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Elastic Membrane

vertical force with density f(xi, x2) — displacement u(x1, x2)
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Elastic Membrane

vertical force with density f(xi, x2) — displacement u(x1, x2)
Poisson equation
—Au=finD, u=0o0ndD
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Poisson Problem

classical solution: twice continuously differentiable in D, continuous on D

—Au=finD, u=00ondD
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Poisson Problem

classical solution: twice continuously differentiable in D, continuous on D
—Au=finD, u=00ondD

weak solution: variational equations or minimization problem

/ gradu gradv = / fv, Vv H3(D)
D D

SIAM FR26: FEM with B-Splines Basic Finite Element Concepts — Model Problem 2-1, page 2



Poisson Problem

classical solution: twice continuously differentiable in D, continuous on D

—Au=finD, u=00ondD

weak solution: variational equations or minimization problem

/ gradu gradv = / fv, Vv e H}(D)
D D

Q(u) = min Q(v), Q(v):%/D|grad v|2—/va

veH; (D)
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Proof

(i) u classical solution, vjgp =0
integrate differential equation by parts ~» variational equations

/fv=—/Auv=/gradugradv
D D D
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Proof

(i) u classical solution, vjgp =0
integrate differential equation by parts ~» variational equations

/fv=—/Auv=/gradugradv
D D D

(i) characterization of a solution u of the minimization problem

Qu+tv) > 9(u) = / | grad u|? — / fu

simplifications ~~

1
t [/ gradugradv—/fv]+—t2/|gradv|220
D D 2 Jp

t € R arbitrary: [...] = 0 < variational equations
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simplification details
left side

Qlu+tv) = %/ grad(u + tv) grad(u + tv) — / f(u+tv)
D D

1
= {—/|gradu|2—/fu}+
2Jp D
1
t[/ gradugradv—/fv]—i——t2/|gradv|2
D D 2 Jp

{-}=2()
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Ritz—Galerkin Approximation of Poisson's Problem

The coefficients of a standard finite element approximation

up = Z uiBi,  Bijpp =0

for the boundary value problem
—Au=finD, u=0o0ndD,

are determined from the linear system GU = F with

8k,i = / grad B;grad By, fx :/ fB.
D D
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Proof

(i) variational equations [gradu gradv = [ fv
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Proof

(i) variational equations [gradu gradv = [ fv
UZU/—,ZZI-U,'B,', V:Bk ~

/grad Zu,—B,- grad Bk:/ f Bx
D ; D
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Proof

(i) variational equations [gradu gradv = [ fv
UZU/—,ZZI-U,'B,', V:Bk ~

/ grad (Z u,-B,-) grad By = / f Bx
D ; D

linear system

ng’,-u,- = fk ~ GU=F
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(i) minimization of Q(u) = %f|grad ul? — [ fu

u= up ~

1
5/ grad Zu;B; grad ZUkBk —/ qukBk—>min
b i K by
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(i) minimization of Q(u) = %f|grad ul? — [ fu

u= up ~

1
5/ grad <§ u,-B,-> grad (E ukBk> —/ f E u B — min
b i K by

quadratic form

1 1
5 E Uy 8k,ili — E frup < §UGU — FU
i,k k

with symmetric, positive definite matrix G
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(i) minimization of Q(u) = %f|grad ul? — [ fu

u= up ~

1
5/ grad <§ u,-B,-> grad (E ukBk> —/ f E u B — min
b i K by

quadratic form

1 1
5 E Uy 8k,ili — E frup < §UGU — FU
i,k k

with symmetric, positive definite matrix G
minimized by U < GU = F
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