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affine
dimension, 29
hull, 29
independence, 29

algorithmic parameters (tuning of), 3
analysis of variance, 6, 234
automatic differentiation, 2
automatic error analysis, 3

backtracking (line search), 163, 164, 168
barrier

extreme barrier function, 242, 243,
245, 247

benchmarking, see data profiles
black box, 2, 242, 249

Cauchy step, see step
circuit design, 4
Clarke

generalized directional derivative,
125

nonsmooth analysis, 125, 127, 247
strict differentiability, 127

combinatorial optimization, 6
completing

a nonpoised set
via Lagrange polynomials, 95,

101–102
via LU factorization, 99–102

condition number, 4, 99, 225, 231
as a measure of well poisedness,

38–39, 48–52, 68–69, 84–86
in error bounds, 52, 54, 69, 79

cone
normal, 244
of descent directions, 125
polar, 244
positively spanned by vectors,

15–19, 244
tangent, 244, 246

constraints
ε-active, 244
active, 244, 245
hidden, 242, 247
linear, 241, 244–248
relaxable, 241–242, 246–248
simple bounds, 241, 243–244, 247
unrelaxable, 241–242, 247, 248
with derivatives, 243–246, 248
without derivatives, 246–249

convergence
global (definition), 120
global (results), 122, 124, 126, 131,

133, 155, 157, 167, 189, 211,
214, 219

global (results for second-order
critical points), 198, 211, 225

lack of (Nelder–Mead), 8, 10, 149
local, xi, 5, 35, 74, 182

convex, see also cone
hull, 30, 41

coordinate search, see methods
cosine measure, see positive spanning

set
Cramer’s rule, 41, 71, 77, 82
criticality step, 165, 166, 183–185,

192–193, 195
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curvature, 9–11, 35, 73, 74, 80, 135,
136, 141, 145, 173, 174, 231

negative, 177, 178, 191
positive, 175

data profiles, 9
decomposition, see factorization
decrease

imposing sufficient decrease in
directional direct search,
134–135

imposing sufficient decrease in line
search, 164

imposing sufficient decrease in
modified Nelder–Mead,
150–153

lexicographic (Nelder–Mead),
144–145

simple, 116, 119, 131, 132, 139,
150, 162, 178, 182, 183, 191,
204, 208, 215, 236, 245

sufficient, 119, 121, 135, 136, 139,
159–161, 163, 165–169, 176,
178, 182, 208, 211, 218, 236,
237, 245–247, see also
fraction of Cauchy decrease;
fraction of eigenstep decrease;
fraction of optimal decrease

derivatives, see also automatic
differentiation; simplex
derivatives; simplex gradient;
simplex Hessian

finite differences, 2, 230
generalized finite differences, 47

descent direction, 15
dynamic pricing, 5

eigenstep, see step
engineering design, 4
error bounds

for centered simplex gradients, 170
for polynomial interpolation

general case, 56
linear case, 26–28
quadratic case, 52–56

for polynomial regression
linear case, 28–29
quadratic case, 69–70

for simplex gradients, 33
for underdetermined quadratic

polynomial interpolation
(general), 78–80

for underdetermined quadratic
polynomial interpolation (in
the minimum Frobenius norm
sense), 83–84

in larger concentric balls, 200–202
Taylor-like, 35, 64, 69–70, 78, 83,

179

factorization
by rows, 26
Cholesky, 20
eigenvalue decomposition, 203
Gaussian elimination, see LU

factorization
growth factor, 103, 104, 112
LDU, 112
LU, 99, 101–103, 105, 108
minimization of growth factor, 3–4
QR, 76, 245
singular value decomposition

(SVD), 29, 68, 76
finite differences, see derivatives
forcing function, 134, 151, 156, 159,

160, 236
fraction of Cauchy decrease, 176, 220,

237–239
fraction of eigenstep decrease, 177, 223,

238
fraction of optimal decrease, 178, 205
fully linear (FL), see also model

certificate/certifiable, 91, 180
class, 90, 180

fully quadratic (FQ), see also model
certificate/certifiable, 91, 181
class, 91, 181

function evaluations, 5, 10, see also
noise

cheap or inexpensive, 57, 229, 235
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costly or expensive, xi, 2, 4, 5, 8,
58, 70, 73, 92, 107, 178, 182,
183, 209, 229, 230, 242, 249

noisy, 2, 8, 57, 70, 92

generalized pattern search (GPS), see
methods

generating set search, 136–137
geometry, see also completing;

improvement; improving;
poisedness

dispensing control of, 225
global optimization, 249–250
gradient, see derivatives; simplex
groundwater community problems, 5
group partial separability, 74

Hessian, see derivatives; simplex
heuristic methods

artificial neural networks, 6, 231
enumeration techniques, 6
evolutionary algorithms, 6
genetic algorithms, 6
particle swarm, 6, 249
population-based algorithms, 6
simulated annealing, 6
tabu-search, 6
variable neighborhood search, 250

implicit filtering, see methods
improvement, see model-improvement

algorithm; model-improving
iteration; model-improvement
step

improving
well poisedness

minimum Frobenius norm
models, 110

regression models, 108–110
via Lagrange polynomials,

95–98
via Lagrange polynomials

(example), 98–99
via LU factorization, 104–106
via LU factorization (example),

106

integer lattices, 123, 139, 151, 236, 245
globalization by, 127–130, 132,

135, 136, 139, 162, 245
tightness of integrality and

rationality requirements, 130
interpolation, see also error bounds;

Lagrange polynomials; model;
Newton fundamental
polynomials; poisedness;
uniqueness

conditions, 24, 37, 73

Kriging, see model

Lagrange polynomials
interpolation

basis for, 39
computing and updating, 40,

93–94
definition, 39
equivalent definition, 41
uniqueness, 39
volume definition, 41

invariant under scaling, 46, 212
invariant under shift, 46, 212
minimum Frobenius norm

computing and updating, 110
definition, 81
equivalent definition, 81
uniqueness, 87
volume definition, 82

minimum norm
basis for, 77
definition, 76
equivalent definition, 77
uniqueness, 77, 87
volume definition, 78

regression
basis for, 60
computing and updating,

108–109
definition, 60
equivalent definition, 62
uniqueness, 60

lattice, see integer lattices
Lebesgue constant, 40
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Lipschitz continuity
of a function near a point

as an assumption, 126
of gradient

as an assumption, 23, 26, 28, 79,
90, 122, 166, 167, 179

of Hessian
as an assumption, 52, 69, 91,

170, 180
of model gradient, 92, 112

as an assumption, 90, 180
of model Hessian

as an assumption, 91, 181
Lipschitzian optimization, 250

manifold
Lipschitz, 246
polynomial, 38
Riemannian, 246

medical image, 5
mesh adaptive direct search (MADS),

see methods
mesh or grid

assumptions (integer lattices), 128
coordinate search, 117
general, 127
minimal space between points, 128
other definitions, 130–131, 139
poll and search steps, 128, 132
search step, 118, 132

methods
augmented Lagrangian, 246–247
coordinate search, 9–11, 115–118,

125, 127, 135
directional direct search, 115–139,

235–237, 242–248
DIviding RECTangles (DIRECT),

250
filter, 247–249
generalized pattern search, 118,

119
implicit filtering, 7, 10–11, 163,

168–170
interpolation-based trust region,

10–11, 204–205, 207–225,
248–249

last resort, 6
MADS (mesh adaptive direct

search), 132–134, 136, 139,
247–248, 250

modified Nelder–Mead, 149–162
multidirectional search (MDS),

137–139, 150, 161, 162
multilevel coordinate search

(MCS), 250
Nelder–Mead, 1, 7, 8, 10–11,

141–149, 161
parallel, 136, 168, 225, 248, 250
pattern search, 118, 123, 135, 136
quasi-Newton, 5, 10, 87, 168, 169,

204
sequential quadratic programming

(SQP), 248–249
simplicial direct search, 137–139,

141–162, 237
trust region, 173, 225, 237–240,

248–249
using line search and simplex

derivatives, 163–167
wedge (trust region), 215–225

minimax optimization, 250
mixed integer programming, 250
model

by space mapping, 239–240
fully linear (FL), 90, 180, 200–201,

210–214, 218–220
fully quadratic (FQ), 91, 181,

201–202, 210–211, 218–220
least Frobenius norm updating of

quadratic models, 86, 212
model-improvement algorithm,

91–93, 107, 110, 180, 181,
183, 184, 192, 193, 208,
211–213, 215

model-improving iteration, 185,
187, 191, 193

model-improvement step, 191, 193,
209, 214

surrogate, 229
functional, 230
physical, 230
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Taylor, 5, 35, 36, 90, 92, 173–174,
178–181, 200, 230–231

using Kriging, 233, 240
using polynomial interpolation

in the Frobenius minimum norm
sense, 80–81

in the minimum-norm sense,
74–76

linear, 24
of any degree, 37–38

using polynomial regression
linear, 24–25
of any degree, 58–59

using radial basis functions,
231–233, 240

molecular geometry optimization, 5
multidisciplinary, 4
multiindices, 36
multiobjective optimization, 250

natural basis (of monomials)
definition, 36

Nelder–Mead method, see methods
Newton fundamental polynomials (NFPs)

definition, 46
use in DFO, 87, 208

noise, 3, 5–11, 167–168, 171, 234
consistency, 58, 68, 72

noisy functions, see noise
noisy problems, see noise
nonconvexity, 5, 6, 108, 149, 202, 246
nondifferentiability, 3, 136
nonmonotone, 136
nonsmoothness, 11, 58, 123–127, 132,

136, 247
numerical comparisons, 10–11, see also

data profiles

optimality conditions
first-order necessary for inequality

constraints, 246
first-order necessary for simple

bounds, 243

parallel, see also methods
asynchronous, 136, 248

difficulty of parallelization, 142
ease of parallelization, 11, 136, 168
environment, xii, 6, 116, 225

parameter, see also simplex diameter;
trust-region radius

mesh size, 115, 118
bounded, 129
converging to zero, 135
subsequence converging to zero,

121, 123
step size, 115, 118, 164

bounded, 129
converging to zero, 135
subsequence converging to zero,

121, 123
pattern, see also integer lattices; mesh or

grid
generator, 127

pivot polynomials, 101, 209–211,
216–218

pivotal algorithms, 89, 99–109, 209–211
poisedness, see also completing;

condition number; improving;
Lagrange polynomials;
Newton fundamental
polynomials

�-poisedness
for polynomial interpolation, 42
for polynomial regression, 63
for polynomial regression

(strong), 65
for underdetermined polynomial

interpolation (minimum-norm
sense), 78

for underdetermined quadratic
polynomial interpolation (in
the minimum Frobenius norm
sense), 82

for polynomial interpolation
linear, 24

for polynomial regression
linear, 25

polling, see also poll step
poll vectors or directions, 116
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polynomials, see also manifold; model;
natural basis (of monomials);
pivot

basis, 36
space of, 36
tail, 232

positive, see also positive basis; positive
spanning set

dependence, 16
generators, 244–247
independence, 16
span, 15

positive basis, see also positive spanning
set

definition, 16
examples of, 19–21, 30
maximal, 16
minimal, 16
uniform, 21

positive spanning set
characterizations of, 17
cosine measure of, 22
definition, 16
implication of descent

characterization, 19

radial basis functions (RBF), see also
global optimization; model;
uniqueness

conditionally positive definite, 232,
240

regression, see also error bounds;
Lagrange polynomials; model;
poisedness; uniqueness

�1, 60
conditions, 25, 58
regularized, 70–71

response surface methodology (RSM),
234–235

sampling, see also completing;
improving; interpolation;
model; poisedness; regression;
starting; underdetermined
interpolation

D-optimality, 234
dense, 234

design and analysis of computer
experiments (DACE), 234

design of experiments, 234
Latin hypercubes, 234
orthogonal arrays, 234

scaling
of matrix, 27, 28, 54, 79
system, 46

serial
environment or machine, 5, 136,

168
shifting and scaling

of sample set, 48–49, 68, 84, 90,
96–99, 103–104, 210, 217

simplex
centered simplex gradient, 169
derivatives, 136, 169, 170
diameter of, 30
diameter of (converging to zero),

153
gradient (as gradient of

interpolation model), 33
gradient (as gradient of regression

model), 33
gradient (definition), 32
gradient (error bound), 33
Hessian (definition), 170
normalized volume of, 31
restarting, 160
set, 30
shape of, 30
starting, 150, 161
vertices of, 30
volume of, 30

simulation, see also black box
PowerSpice, 4

starting, see also starting simplex
feasible point, 242, 247
point, 120, 125, 126, 236, 239
sample set, 100–102, 107

stencil
gradient, 33
radius, 33
set, 33

step
Cauchy, 175–176
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criticality, 165, 183, 184, 192, 193,
210, 213, 218, 221, 224, 225

eigenstep, 177–178
poll step, see also mesh or grid

complete polling, 116, 131–132,
139, 157, 215

error bound (unsuccessful
polling), 23, 122, 134

opportunistic polling, 116, 118,
119, 136

search step, see also mesh or grid
use of surrogates, 235–237

stochastic optimization, 6
stopping criterion, 8, 10, 120, 123, 138,

144, 152, 165, 182
surrogate, see also model

rigorous optimization frameworks,
4, 235–240

Taylor, see error bounds; model
termination

early or premature, 5, 8, 242
trust region, see methods

radius, 174
converging to zero, 188, 197
update, 178–179, 184, 193

subproblem, 175, 202–204, 220,
223, 238–239, 248–249

subproblem (wedge), 216, 221, 223

underdetermined interpolation, see also
error bounds; Lagrange
polynomials; model;
poisedness; uniqueness

conditions, 73
in the best subbasis sense, 74–76

uniformly bounded
away from zero

cosine measure, 119, 122, 123
step size, 130
volume, 97

constant in norm equivalence, 49
independently of number of sample

points, 70
model Hessian, 83, 186
number of improvement steps, 91,

96, 164, 165, 180, 181, 184,
193, 211, 212, 214, 215

number of iterations, 182, 187
number of unsuccessful iterations,

219, 220
poisedness constant, 179

uniqueness, see also Lagrange
polynomials

interpolation polynomial, 38
lack of (in space-mapping models),

240
radial basis function model, 232
regression polynomial, 59
underdetermined minimum

Frobenius norm polynomial,
81, 87

unisolvent, see also poisedness
set, 38

wedge, see also methods; trust region
subproblem

constraint, 215–220
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