonparametric image registration,
142-145
parametric image registration, 80, 83
Parzen-window estimation, 102, 104
PET/CT, 18, 110
registration, 1
regularization, 119-122, 131
rigid, 84, 89
rotations, 84
scale-space, 83
spline
coefficients, 29
interpolation, 28, 30
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spline registration, 87
sum of squared differences
affine, 91
discretization, 72
rigid, 89
rotations, 73
translation, 73
thin-plate-spline registration, 62
transformation
affine linear, 49
rotation, 50
spline, 51
translation, 49
truncated spline approximation, 36
trust-region, 160
ultrasound (US), 17, 38, 40, 42, 47,
48, 52

FAIR, 2, 7
concept, 3, 9-18
MATLAB, 13-17
numerics, 12-13
theory, 9-12
finite difference, 44, 109, 125
first variation, see derivative
Fletcher, Roger, see optimization,
{-BFGS
force field, 95, 96
forward problem, 12, 54, 57, 137
free-form deformation, see
transformation
frequency, 35

Gateaux, René, see derivative,
Gateaux

Gauss, Carl Friedrich, see example,
interpolation or example,
optimization

Gauss—Newton, optimization, 13, 67,
75-77, 80, 92, 93, 111, 138, 140, 142,
143, 153, 154, 158-163, 166

Generalized Cross Validation, 105

geodesic spline, 64

Goldfarb, Donald, see optimization,
{-BFGS

gradient, 14, 121, 127, 131, 134, 153,
154
discrete, see discretization, gradient
orid, 13, 14, 20-24, 148
cell centered, 20, 27, 44, 45, 47, 109,
111, 125, 126, 130, 133, 137-141,
148, 150
interpolation, see matrix,
interpolation operator
nodal, 44, 125, 138, 139, 149
staggered, 126, 128, 130, 137-139,
148, 150
width h, 20

Hadamard, Jacques, see Hadamard
product or ill-posed

Hadamard product, 110

harmonic vector field, 122

Hesse, Ludwig Otto, see matrix,
Hessian

Hessian, see matrix

Hestenes, Magnus Rudolph, see
conjugate gradient

histogram, 100-102

Histological Serial Sectioning, see
example, Human Neuroscanning
Project (HNSP)

ill-posed, 4, 12, 95, 117-120, 138, 142
image processing literature, 5
images
continuous model, 3, 9, 10, 19, 20,
40, 42, 101
features, 1, 67
gradient, 107
reference, 9, 57, 71, 80, 92, 107, 137
registration, see registration topics
template, 9, 57, 71, 107
transformed, 1, 9, 11, 12, 54, 57, 67,
75, 80, 92, 110, 137, 141, 152
information theory, 99
integration, 67
numerical, 3, 67-72, 89, 92, 97, 106,
111, 125
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inter, interpolation module, see FAIR
4 (p. 43)
interpolation schemes, 3, 9, 19-45, 47,
54, 57, 62, 64, 110, 131, 138
derivative, 30-32
grid, see matrix, interpolation
operator
linear, 3, 19, 24-26, 42, 44, 74, 149
literature, 5
next neighbor, 19, 24, 26
operator, see matrix, interpolation
spline, see spline, interpolation
invariance, rotational, 123

Jacobi, Carl Gustav Jacob, see
Jacobian

Jacobian, 109

joint density, see density

joint objective function, see
optimization, objective function

kernel function, 102, 103, 105

Kikinis, Ron, 160

Kronecker, Leopold, see Kronecker
product

Kronecker product, 16, 17, 24-26, 29,
31, 33, 36, 77, 109, 122, 127, 133

Krylov, Alexei, see Krylov subspace
methods

Krylov subspace methods, 134

(-BFGS, see optimization

Lo-norm distance, see distance
measures, sum of squared differences
(SSD)

Lo-norm regularization, see
regularization, Lo-norm

Lo-norm residual, 108

Lagrange, Joseph-Louis, see
Lagrangian framework

Lagrangian framework, 12

Lamé constants, 121

Lamé, Gabriel, see Lamé constants

Landau, Edmund, see Landau symbol

Landau symbol, 13, 125

landmark, 57, 67, 117

automatic detection, 57
registration, 3, 12, 57-65, 125
affine linear, 58, 59
quadratic, 59
thin-plate-spline based, 61-62
Laplace, Pierre-Simon, see Symbols,
differential operator
least squares problem, see optimization
leaving-one-out, 105
level set, 107
lexicographical ordering, 23, 29, 30
line search, see optimization
linear algebra literature, 5
linear elasticity, 145
linear registration, see parametric
topics, registration

MATLAB, 7, 13-17

administrative functions, 15

arguments, 14

backslash, 78, 134

comments, 14

conventions, 14

coordinate system, 14

defaults, 14

notation, 14

overwriting default parameters, 15

parameter, 14

matrix

adjoint, 132

B, 128, 130, 132

Hessian, 79, 142, 153, 154, 158, 159
approximation, 153
distance, 109, 111
energy, 61
matrix-based, 142
matrix-free, 142
nonparametric, 134, 142
parametric, 76, 78
regularization, 124, 131

identity, 16

interpolation operator, 137-139, 141,
142, 148

prolongation operator, 138, 146,
148-150

sparse matrix format, 125, 132
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matrix-based implementation, 153

matrix-free computation, 140, 149

matrix-free curvature operator, 133

matrix-free elastic operator, 132

matrix-free implementation, 132, 138,
154

matrix-free operations, 128, 131-134,
138, 142

matrix-free solver for linear systems,
134

matrix-matrix multiplication, 110

matrix-vector multiplication, 17, 77

measure, see distance measures and
regularization

MI, see distance measures, mutual
information (MI)

midpoint quadrature rule, see
integration, numerical

MLIR, see nonparametric topics,
multilevel image registration

MLPIR, see parametric topics,
multilevel image registration

“mother” spline, see spline

multilevel techniques, 3, 9, 13, 19,
40-42, 45, 68, 73, 75, 80, 83, 84, 89,
92, 97, 105, 106, 138, 142, 146, 156,
163, 166-168
introduction, 4041
nonparametric registration, see

nonparametric topics
parametric registration, see
parametric topics

multiscale considerations, 3, 9, 13, 19,
40, 32-168

multigrid, 128, 134

mutual information, see distance
measures, mutual information (MI)

NCC, see distance measures,
normalized cross correlation (NCC)

Netsch, Thomas, 1, 2, 160

Newton, Sir Isaac, see optimization

NGF, see distance measures,
normalized gradient fields (NGF)

nodal grid, see grid, nodal

noise level, 33, 107

nonparametric image registration
(NPIR)
nonparametric topics
multilevel image registration,
145-150
multiscale image registration, 145
objective function, 138-142
derivative, 141
registration, 4, 12, 137-142
normalized cross-correlation (NCC),
see distance measures
normalized gradient fields (NGF), see
distance measures, normalized
gradient fields (NGF)
nullspace, see regularization
numbering, 20-24
numerical optimizer, 146
numerical topics
integration, see integration
optimization, see optimization
numerics, literature, 5

objective function, see optimization
optical flow problem, 121
optimization, 2, 3, 9, 13, 26, 30, 32, 33,
53, 58, 71, 74, 75, 79, 89, 92, 96, 102,
137, 139
descent direction, 78
discretize-then-optimize, 2, 12
Gauss—Newton, 13, 67, 75-77, 80,
92, 93, 111, 138, 140, 142, 143,
153, 154, 158-163, 166
global starting point, 89
Hessian, see matrix
(-BFGS, 138, 153, 154, 159, 163, 184
least squares problem, 58, 67, 76
line search, 13, 78, 79
literature, 6
local minima, 68, 89, 92, 119, 138,
142, 145
multilevel, 89, 92
Newton-type, 12
numerical, 3, 10, 13, 67, 75-83, 95,
134, 137, 138, 153-159
numerical optimizer, 146
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objective function, see
nonparametric topics and
parametric topics

quasi-Newton type, 79

starting point, 68, 73, 78, 83, 89, 92,
117, 138, 145, 146, 148

steepest descent, 93, 96, 107

stopping, 13, 75, 78, 89, 143

trust-region, 160

unique minimizer, 117

oscillation, 26, 29, 33, 35, 125

parametric topics
multilevel image registration
(MLIR), 89-91
objective function, 72, 74, 75, 77, 80,
92
regularized, 67, 88
registration, 12, 67-93, 110, 114,
137, 148
regularized, 87-88
regularized, 137
transformation, see transformation
partial differential equation (PDE)
literature, 6
Parzen, Emanuel, 102
Parzen-window density estimator, 102
Phillips, David L., see regularization
PIR (parametric image registration),
67-93
preregistration, see registration

quadrature, see integration, numerical
quasi-Newton system, 134

radial basis function, 61, 118
reasonability, 88
reduction, 83, 143, 151, 154
reference, see image
registration topics, 1-3, 105
Thirion’s demon approach, 121, 169
introduction, 1-7
landmark, see landmark
medical, 4, 47
multiscale, see multiscale
considerations

multimodal, 107, 154
nonparametric, see nonparametric
topics
parametric, see parametric topics
preregistration, 120, 138, 142, 145,
148
problem, 9
software, 7
thin-plate-spline, see landmark
unwanted solution, 87
regularization, 3, 4, 9, 12, 51, 67, 76,
77, 80, 87, 88, 92, 107, 117, 131,
137-140
curvature, 4, 118, 120, 123, 130, 131,
137
diffusive, 118, 120, 130, 131
discretization, 4, 141
Lo-norm, 125-130
elastic, 4, 12, 118, 120, 130, 131, 137,
138, 142
inhomogeneity y"°f, 12, 130, 137,
143, 148
Lo-norm, 4, 120-124, 130, 137, 138
nullspace, 130
parameter, 88, 120
spline, see spline
thin-plate-spline, 123
Tychonoff, 33, 34, 45, 76
Tychonoff-Phillips, 34
regularized parametric registration, see
parametric topics
regularizer, reqularization module,
see FAIR 19 (p. 131)
residual, 72, 109-111
rigid, see transformation
ringing, see spline

Schmitt, Oliver, 18, 68

Shanno, David F., see optimization,
¢-BFGS

shipbuilding, 26

similarity, see distance measures

software, 7

solvers for linear systems, 134

spatial dimension, 10, 20, 47, 75

spatial domain, see domain
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spline, 69, 102
bending energy, see energy
coefficients, 28, 30
cubic, 27
geodesic, 64
interpolation, 3, 19, 26-31, 42, 61,
74, 80, 83, 117
“mother”, 27
regularization, 32-40, 61
0, 33, 35, 36, 38, 62, 145
W, 34, 36, 38
ringing, 29, 33
thin-plate, 118
energy, 123, 124
interpolation, 61
regularization, 61
transformation, 62
SSD, see distance measures, sum of
squared differences
staggered grid, see grid
steepest descent, see optimization
Steihaug, Trond, see optimization,
trust-region
Stiefel, Eduard, see conjugate gradient
stopping criteria, see optimization
sum of squared differences, see
distance measures

Taylor expansion, 76

Taylor, Brook, see Taylor expansion

template, see image

thin-plate spline (TPS), 118
thin-plate-spline registration, see

landmark registration

Thirion’s demon registration, see
registration

Thirion, Jean-Philippe, see
registration, Thirion’s demon
approach

Tychonoff regularization, see
regularization

Tychonoff, Andrey Nikolayevich, see
regularization

Tychonoff-Phillips regularization, see
regularization
TPS, see thin-plate-spline
trafo, transformation module, see
FAIR 5 (p. 54)
transformation, 3, 57, 87, 110, 118, 148
affine linear, 3, 47, 49, 51, 54, 58, 60,
61, 80, 91
bizarre, 52
counterintuitive, 11
derivative, 53
free-form, 47, 51
image, see images
nonparametric, 97
one-to-one, 60, 62, 64, 87
parametric, 3, 12, 47-56, 61, 64, 67,
71,72, 75, 83, 92
quadratic, 56, 59-61
reasonable, 9
regularization, 75-83
rigid, 3, 47, 50, 53, 54, 60, 84, 93, 97,
118, 119, 138, 142
rotation, 9, 49, 50, 72, 73, 84, 97, 99,
106
scaling, 49
shearing, 49
spline, 3, 47, 50, 51, 54, 56, 88
thin-plate spline (TPS), 3
translation, 48-50, 54, 56, 72, 73, 97,
99, 106
truncating high frequencies, 35

US (ultrasound), 17, 38, 40, 42, 47, 48,
52

variation, see derivative

variational approach, 2, 137

visualization, 9, 10, 13, 24, 57, 68, 75,
76, 79, 80, 141, 143

volumetric distance measures, see
distance measures

well-posed, 117
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