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Chapter 9

Krylov Subspace Methods

9.1 Introduction

We now turn to methods for large matrices. If a matrix is really large, the computation of
its complete spectrum is out of the question. Fortunately it often suffices to compute just
a few of the eigenvalues. For example, if stability is at issue, one might just want to know
the few eigenvalues with maximum real part or with maximum absolute value. If a certain
frequency range is of interest, one might like to calculate the few eigenvalues that are closest
to some specified target value 7. Eigenvalue methods for large problems are designed to
perform tasks like these, and they do it by computing the invariant subspace associated with
the desired eigenvalues.

Very large matrices that arise in applications are almost always sparse. That is, the
vast majority of their entries are zero. Were this not so, it might not even be possible to
store such a matrix, much less find its eigenvalues. For example, consider a matrix of order
n = 10°. If we store all of its entries in the conventional way, we have to store 10!2 numbers.
If we are storing, say, double-precision real numbers, that takes 8 x 102 bytes, i.e. 8000
gigabytes. However, it might well happen that the matrix only has about ten nonzero entries
per row, and then we can save the situation by using a special data structure that stores only
the nonzero entries of the matrix. Then we only have to store about 10’ numbers or 8 x 107
bytes. Of course there is also a bit of overhead involved: For each matrix entry that we store,
we have to store its row and column number as well, so that we know where it belongs in
the matrix. Multiplying by two to take the overhead into account we see that we will need
about 16 x 107 bytes or 160 megabytes. This is a manageable file.

The methods that we have discussed so far all use similarity transformations. That
approach is not possible for large sparse matrices, as each similarity transformation causes
fill-in, the introduction of nonzeros in positions that previously contained zeros. After just
a few similarity transformations, the matrix becomes completely full, hence unstorable.

If we can’t do similarity transformations, then what can we do? The one thing we can
do very well with a large, sparse matrix is multiply it by a vector. Indeed, this operation can
be done relatively quickly; the amount of work is proportional to the number of nonzeros
in the matrix. If we multiply A by x to get Ax, we can then multiply A by that vector to get
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A’x, and so on, so it is easy to build up a Krylov sequence
x, Ax, Azx, A3x, e

In this chapter we investigate Krylov subspace methods which build up Krylov sub-

spaces

K;(A, x) = span{x, Ax, A’x, ..., A" x}
and look for good approximations to eigenvectors and invariant subspaces within the Krylov
spaces.

In many applications the matrix has structure that allows it to be stored even more
compactly than we have indicated above. For example, the matrix may have submatrices
with repeating patterns that do not need to be stored multiple times. In fact, it may not be
necessary to store the matrix at all. If a subroutine that can compute Ax, given any input x,
is provided, Krylov subspace methods can be used.

If we want to build a Krylov subspace, we need a starting vector x. What would be
a good starting vector? If we could find one that was in the invariant subspace that we are
looking for, then the Krylov spaces that it generates would lie entirely within that subspace.
That’s a bit much to ask for, but if we can get a vector that is close to the desired invariant
subspace, perhaps we can get some good approximations. That also is a lot to ask for, at
least initially. At the outset we might have no idea where the desired invariant subspace
lies. In that case we might as well pick an x at random and get started. As we shall see, we
will be able to replace it by a better x later.

After j — 1 steps of a Krylov subspace process, we will have built up a j-dimensional
Krylov subspace KC; (A, x). The larger j is, the better is our chance that the space contains
good approximations to desired eigenvectors. But now we have to make an important
observation. Storing a j-dimensional space means storing j vectors, and the vectors take
up a lot of space. Consider again the case n = 10°. Then each vector consists of 10°
numbers and requires 8 megabytes of storage. If we store a lot of vectors, we will quickly
fill up our memory. Thus there is a limit to how big we can take j. In typical applications
Jj is kept under 100, or at most a few hundreds.

Given the limitation on subspace size, we ordinarily resort to restarts. Say we are
looking for an invariant subspace of some modest dimension 7. We pick m at least as big as
m and preferably a bit bigger, e.g. m = m + 2. We begin by generating a Krylov subspace
Ki(A, x) of dimension k, where k is somewhat bigger than m, e.g. k = 2m or k = 5m.
Then we do an analysis that allows us to pick out a promising m-dimensional subspace of
K (A, x), we discard all but m vectors, and we restart the process at step m. The details will
be given in the coming sections. The restart is tantamount to picking a new, improved, x
and building up a new, improved, Krylov space from that x. Since the process is organized
so that we can start from step m instead of step 0, it is called an implicit restart. This gives
improved efficiency and accuracy, compared with an explicit restart from step 0.

When the procedure works as intended (as it usually does), each restart gives us a better
approximation to the desired invariant subspace. Repeated restarts lead to convergence.

Approximating eigenvectors from Krylov subspaces

We now consider the question of whether a given Krylov subspace K; (A, x) contains good
approximants to eigenvectors of A. We suppose j < n, as is usually the case in practical
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situations. We begin by establishing a simple characterization of IC;(A, x) in terms of
polynomials.
IC;(A, x) is the set of all linear combinations

aox + a1 Ax + a;A’x + -+ +a;_1 A x. (9.1.1)

Given any coefficients ay, ..., a;_i, we can build a polynomial ¢(z) = ao + ajz + @zt +
-+« +aj_1z/7" of degree j — 1 or less. Then the linear combination in (9.1.1) can be
written more compactly as g(A)x. Thus we have the following simple characterization of
the Krylov subspace.

Proposition 9.1.1. Let P ;_ denote the set of all polynomials of degree less than j. Then
Ki(A,x)={qA)x | g €P;_}.

The question of whether K; (A, x) contains good approximants to a given eigenvector
v is therefore that of whether there are polynomials ¢ € P;_; such the g(A)x ~ v. To
keep the discussion simple, let us suppose that A is a semisimple matrix and has linearly
independent eigenvectors vy, vy, ..., v, With associated eigenvalues A;, A, ..., A,. Then

x=cvy+cvy+---+ vy
for some unknown coefficients cy, ..., ¢,. For any polynomial ¢ we have

q(A)x = c1g(A v + c2g(A2)v2 -+ - + g (Ay) Uy

If we want to find a good approximant to, say, vy, we should look for a polynomial g such
that | g (A1) |is large relative to |g(A2) |, ..., | g(X,) |. Thisis most easily achieved if A, is well
separated from the rest of the spectrum. Picture a situation in which all of the eigenvalues
are in a cluster in the complex plane, except for A, which is off at a distance. Then there
exist polynomials of the desired form: Just build a ¢ of degree j that has all of its zeros in
the cluster; for example, take g(z) = (z — z0)’, where 7o is somewhere in the “middle” of
the cluster. Then g (A;) will be much larger than g (A,), ..., g(1,), even if j is quite small.
Thus KC; (A, x) contains vectors that approximate v; well, unless ¢, happens to be unusually
small.

The closer A; is to the other eigenvalues, the harder it is to get a polynomial ¢ with
the desired properties. Now suppose X; is surrounded by other eigenvalues. Then it is
normally impossible to build a ¢ of low degree j such that g(A;) is large and g (X,), ...,
q(X,) are small. Thus KC;(A, x) will not contain good approximants to v;. We conclude
that Krylov subspaces are best at approximating eigenvectors associated with eigenvalues
on the periphery of the spectrum.

Rigorous results can be obtained with the help of Chebyshev polynomials, which are
discussed in Exercises 9.1.2 and 9.1.4.! For more details see [100], [185], and the references
therein, especially [127], [161], and [183].

! Analyses of this type are most meaningful in the case when A is normal. Then the eigenvectors vy, ..., v, can
be taken to be orthonormal (Theorem 2.3.5), and it is natural to work in the coordinate system defined by them.
If A is not normal, then vy, ..., v, cannot be taken to be orthonormal, and the coordinate system they define is
distorted. The distortion is measured by a factor k, (V'), the condition number of the matrix of eigenvectors, which
appears in the rigorous bounds. Bounds can be obtained for defective matrices by considering the Jordan canonical
form (Theorem 2.4.11), but again the coordinate system is distorted.
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The function of restarts is to improve the coefficients cy, ..., ¢,. Let us suppose that
vy, ..., Uy are the eigenvectors that we wish to find. Then, by restarting, we hope to replace

x by a new starting vector
X =cCvy + U+ -+,

such that ¢y, ..., ¢, are relatively larger and ¢, 11, ..., ¢, are relatively smaller.

The shift-and-invert strategy

As we have seen, Krylov subspace methods are good at producing the eigenvalues on the
periphery of the spectrum. If we want to find eigenvalues in the interior, special action must
be taken. Suppose we want to find the eigenvalues that are nearest to some target value
t € C. If we shift by 7 and invert, we get the matrix (A — z1)~!, which has eigenpairs
((. — )7, v) corresponding to eigenpairs (A, v) of A. Thus the eigenvalues of A that are
closest to T correspond to the eigenvalues of (A — t/)~! of greatest modulus. These are
peripheral eigenvalues. If we apply a Krylov subspace method to B = (A — 7)™}, we will
get the desired eigenvalues and eigenvectors.

Care must be exercised in implementing this shift-and-invert strategy. We cannot
afford to form the matrix (A — v7)~! explicitly, as it is not sparse. Fortunately we do not
need (A — 1)~ all that’s needed is way of making the transformation x — (A — 71 Yy lx
for any x. This can be achieved by solving (A —71)y = x for y,astheny = (A — D~ 1x.
If we compute an LU factorization with pivoting: A = PLU, where P is a permutation
matrix, L is unit lower triangular, and U is upper triangular, we can use this factorization to
backsolve for y, given any x. The factorization only needs to be done once, then it can be
used repeatedly. For sparse A it is typically the case that the factors L and U are much less
sparse than A is, but they are (typically) still fairly sparse and can be stored compactly in
a sparse data structure. However, they will (typically) take up much more memory than A
does. The shift-and-invert strategy is a viable option if and only if there is enough available
memory to store the L and U factors, When it is a viable option, it generally works very
well.

Exercises

Exercise 9.1.1. Let A € C"*", and let T € C be a number that is not an eigenvalue of A.
Let S be a subspace of C".

(a) Show that S is invariant under (A — 1)~" if and only if S is invariant under A.

(b) Show that (X, v) is an eigenpair of A if and only if (A — )~!, v) is an eigenpair of
(A—tD~ L.

Exercise 9.1.2. In this exercise we introduce and study the famous and very useful
Chebyshev polynomials. A substantial reference on Chebyshev polynomials is [177]. We
begin by studying the analytic map

_z+z’1
= 5

x =¢ ) 9.1.2)
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which has poles at zero and infinity and maps the rest of the complex plane onto the complex
plane.

(a) Show thatif z satisfies (9.1.2) for a given value of x, then z satisfies a certain quadratic
equation. Solve that equation and deduce that

z=xEtvx2-1 (9.1.3)

Thus each x is the image of two z values, which are distinct if x # 41. Show that
ifz =x++/x2—1,then z7! = x — +/x2 — 1. The points 1 are images only of
themselves. They are fixed points of ¢. (Remark: ¢ is the map for Newton’s method
to compute V1)

(b) Fork =0, 1, 2, 3, ...the kth Chebyshev Polynomial Ty (x) is defined by

ko —k -1
Tk(x)zi, where x = ks ,
2 2

9.1.4)

that is,
T (x) = ¢>(zk), where x = ¢ (z).

Use the definition (9.1.4) and some simple algebra to show that for k = 1, 2,3, ...,
2xTi(x) = T 1 (x) + Ti1 ().
This establishes the recurrence

Tip1 (x) = 22T (x) — i1 (x),  k=1,2,3, ... (9.1.5)

(c) This gives us a means of generating 7 from 7; and T;_;. Show that the definition
(9.1.4) gives To(x) = 1 and T1(x) = x. Then use (9.1.5) to calculate T3, T3, T,, and
Ts.

(d) Prove by induction on k that for k = 0, 1,2, 3, ..., T} is a polynomial of degree k.
Moreover, its leading coefficient is k-1 except when k = 0. Show further that 7} is
an even (odd) polynomial when k is even (odd).

(d) Substitute z = e# in (9.1.4) and deduce that the Chebyshev polynomials satisfy
Ti(x) = coskB, where x =cosp (9.1.6)

for x satisfying —1 < x < 1. In the following discussion, restrict 8 to the interval
[0, ], which the cosine function maps 1-1 onto [—1, 1].

(e) Graph the function cos 8, cos28, and cos 38 for0 < 8 < 7.

(f) Show that T (x) has k real zeros in (—1, 1). Since a kth degree polynomial can have
no more than k zeros, we have now shown that all of the zeros of 7} are real, and they
all liein (—1, 1).
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(g) Show that sup |T7x(x)| = 1. Show that there are k + 1 points in [—1, 1] at which
—1<x<l1

| Te(x) [ = 1.

(h) We now know that | 7; | is bounded by 1 in [—1, 1], and all of its zeros lie in that
interval. It follows that T; must grow rapidly as x moves away from [—1, 1]. This is
already evident from definition (9.1.4): Show that when x is real and large, x ~ z/2
and Ty (x) &~ zX/2 ~ 21y,

(i

~

More importantly, for a fixed x > 1, Ty (x) grows exponentially as a function of k.
To prove this we introduce another parametrization. Substitute z = e“ (o > 0) into
the definition (9.1.4) to obtain

Ty (x) = coshka, where x = cosha 9.1.7)

for all x satisfying 1 < x < oco. For a given x > 1, there is a unique o > 0 such that
x =cosha. Let p = ¢* > 1. Use (9.1.7) or (9.1.4) to show that T} (x) > %pk. Thus
T (x) grows exponentially as a function of k.

Exercise 9.1.3. In this exercise we investigate how well eigenvectors associated with
peripheral eigenvalues are approximated by Krylov subspaces in the case when the matrix has
real eigenvalues. Let A be a semisimple matrix with (real) eigenvalues A > Ay > --- > A,.
For example, A could be Hermitian. Assume also that 1, > A,.

(a) Show that the transformation

maps [A,, A2] onto [—1, 1]

(b) Fork =0, 1, 2, ..., define polynomials g; € Py by

x) = ’ w) = l ! ,

where T}, is the Chebyshev polynomial defined in Exercise 9.1.2. Show that | g, (X;) | <

1fori=2,...,n,and
1
lgx(A) | > 5,0'",
where
D S Bk B 9.1.8)
> 1. 1.
= )LZ - )\n

Use part (i) of Exercise 9.1.2.

(c) Let vy, ..., v, be linearly independent eigenvectors associated with eigenvalues A,

...» Ay, respectively. Let x be a starting vector for a Krylov process satisfying

X =civ1+ -+ cpu,
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with ¢; # 0. Define gx € Px by gi(x) = qi(x)/(c1gx(A1)). Let wy = gx—1(A)x €
K (A, x). Show that there is a constant C such that

lwp — vy ll, < Co™*, k=0,1,2,...,

where p is as in (9.1.8). Thus, for large enough k, the Krylov subspace Ky (A, x)
contains a vector that is close to the eigenvector v;.

(d) Modify the arguments given above to show that /C; (A, x) contains vectors that are

close to v, under suitable assumptions.

(e) Suppose A; > Ay > A3 > A,. Fork =1, 2, 3, ...define a polynomial g; € P; by

k(X X — .
! ! *n N3

Use gy to show that for sufficiently large k, the Krylov subspace K, (A, x) contains
vectors that are close to vy, assuming ¢, 7# O.

(f) Suppose A, > A3 > A4 > A,. Show that for sufficiently large &, Kt (A, x) contains

vectors that approximate v3 well, assuming c3 # O.

Exercise 9.1.4. In Exercise 9.1.2 we introduced the Chebyshev polynomials and

studied their properties on the real line. We used these properties in Exercise 9.1.3 to
investigate approximation properties of Krylov subspaces for semisimple matrices with real
eigenvalues. If we want to obtain results for matrices with complex eigenvalues, we must
investigate the properties of Chebyshev polynomials in the complex plane.

(a)

(b)

©

Substitute z = e**# into (9.1.4), where & > 0 and 8 € (—, ]. Show that
x = cosh cos B + i sinh« sin .

and
Ty (x) = cosh ko cos kB + i sinh ka sin k.

This generalizes the results of parts (d) and (i) of Exercise 9.1.2.

Let u = N(x) and v = J(x), so that x = u + iv. Suppose « is held fixed and
B is allowed to run from —m to w. Show that x sweeps out an ellipse E, with
major semiaxis ¥ = cosh o and minor semiaxis v = sinh &, and meanwhile 7 (x)
sweeps out (k times) and ellipse Ej, with semiaxes cosh ko and sinh ka. Notice that
as « — 0%, E, becomes increasingly eccentric. In the limiting case « = 0, E,
becomes the interval [—1, 1] on the real axis.

Show that 7; maps E, (and its interior) to Ey, (and its interior). Thus

max | T (x) | < cosh ka.
xeE,
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(d)

These results can be used to get error bounds for Krylov subspace approximation, in
case the spectrum is not real, as follows. Suppose all of the eigenvalues but one lie
in the ellipse E,,, except that there is a positive eigenvalue ; = cosh «; to the right
of Ey,. Thatis a; > o, > 0. Show that for A € E,,,

| T (M) | - cosh ko -
| Tx(A1)| — coshka; —

2 (e“z_"“)k — 0.

Deduce that the Krylov subspace K (A, x) contains good approximations to v; if k is
large enough, provided that ¢; # 0. This result assumes that A; is positive and real.
However, similar bounds can be obtained for peripheral eigenvalues that are neither
positive nor real since the polynomials can be shifted, scaled, and rotated. All we
need is to find an ellipse that contains all eigenvalues but A, such that A; lies on the
major semiaxis of the ellipse. Then we can get a convergence result.?

Exercise 9.1.5. Using the definition (9.1.4) and inverse map (9.1.3), we immediately

obtain the expression

()
(b)

(©

mials.

(4 VD 4 (x = VT =D

Ti(x) = > 9.1.9)
Use (9.1.9) to compute Ty, Ti, T», and T3.
Simplifying (9.1.9) by taking w = +/x% — 1, we have
&+ w) + (o —w)
Ti(x) = > ;
where x> — w? = 1. Apply the Binomial Theorem to this expression, and observe

that the odd powers of w cancel out. Conclude that

Lk/2] k Lk/2] k
Tk(x) = Z ( o )xk—2mw2m — Z ( . )xk—Zm(XZ _ l)m

m=0 m=0
This shows clearly that 7 is a polynomial of degree k.

Show further that
Lk/2]

T (x) = Z cjxk_2j,
=0

.Lk/ZJ k m
(L))

m=j

where

Exercise 9.1.6. Here we establish an orthogonality property for Chebyshev polyno-

21t must be acknowledged, however, that these results are much weaker than one obtains in the real eigenvalue
case, because the function cosh « is flat at « = 0 and not at o > 0.
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T
(a) Show that/ coskB cos jBdB = 8kj%~
0

1

(b) Using (9.1.6) show that / T ()T (x)(1 — xH) ™" 2dx = 5,%.
1

9.2 The Generic Krylov Process

If the vectors
x, Ax, A2x, e, ATy

are linearly independent, they form a basis for the Krylov subspace Kt (A, x). From a
numerical standpoint this is not a very good basis. As we know from our study of the power
method, the vectors A/x (usually) point more and more in the direction of the dominant
eigenvector as j increases. This means that for large (or even moderate) k, most of the
vectors in the Krylov basis will point in about the same direction. Thus the basis is (usually)
ill conditioned. Let us consider how we might build a well-conditioned basis. Start with
u; = c1x, where c) is a scale factor. For example we might take ¢; = 1, or we might choose
cy sothat || u; || = 1. To get another basis vector we can calculate Au |, then we can improve
the basis by setting
uy = Auy — urhyg,

where /1 is chosen with an eye to making {u, u,} a better basis than {u;, Au;} in some
sense. For example, we could make u, orthogonal to ;. This popular choice leads to the
Arnoldi process, which will be described in § 9.4. It is the best choice from the standpoint
of numerical stability. Since we like to be able to control the norm of u,, we set, more
generally,

ushyy = Auy — uihyy,

where hy; is a scale factor. We cannot afford to keep a lot of extra vectors lying around, so
we keep u, and discard Au;. When we build our next basis vector, we will start by forming
Au, instead of the unavailable A%u; = A(Au,).

Now, proceeding by induction, let us suppose that we have generated u;, ..., u;, a
basis for /C; (A, x). Suppose further that

Ki(A,x) =span{uy, ..., u;}, i=1,...,].

We now wish to find a vector u ;| such that ;1 (A, x) = span{uy, ..., u;41}. Since Afu;
is unavailable, we use instead the vector u; € KC;(A, x) \ K;_1(A, x). We first compute
Au; and then form u ;| by some normalization process:

J
uj+lhj+l,j = Auj - Zuihij. (921)

i=1
We will admit only processes with the following characteristic: If it happens that Au; €
span{ul, e, uj}, the h;; should be chosen so that

J

Auj = Zuihij.

i=1
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Thenh ;. ; = 0,u ;4 isindeterminate, and the process halts. We shall call such a procedure
a Krylov process.

There are two widely used Krylov processes: the Arnoldi process (§ 9.4) and the
unsymmetric Lanczos process (§ 9.6). The Arnoldi process simply chooses the £;; so that
the basis is orthonormal. We defer the description of the unsymmetric Lanczos process,
which is more complicated. There is also a symmetric Lanczos process, which is a special
case of both the Arnoldi and unsymmetric Lanczos processes. In Sections 9.8 and 9.9 we
will develop special Krylov processes for Hamiltonian and symplectic matrices.

The two following propositions, which are easily proved (Exercises 9.2.1 and 9.2.2),
state some basic facts about all Krylov processes.

Proposition 9.2.1. If x, Ax, A%x, ..., A¥"'x are linearly independent, then every Krylov
process starting with u; = c1x produces a basis of Ky (A, x) such that

spanfuy,...,u;} = K;(A,x) for i=1,... k.

Proposition 9.2.2. If x, Ax, A%x, ..., A*"'x are linearly independent, but A*x € Ki(A, x),
then Ky (A, x) is invariant under A. Every Krylov process starting with u; = c\x produces
a uy such that Auy, € Ky (A, x), causing termination at this step.

The process (9.2.1) can be summarized neatly as a matrix equation. If we rewrite

(9.2.1) as
j+1

Allj = Z u,‘h,-j,
i=1
we easily see that the following proposition holds.

Proposition 9.2.3. Suppose x, Ax, A’x, ..., A*"'x are linearly independent, and let u, ...,
uy be generated by a Krylov process starting with u, = c1x. Let Uy denote the n X k matrix
whose columns are uy, ..., ux. Let Hiy1 i denote the (k + 1) x k upper Hessenberg matrix
whose (i, j) entry h;j is as in (9.2.1) ifi < j+ 1, and h;j =0ifi > j+ 1. Then

AU = U1 Hiy1k- 9.2.2)

Let Hy denote the square upper Hessenberg matrix obtained by deleting the bottom row of
Hk+1,k- Then
AU, = UcHy + up1hisvel s (9.2.3)

where el =[00 ... 01] € R,
If ICk (A, x) is invariant, then A x = 0, and (9.2.3) becomes
AUy = Uy Hy. 9.2.4)

Finding an invariant subspace is a desired event. If k < n, as it is in practical situations,
we can easily compute the eigenvalues and eigenvectors of H; by, say, the Q R algorithm.
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Every eigenpair of H; yields an eigenpair of A: Given Hyy = yA, let v = U;y. Then
Av = vA (Proposition 2.1.11).

If we ignore temporarily the problem of storage space, we can think about carrying on
a Krylov process indefinitely. But in our finite-dimensional setting, every Krylov process
must halt eventually. If x, Ax, ..., A" x, are independent, then they span the space C",
and A" x must be a linear combination of them. The Krylov process will produce a basis u,
..., U, and halt. If an invariant subspace is discovered along the way, we halt even sooner,

but the process can be continued. If span{ul, cesu j} is invariant, we can take u 4 to be
an appropriate vector that is not in span{ul, co U } If we proceed in this way, we can
always, in principle, build a basis u, ..., u,. Then (9.2.4) becomes

AU =UH, (9.2.5)

where U is n x n and nonsingular. Since A = UHU ™!, we conclude that every Krylov
process, if carried to completion, produces a similarity transformation to an H that is in
upper Hessenberg form. If we have found any invariant subspaces along the way, some of
the h 4 ; will be zero, so H will be block triangular.

In real applications it is never possible to carry a Krylov process to completion, but
now that we have considered the possibility, we can see that a partially completed Krylov
process performs a partial similarity transformation. Looking at (9.2.2) or (9.2.3), we see
that Uy consists of the first k columns of the transforming matrix U in (9.2.5), and H; is the
upper-left-hand & x k submatrix of H. Thus (9.2.2) and (9.2.3) represent partial similarity
transformations.

It is a useful fact that Proposition 9.2.3 has a converse: If the vectors uy, ..., ug4i
satisfy an equation of the form (9.2.3), they must span nested Krylov subspaces.

Proposition 9.2.4. Suppose u,, ..., uryy are linearly independent vectors, Uy is the matrix
whose columns are uy, ..., uy, Hy is properly upper Hessenberg, hy1, i # 0, and

AUy = U Hy + tgsr1hig iy -

Then
span{ul,...,uj}=IC.,~(A,u1), j=1...,k+ 1.

To prove this result, one simply notes that the matrix equation implies that (9.2.1)
holds for j =1, ..., k. One then uses (9.2.1) to prove Proposition 9.2.4 by induction on j.
See Exercise 9.2.4.

Quality of eigenpair approximants

After enough steps of a Krylov process, we expect the Krylov subspace R(Uy) = Ky (A, x)
to contain good approximants to eigenvectors associated with some of the peripheral eigen-
values of A. How do we locate these good approximants? We know that if a4 = 0,
each eigenpair (u, y) of Hy yields an eigenpair (u, U;y) of A. It is therefore reasonable
to expect that if 15 4 iS near zero, then the eigenpairs of H; will yield good approximants
to eigenpairs of A. If k is not too large, then computing these quantities poses no problem.
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The next simple result shows that even if /; x is not close to zero, some of the (u, Uyy)
may be excellent approximations of eigenpairs.

Proposition 9.2.5. Suppose we perform k steps of a Krylov process on A to generate Uy
and Hyy1 i related by (9.2.2) and (9.2.3). Let (i, y) be an eigenpair of Hy, and let w = H,y,
so that (i, w) is an approximate eigenpair of A. Then

lAw —wpll = lltgrr I [ Picsrie || yel- 9.2.6)

Here yy is the last component of the eigenvector y.

This is easily proved by multiplying (9.2.3) by y and doing some obvious manipula-
tions. The value of Proposition 9.2.5 is this: (u, w) is an exact eigenpair of A if and only
if the residual Aw — wu is exactly zero. If the residual is tiny, we expect (u, w) to be a
good approximant of an eigenpair. The right-hand side of (9.2.6) shows how to compute the
norm of the residual at virtually no cost. Practical Krylov processes always compute vectors
satisfying || ux+1 || = 1, so we can ignore that factor. The factor | 2x41 x| is expected. The
factor |y, | shows that even if /151 x is not small, the residual can nevertheless be tiny. If the
bottom component of the eigenvector y is tiny, then the residual must be tiny. Practical ex-
perience has shown that this happens frequently. It often happens that peripheral eigenpairs
are approximated excellently even though /. ; is not small. Of course we must remember
that a tiny residual does not necessarily imply an excellent approximation. All it means is
that (i, w) is the exact eigenpair of some nearby matrix A + E (Proposition 2.7.20). If
the eigensystem of A is well conditioned, we can then infer that (u, w) approximates an
eigenpair of A well.

One further related problem merits discussion. If a Krylov subspace R(Uy) contains
a vector that approximates an eigenvector v well, is it necessarily true that the eigenpair
(1, v) is well approximated by one of the eigenpairs (i, Uy y) generated from the eigenpairs
of Hy? Exercise 9.2.7 shows that the answer is usually but not always yes. Again (as in the
previous paragraph) conditioning is an issue.

Notes and references

Around 1930 the engineer and scientist Alexei Nikolaevich Krylov used Krylov subspaces
to compute the coefficients of a minimal polynomial, the roots of which are eigenvalues
of a matrix [138]. Krylov’s method is described in [83, § 42]. The modern era of Krylov
subspace methods began with the Lanczos [143] and Arnoldi [11] processes, as well as the
conjugate-gradient method [113] for solving positive definite linear systems, around 1950.

Exercises

Exercise 9.2.1. Prove Proposition 9.2.1 by induction on k:
(a) Show that the proposition holds for k = 1.
(b) Suppose j < k and

spanf{uy,...,u;} =K;(A,x) for i=1, ..., j.
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Show thatu; € K;j(A, x)\ K;_1(A, x). Deduce that Au; € KC;11(A, x)\ C;(A, x).
() Use (9.2.1) to show that span{uy, ..., u;41} S Kjpi(A, x).
(d) Show that span{ul, ces Mg } = K;+1(A, x). This completes the proof by induction.

Exercise 9.2.2. Prove Proposition 9.2.2.

Exercise 9.2.3. Prove Proposition 9.2.3.

Exercise 9.2.4. Show that (9.2.3) implies that (9.2.1) holds for j = 1, ..., k. Then use
(9.2.1) to prove by induction on j that span{ul, e uj} CKi(A,up)forj=1...k+1.
Get equality of subspaces by a dimension argument. This proves Proposition 9.2.4.

Exercise 9.2.5. Consider the trivial Krylov process that takes u ;.| = Au, as long as
the vectors remain linearly independent. Show that if this process is run until an invariant
subspace C;(A, x) is found, the resulting upper Hessenberg matrix H; is a companion
matrix.

Exercise 9.2.6. Suppose A, U, and B satisfy a relationship of the form

AU = UB—i—rekT

(cf. (9.2.3)), where U is n x k and has rank k, and r is some residual vector. Let uy, ..., u;
denote the columns of U. Show that B is upper Hessenberg if and only if

span{ul,...,uj}:ICj(A,ul), J=1, ,k

Exercise 9.2.7. Proposition 9.2.3 summarizes the situation after k steps of a Krylov
process. The eigenvalues of H; are estimates of eigenvalues of A If (i, y) is an eigenpair
of Hy, then (u, Uyy) is an estimate of an eigenpair of A. We know that if sz = 0O, then
R (Uy) is invariant under A, and (u, Uy y) is an exact eigenpair of A (Proposition 2.1.11). It
is therefore natural to expect that if R(Uy) is close to invariant, then each (u, Uy y) will be a
good approximation to an eigenpair. In this exercise we investigate a more general question.
If R(Uy) contains a good approximation to an eigenvector v of A, is there an eigenpair (¢, y)
of Hj such that (u, Ury) approximates the eigenpair (A, v) well? In particular, does one of
Ui, ..., Ui, the eigenvalues of H; approximate A well?

Suppose (A, v) is an eigenpair of A satisfying || v || = 1, and suppose there is a vector
w € R(Uy) such that ||v — w|| = € < 1. There is a unique y € R* such that w = Uyy.

(a) The case when the Krylov process produces orthonormal vectors u1, i3, ... is easiest
to analyze. Assume this to be the case for now. Show that under this assumption,
lwl = llyll. Use (9.2.3) to show that Hy = U AU. Then show that Hyy — yA =
Uf(Aw — wA), and

I Hiy = yall _ [1Aw — wh ]|
Iyl - lwll

(b) Show that || Aw — wA| < 2| Alle. This result and the result of part (a) together
show that the pair (X, y) is an eigenpair of a matrix near H; (Proposition 2.7.20).
Now the question of whether (X, y) really is close to an eigenpair of Hy is a question
of conditioning. If all the eigenpairs of H; are well conditioned then one of those
pairs has to be close to (1, y). Thus we cannot say for sure that (1, y) will always be
close to an eigenpair of Hy, but in the well-conditioned case it will. Therefore, in the
well-conditioned case, one of p, ..., i, the eigenvalues of Hy, must be close to A.
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(c) Now consider the case in which the vectors produced by the Krylov process are not
orthonormal. Then Uj does not have orthonormal columns, but it does have full rank.
Thus Uy has a finite condition number « (Uy) = o /0y, the ratio of largest and smallest
singular values. Show that

| Hey — yAl [Aw — wA|

= «(Up)
Iyl [l wll

Thus we draw the same conclusion as in parts (a) and (b), except that an extra factor
k (Uy) has appeared. This is not a problem if k (Uy) is not too big.

9.3 Implicit Restarts

Suppose we have run a Krylov process k steps, so that we have k + 1 vectors uy, ..., upy1,
and the equations (9.2.2) and (9.2.3) hold. Unless we were really lucky, we will not have
found an invariant subspace, at least not on the first try. Now we would like to use the
information we have obtained so far to try to find a better starting vector and restart the
process, hoping to get closer to an invariant subspace on the next try.

As we have already remarked, Krylov subspace methods are good at approximating
eigenvalues on the periphery of the spectrum. Thus they are good at computing the eigen-
values of largest modulus or of largest real part, or of smallest real part, for example. For
this discussion let us suppose that we are looking for the m eigenvalues of largest modulus
and the associated invariant subspace. Then we would like our new starting vector to be
rich in its components in the direction of the associated eigenvectors.

We will describe two closely related implicit restart processes here. The second might
be superior to the first, but even if it is, the first process is worth discussing because it yields
important insights.

First method

The first method is modelled on Sorensen’s implicitly restarted Arnoldi process [191], which
is the basis of the popular ARPACK software [147]. Consider the equation

AUy = UgHy + ug1hiier 9.3.1)

from Proposition 9.2.3. We know that if ;4 = 0, then R(Uy) is invariant under A, and
the eigenvalues of Hj are eigenvalues of A. Even if hi41 # O (even if it not close to
zero), some of the largest eigenvalues of Hy, may be good approximations to peripheral
eigenvalues of A. Moreover, R(U;) may contain good approximations to eigenvectors
associated with peripheral eigenvalues. Since k is not too big, it is a simple matter to
compute the eigenvalues of H; by a GR algorithm. Let us call them wi, uo, ..., 1y and
order them so that |y | > |ua| > -+ > | ux|.> The largest m values, i1, ..., iy, are the
best approximations to the largest eigenvalues of A that we have so far.

3This assumes that we are looking for the eigenvalues of largest modulus. If we were looking for the eigenvalues
with largest real part, for example, we would order them so that Ry > -+ > Ry
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Roughly speaking, our plan is to keep the portion of R(Uy) associated with uq, ...,
W, and discard the rest. To this end, we perform an iteration of an implicit G R algorithm of

degree j on Hy, where j = k — m, using shifts vy, ..., v; located in regions of the complex
plane containing portions of the spectrum that we want to suppress. The most popular choice
ISV| = Wmt1, V2 = Um42, ..., Vj = (g. Thus we take as shifts the approximate eigenvalues

that we wish to discard. We call this the exact-shift version of the implicit restart. In practice
the G R iteration can be executed as a sequence of j iterations of degree 1 or j/2 iterations
of degree 2, for example (Exercise 4.9.1 or Theorem 5.2.1). After the iterations, H; will
have been transformed to R

H, = G 'H,G, (9.3.2)

where
p(Hy) = (Hy —vil)(Hy —voI) -+ - (Hy — v;1) = GR. (9.3.3)

If we now multiply (9.3.1) by G on the right and use (9.3.2) in the form H;G = Gﬁk, we
obtain N
AUy = UgHy + ugs1hisr el G, (9.3.4)

where R
U, = U,G.

The restart is accomplished by discarding all but the first m columns of (9.3.4). Let ﬁm denote
the submatrix of ﬁk consisting of the first m columns, and let FI,,, denote the m x m principal
submatrix of Hj taken from the upper left-hand corner. Consider also the form of ¢/ G,
which is the bottom row of G. It is a crucial fact that G is j-Hessenberg (Exercise 9.3.2).
This implies that el G has zeros inits firsstk — j — 1 = m — 1 positions. Keep in mind also
that Hy is upper Hessenberg. Let u denote column m + 1 of Uy, and h the (;m + 1, m) entry
of Hy. Then, if we extract the first m columns of (9.3.4), we obtain

AU, = U, H, +iihel + uiihisr i8imer. (9.3.5)
Now define a vector u,,| and scalar 71\,” 1.m SO that*

um+lhm+l,m =uh + uk+1hk+1,kgkm-

Then (9.3.5) becomes N R .
AU, =U,H, +ﬁm+lhnz+l,me£- (9.3.6)

In the unlikely event that ;l\m-&-l .m = 0, the columns of l/]\m span an invariant subspace. If this
is not the case, we start over, but not from scratch. Equation (9.3.6) is analogous to (9.3.1),
except that it has only m columns. It could have been arrived at by m steps of a Krylov
process, starting from a new starting vector X = cu;. The implicit restart procedure does
not start anew with X; it starts from (9.3.6), which can also be written as

AUm = m+1Hm+1,m’

in analogy with (9.2.2). The Krylov process is used to generate 12, U3, ---» Uktl
satisfying
AU = U1 Hiyr k-

4The vector #,,41 and scalar 41, are not uniquely determined. They would be if we were to insist that, for
example, ||Um+1 I, = 1 and hyg1m > O.
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Then another implicit restart can be done and a new Krylov subspace generated from a new
starting vector. The restarts can be repeated until the desired invariant subspace is obtained.

Why the method works

The shifts vy, ..., v; were used in the G R iteration that determined the transforming matrix
G. Starting from (9.3.1), subtract v; U, from both sides to obtain

(A—vi DUy = Up(Hy — w1 l) + Ey, 9.3.7

where E| = upy1his1x ekT is a matrix that is zero except in its kth and last column. A similar
equation holds for shifts v, ..., .. Now multiply (9.3.7) on the left by A — v,/ and use
the v, analogue of (9.3.7) to further process the resulting term involving (A — v,I)Uy. The
result is

(A =vl)(A—vi)Uy = U (Hy — val)(Hy — vil) + Es, (9.3.8)

where E, = E{(H; — viI) + (A — v, 1) E; is a matrix that is zero except in its last two
columns. Applying factors A — v31, A — v41, and so on, we easily find that

p(A) U = Urp(Hi) + Ej, 9.3.9)

Where E; is zero except in the last j columns. In other words, the first m columns of E j
are zero. Here p(z) = (z —vy) - - - (z — v;), as before. Since p(H;) = GR and UyG = U,
we can rewrite (9.3.9) as A

p(A)Uy =UR + E;.

If we then extract the first m columns from this equation, bearing in mind that R is upper
triangular, we obtain R
P(A) Uy = U R, (9.3.10)

where R, is the m x m submatrix of R from the upper left-hand corner. This equation tells
the whole story. If we focus on the first column, we find that

X =ap(A)x

for some constant «. The new starting vector is essentially p(A) times the old one. Thus the
restart effects an iteration of the power method driven by p(A). For ease of discussion, let us
suppose A is semisimple with linearly independent eigenvectors vy, ..., v, and eigenvalues
M, ...y Ap. Then

X =cCiv1 +cvy+---CuUy.

For some (unknown) constants cy, ..., ¢,. With probability 1, all ¢; are nonzero. The
corresponding expansion of X is

X =cip)vr + c2p(r)va + - + ¢ p(hn) .

o
The polynomial p(z) is small in magnitude for z near the shifts vy, ..., v; and large for z away
from the shifts. Therefore, in the transformation from x to X, the components corresponding
to eigenvalues far from the shifts become enriched relative to those that are near the shifts.
The peripheral eigenvalues furthest from the shifts receive the most enrichment. Thus
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the restart process reinforces the natural tendency of the Krylov process to bring out the
peripheral eigenvalues. After a number of restarts we will have arrived at a starting vector

X %blvl + - +bmvm»

and we will have found the invariant subspace associated with the m eigenvalues of largest
magnitude.

The implicit restart process uses different shifts on each restart. This makes the method
adaptive and is essential to its success, but it also makes the analysis of convergence more
difficult than it would be for a stationary power method. However, there has been some
progress toward a rigorous convergence theory [25, 26].

Equation (9.3.10) shows that the implicit restart doesn’t just do simple power itera-
tions. It does nested subspace iterations. Bearing in mind that R, is upper triangular, we
find that

p(A)span{uy, ..., u;} = span{uy, ..., u;}, i=1,..., m. (9.3.11)

These relationships are actually an automatic consequence of the fact that the subspaces in
question are Krylov subspaces, as Exercise 9.3.5 shows.

Exact shifts

E exact shifts vi = pwpqr, ..., V; = M are used in the process, then in ﬁk we have
hm+t1,m = 0 by Theorem 4. 6 1. Letting G denote the submatrix of G consisting of the first
m columns, we see that R(G) is the invariant subspace of Hj corresponding to eigenvalues
Ui, .., L. Note that U = UkG SO R(U ) is the subspace of R(Uy) corresponding to
the eigenvalue approximations Ly, ..., .

Second method

Our second implicit restart method is modeled on the thick-restart Lanczos method of Wu
and Simon [233] and Stewart’s Krylov-Schur algorithm [198]. After k steps of a Krylov
process we have

AUy = Uy Hy + gy 1hisrxeg - (9.3.12)

Compute a similarity transformation H, = ST S~! with T block triangular:
| Thw T2
=% ]
where T, has eigenvalues py, ..., i, (the approximate eigenvalues we want to keep) and
T», has eigenvalues (11, ..., i (the approximate eigenvalues we want to discard). This
can be done by a G R algorithm in conjunction with a block swapping procedure as described
in § 4.8 to get the eigenvalues sorted appropriately. Multiply (9.3.12) on the right by S to

obtain _ ~
AU, = UyT + ug127, (9.3.13)

where l7k = UiS and Z7 = hyy1 el S. The restart is effected by retaining only the first m
columns of (9.3.13): - -
AU, = Uy, Ty + w2, (9.3.14)
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where ﬁm Sonsists of the first m columns of l7k, and z consists of the first m entries of Z.

Let S denote the submatrix of S consisting of the first m columns. The similarity
transformation HS = ST implies that R(S) is the invariant subspace of Hj corresponding
to eigenvalues i1, ..., . This is the same as the space R(G) in the exact-shift variant
of the first method. Smce U,,, = UkS we see that R(U,,) is the same as the space R(U )
in the exact-shift variant of the first method. Thus the two methods retain the same space.
This implies equivalence of the methods, as we will show at the end of the section.

In (9.3.14) we cannot claim that the first m — 1 entries of z are zero as we could
with e/ G in the first method. In order to resume the Krylov process, we must return our
configuration to a form like

A

~ ~ T
AUm = Ul m + um+lhm+l m€ps

in which z” has been transformed to a multiple of eI .5 Let V; be an elimination matrix such
that z7 V,~ I = =ael for some a If we multlply . 3 14) on the right by V", we transform
it to ukHaeT = Wyt M1, mel, where a1 = tger and Mg = =a.

The right multiplication by V1 also transforms 77 to V| T7; V1 . This is a full matrix,
and we must reduce it to upper Hessenberg form. We do so, not column by column from
left to right, but row by row from bottom to top, as described in Section 3.4. Elimination
matrices V> = diag{V,, 1}, V5 = dlag{V3, 1, l} Vi 1ntr0duce zeros in rows m — 1,
m — 2, ..., 3, so that the matrix H -V THV1 . V_l1 is upper Hessenberg.
LetV =V,_1V,_--- V. Since zTV1 = we,,;, and e,Tan "'=el forj=2,...m—1,
we also have z7 V~! = ael. In other words, the last row of V is proportional to zT. This
is an instance of Theorem 3.4.1, in which the roles of A, x, and G are played by T}, z, and
V, respectively. _

Let Um = U,V U1 = ups1, and hyyq1,, = o. Multiplying (9.3.14) by y-1
the right and using the fact that z” V~! = ae!, we obtain

Aﬁm = ﬁmﬁm +ﬁn1+lﬁm+l,me;s (9.3.15)

as desired. The columns of ﬁm span the same subspace as do those of l7m. This is the
space corresponding to the eigenvalue estimates u1, ..., 4,;- Now that we have restored the
Hessenberg form, the restart is complete. Now, starting from (9.3.15), which can also be
written as

AUm = m+1Hm+l,m7
we can use the Krylov process to generate i, 12, 13, ..., Uiy satisfying
AUr = Urp1 Hiey 1k

From here another implicit restart can be done. The restarts can be repeated until the desired
invariant subspace is obtained.

5Actually it is possible to defer this transformation, as is done in both [233] and [198]. However, there seems
to be no advantage to putting it off. Nothing is gained in terms of efficiency, and for the purpose of understanding
the algorithm it is surely better to do the transformation right away.
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Convergence and locking

We still have to describe the process by which convergence is detected. A natural opportunity
to check for convergence occurs at (9.3.14), which we rewrite as

AU, = UpB + up12", (9.3.16)

replacing the symbol 77, by B. The matrix B is a submatrix of 7, which was computed
using some kind of GR algorithm. Therefore B will normally be quasitriangular. For the
sake of ease of discussion, let us assume at first that it is upper triangular.

Convergence can be checked by examining the entries of the vector z. If the first j
entries of z are zero (or within a prescribed tolerance of zero), we can partition (9.3.16) as

~ |: By Bpp

Al Ui U2 ]=[ UOn Um ] o By :|+l/tk+1[ 0 '], 9317

where Um] isnx jand By is j x L The partltlon of Bis vahd because B is upper triangular.
Equation (9.3.17) implies that AU,,; = U, B11, whence R(Um]) is invariant under A, and
the eigenvalues of Bj; are eigenvalues of A. These are typically (though not necessarily)
M1y ey Hje

We have assumed that B is upper triangular, which guarantees that no matter what the
value of j is, the resulting partition of B has the form

|: Bu B2 i|

O Bzz ’
Clearly we can make the same argument for quasitriangular or more general block triangular
B, so long as we refrain from using values of j that split a block.

Suppose we have found an invariant subspace of dimension j, and we have the config-
uration (9.3.17). The next step in the process, as described above, is to build an elimination
matrix V; such that z7 V| = ae . But now, since the first j entries of z are already zero, we
can take V; to have the form V1 = dlag{l iz Vl} Then the operation 71y = B — BV, does
not touch the first j columns of B, nor does the operation BV; — Vl_l BV, = M touch the
first j rows. Thus the resulting matrix M has the form

| Bu My |,
M‘[ 0 My |’

only the submatrix M»; is full and needs to be returned to Hessenberg form. This implies
that the subsequent transformations Vs, V3, ..., which return M to upper Hessenberg form,
all have the form dlag{l i V } and so does the product V. Thus the transformation U,,, —
U V = U,, does not touch the first j columns, the submatrix U 1. These columns are now
locked in and will remain untouched for the remainder of the computation. In the equation

~ ~ ~ -~ T
AU, = Uy Hy + ”m+lhm+1,mem»

the first j columns of ﬁm are ﬁml, which span an invariant subspace. The (j + 1, j) entry
of H,, is zero, so H,, is block triangular. Its upper left-hand j x j block is Bj;, which
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houses j eigenvalues. Bj; is also locked in and will remain unchanged for the rest of the
computation.

Subsequent restarts will operate only on the “unconverged” parts of l7,,, and ﬁm.
Each restart has a chance to set more entries of z to zero, thereby enlarging the converged
invariant subspace and causing more vectors to be locked in. Once a sufficiently large
invariant subspace has been found, the computation is terminated.

Equivalence of the two methods
Here we show that the second method is equivalent to the exact-shift variant of the first

method.® The key is the following simple Lemma, which is proved in Exercise 9.3.6.

Lemma 9.3.1. Let S = K,,(A, ) = K,,(A, 1), and suppose S is not invariant under A.
Then 1t = ol for some nonzero scalar o.

Assume that no convergence or locking has taken place so far. In order to compare
the two methods we rewrite (9.3.15) as

AUy = UpHy + limsthyst mer (9.3.18)

We have observed that R(l} )= R((j ) and that R(ﬁm) = R(ﬁ ) if exact shifts are used
in the first method where Um is as in (9.3.6). Since no convergence or locking has taken
place, the matrix H in (9.3.6) is properly upper Hessenberg, and hm+1 m 7 0. This implies

by Proposition 9.2.4 that span{uy, ..., u;} = K;(A,uy) for j = 1, ..., m. Moreover,
none of these spaces is invariant. Applying the same reasoning to (9.3.18), we find that
span{ﬁl, - llj} = K;(A, ;) for j = 1, ..., m, and none of these spaces are invariant.

We thus have K, (A, i) = R(ﬁm) = R(Um) = K,n(A, 1), and this space is not invariant.
Thus by Lemma 9.3.1 % and i, are proportional, and

span{uy, ..., u;} = Ki(A, ) = Ki (A, ity) = span{ﬁl,...,ﬁi}, i=1,...,m.

Thus the second restart method produces exactly the same sequence of Krylov subspaces
as the first method with exact shifts.

For this analysis we have assumed that no convergence or locking have taken place. A
more careful analysis shows that the equivalence continues to hold even after some vectors
have been locked in. See Exercise 9.3.7.

Notes and references

Explicit restarts of Krylov processes were advocated by Saad [184] in 1984. The firstimplicit
restarting method was due to Sorensen [191]in 1992. Itis the basis of our first restart method,
and it is the algorithm that underlies ARPACK [147]. The thick restart Lanczos process
was introduced by Wu and Simon [233] for the symmetric case. (Precursors were [157] and
[192].) Subsequently Stewart [198] introduced the Krylov-Schur algorithm, which reduces
to the thick restart method in the symmetric case. These algorithms are the basis of our
second restart method.

6T thank my former student Roden David for helping me understand this equivalence better.
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Exercises

Exercise 9.3.1.
(a) Verify equation (9.3.4).
(b) Verify equation (9.3.5).

Exercise 9.3.2. Recall that a matrix G is m-Hessenbergif g;; = O wheneveri > j+m.
Suppose H is upper Hessenberg, and p(H) = GR, where p is a polynomial of degree j,
and R is upper triangular.

(a) Under the assumption that R is nonsingular, prove that G is j-Hessenberg. (See
Exercise 4.5.5.)

(b) Assuming R is singular, use Theorem 4.6.4 to prove that G is j-Hessenberg.
Exercise 9.3.3.

(a) Verify equation (9.3.8).

(b) Prove (9.3.9) by induction.

Exercise 9.3.4. Suppose vy, ..., v, are linearly independent eigenvectors of A, and
let x = cjv; + ... + ¢V, Where ¢y, ...c,, are all nonzero. Prove that K,,(A, x) =
span{vy, ..., v,}. Thus the Krylov subspace is invariant.

Exercise 9.3.5.. Show that if X = p(A)x for some polynomial p, then
pAK; (A, x) = Ki(A, %)

fori =0,1,...,n.
Exercise 9.3.6. This exercise works out the proof of Lemma 9.3.1.

(a) Under the hypotheses of Lemma 9.3.1, show that @, Aw, ..., A"~'7 are linearly
independent. Deduce that there are unique cy, ..., ¢,;, not all zero, such that

U=cii+ A+ +c, A" 0. (9.3.19)

(b) Show that A"u ¢ S.

(c) Let r be the largest integer such that ¢, # 0 in (9.3.19). Note that if r > 1, then
A"+l e S. But on the other hand,

AT = ¢ AT 4 AT 4 AT

Deduce that A”% € S, in contradiction to the result of part (b). Thus the assumption
r > 1 must be false. Deduce that » = 1 and the lemma is true.

Exercise 9.3.7. Consider equation (9.3.18) in the case when exactly s converged
vectors have been locked in. Then A, ; =0,and hjy;; #Ofor j =s+1, ..., m. The
space span{ﬁl, e ﬁx} is invariant.
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(a) Show that under these conditions
span{iiy, ..., i} = span{iiy, ..., i} & K;_(A, iiy41)
forj=s+1,...,m.
(b) Show that span{iy, ..., i, } is not invariant under A.

(c) Prove the following extension of Lemma 9.3.1: Suppose the space
span{ﬁl, el IZS} = span{uty, ..., Uy}
is invariant under A, the space

span{ftl, e ﬁm} = span{ﬁl, e ﬁs} @D K_s(A, tigir)
= span{uy, ..., Uy} ® Ky—s(A, Ui1)

= span{uy, ..., Uy}
isnotinvariant under A. Then there is anonzero constantew andav € span{ﬁ Ly ooy Ug }

such that
g1 = Qg4 + V.

(d) Using (9.3.18) and (9.3.6) with i;lx-&-l.s = ;z\H_m =0andw; =u; fori =1,...,s
(locked-in vectors untouched on this iteration) and the fact that R(U,,) = R(U,,),
show that

span{iiy, ..., i;} = span{uy, ..., u;}, j=s+1, ..., m.

Thus the two restart methods produce the same sequence of subspaces.

9.4 The Arnoldi and Symmetric Lanczos Processes

The Arnoldi process [11] is by far the most widely used Krylov process. Given A € C"™*"

and nonzero starting vector x € C”", the Arnoldi process begins with u; = cx, where
¢ = 1/||x||. Given orthonormal vectors uj, ..., u;, it produces u ;| as follows.
hij=<AMj,Mi)=u;kAMj, i = 1,...,j, (941)
J
it\j+1 = Auj — Z Ll,'h,'j, (942)
i=1
hjriy = 1wl 9.4.3)
and ifhj_;,_l,j ;é 0,
Uipr =Ujg1/hjgrj. 9.4.4)
It is an easy matter to show that TZ_,-H is orthogonal to uy, ..., u; if and only if the coefficients
hij,...,h;j; are defined as shownin (9.4.1) (See Exercise 9.4.7). If Au; ¢ span{ul, Y },
then certainly u ;4 # 0. Conversely, if Au; € Span{ Ui, ...,Uj } the choice of coefficients
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(9.4.1) forces ﬁj+1 = 0. In this case span{ul, R uj} = K;(A, x) is invariant under A,

and the Arnoldi process terminates. Thus the Arnoldi process is a Krylov process as defined
in Section 9.2.

Letting U; = [ up - ouj ], we can write (9.4.1) and (9.4.2) in matrix-vector
form as
hijj = U_;."Auj (9.4.5)
and
Ujp1 = Auj — Ujhyj j, (9.4.6)

respectively. The Arnoldi process is an instance of the Gram-Schmidt process (Exer-
cise 1.5.3), and as such it is vulnerable to roundoff errors [221, §3.4]. Over the course
of several steps executed in floating point arithmetic, the orthogonality of the vectors will
steadily deteriorate. A simple and practical remedy is to do the orthogonalization twice.
One might even consider doing three or more orthogonalizations, but the unpublished ad-
vice of Kahan is that “twice is enough” [169]. This has been confirmed in practice and by
theoretical analysis [95]. See also [2], [62], and [116]. After two orthogonalizations, the
vector ;.1 will be orthogonal to u, ..., u ; to working precision. We do not mind the added
cost of an additional orthogonalization because we never carry the Arnoldi run very far; we
always keep the total number of vectors small. The following algorithm takes the need for
reorthogonalization into account.

Arnoldi process with reorthogonalization.

up < x/llx|l

U < [u1]

forj=1,2,3,...

B Ujp < Auj

hijj < Uiujn

ujy1 < ujr1 —Ujhyj; (orthogonalize)

314 < U;ujJrl

Ujpr < ujp — U;jdy;  (reorthogonalize) 9.4.7)
hijj < hijj + 681

hj+1,j <~ ||Mj+1 I

ifhjt ;=0
set flag (span{ul, ey uj} is invariant)
exit

Wjpr <= Ujp1/hjy
Uiyt < [ U s

Equations (9.4.2) and (9.4.4)together imply

Jjtl

Auj = Zuih[j,

i=1
and after k steps of the Arnoldi process, we have

AUy = UpHy + ug1hisr kel s (9.4.8)
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as explained in Proposition 9.2.3. The only thing we need to add to Proposition 9.2.3 in the
Arnoldi case is that now the columns of Uy are orthonormal. Multiplying (9.4.8) by U}’ on
the left, we find that

Hy = U} AU,.

The eigenvalues of Hy are estimates of eigenvalues of A. In this case we call them Ritz
values (Exercise 9.4.8).

Implicit Restarts

Since we normally do not have enough memory to store a great number of vectors, we
normally have to do restarts. A second motive for restarting is that the computational cost
of (9.4.1) and (9.4.2) increases linearly with j; each step takes more time than the previous
one.

The two implicit restart methods described in Section 9.2 can both be applied to
the Arnoldi process. The only caveat is that all transformations that are performed must
be unitary in order to preserve the orthonormality of the vectors. Thus, for example, the
filtering of approximate eigenvalues (now called Ritz values) must be done by the QR
algorithm, not just any G R algorithm. In this context, the first restart method becomes the
implicitly restarted Arnoldi method of Sorensen [147, 191], and the second method becomes
the Krylov-Schur algorithm of Stewart [198].

The symmetric Lanczos process

Now assume A is Hermitian (A = A*). In this case the Arnoldi process undergoes significant
simplification in principle and is called the symmetric Lanczos process [143]. The upper-
Hessenberg matrix Hy = UAU; is Hermitian because A is, so it is tridiagonal. The
main-diagonal entries of Hj are, of course, real. Moreover the definition (9.4.3) implies
that the subdiagonal entries are real as well. Therefore H is a real symmetric tridiagonal
matrix.

The fact that h;; = 0 fori < j — 1 implies that most of the terms in the sumin (9.4.2)
are zero. If we introduce new notationa; = hjjand 8; = hjy1 ; = hj j1+1,(9.4.2) becomes

Ltj.;,.]/gj = Auj —uja; — uj_lﬁj_1, (949)

with the understanding that uof8y = 0. Based on this three-term recurrence we have the
following algorithm.
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Symmetric Lanczos process without reorthogonalization.

up < x/|lx|l
forj=1,2,3,...

[ w1 < Au;

aj <—ujuj+1

Ujtr < Ujr1 — UjO;
ifj>1

[t < ujr —ujm1 B O
Bi < lujsll
ifg; =0
[ set flag (span{u, ..., u;} is invariant)
exit

Wjp) < ujr1/B;

The appeal of this algorithm is that, if we are willing to forego reorthogonalization,
we can run it to much higher values of j. If we are just after eigenvalues, we do not need to
save all the vectors that we generate. To compute u 1, we justneed u ; and u j_;. Moreover,
the computational cost of each step is small and does not grow with j. The most expensive
aspect is the multiplication of A by u;. Atany given step, the eigenvalues of the tridiagonal
matrix H; are estimates of eigenvalues of A. These can be computed cheaply by the QR
algorithm or a number of other techniques.

The drawback of the procedure is that in floating-point arithmetic the orthogonality is
gradually lost. The consequences are interesting. Once an eigenvalue has been found, the
algorithm “forgets” that it has found it and produces another one or more “ghost” copies.
The use of the symmetric Lanczos algorithm without reorthogonalization was studied by
Paige [161, 162, 163] and Cullum and Willoughby [59]. See also [154, 169]. Several partial
reorthogonalization schemes, in which v is reorthogonalized only against selected v;,
have been proposed [169, 175, 189]. We will not pursue this idea.

There are interesting relationships between the symmetric Lanczos process, algo-
rithms for generating orthogonal polynomials, and numerical integration formulas. See
[215] and the references therein.

Preserving orthogonality

The surest way to preserve orthogonality in the symmetric Lanczos process is to save all
the vectors and orthogonalize against them. The runs are kept short, and restarts are done
frequently. In this mode the symmetric Lanczos process differs little from the Arnoldi
process.
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Symmetric Lanczos process with reorthogonalization.

up < x/llx|l
U < [u1]
forj=1,2,3,...
i Ujpl < Auj
o) < ujuj_,_l
Ujtl < Ujpl —UjA;
ifj>1
[ wjsr < ujpr —uj1Bj—
815 < Ulujsi 9.4.11)
ujy1 < ujpp — U;éy; (reorthogonalize)
aj <o +3;
Bi < llujy1ll
ifg; =0
[ set flag (span{uy, ..., u;} is invariant)
exit
Ujrr < ujr1/Bj
Uj+1(—[Uj Ujil ]

One might well ask why we should bother to use the symmetric Lanczos process in
this mode. Why not just use the Arnoldi process? The answer is that the Lanczos process
preserves the structure. The matrix

ay B
H = B

Br—1

Br—1 o

that is produced is truly symmetric. When a restart is done, it can be done by the symmetric
QR algorithm, which keeps the structure intact. The eigenvalues that are computed are
real; there is no danger of a repeated real eigenvalue being confused for a pair of complex
eigenvalues because of roundoff errors. The eigenvectors that are computed are orthogonal
to working precision. These are properties that the eigensystem of a Hermitian matrix ought
to have, but they can sometimes be lost if the structure-ignoring Arnoldi process is used.
By the way, we do not feel overburdened by having to keep all the vectors around, since we
need them anyway if we want to compute eigenvectors.

In this chapter we will meet many examples of structures (e.g. skew symmetric (Exer-
cise 9.4.11), unitary, Hamiltonian, symplectic) for which there exist Krylov processes that
have short recurrences. In no case are we able to exploit the short recurrence if we insist on
preserving orthogonality. The methods are worth using nevertheless, simply because they
preserve the structure.

Unitary Matrices and Cayley Transforms

Let U be a unitary matrix. The eigenvalue problem for U can be transformed to a Hermitian
eigenvalue problem via a Cayley transform. This is an excellent option if U is not too large
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for the shift-and-invert methodology to be used [63].

All of the eigenvalues of U lie on the unit circle. Let 7 be a target value on the
unit circle that is not an eigenvalue of U, and suppose we wish to find the eigenpairs of U
associated with the eigenvalues that are closest to . The matrix

A=iU+tHU—tI)~! (9.4.12)

is a Hermitian matrix whose largest eigenvalues correspond to the eigenvalues of U that are
closest to T (Exercise 9.4.10). Therefore the desired eigenpairs of U can be found quickly
by applying the symmetric Lanczos process to A. Of course, we do not form the matrix A
explicitly. We just need an LU factorization of U — t1, in order to effect the transformations
x — Ax. Thus this method is feasible whenever the shift-and-invert strategy is.

We refer to the transformation in (9.4.12) as a Cayley transform, and we call A a
Cayley transform of U. We also refer to the inverse operation

U=1t(A+iDA—-iD)!

as a Cayley transform.

Exercises
Exercise 9.4.1.

(a) Using (9.4.7) as a guide, write MATLAB code that implements the Arnoldi process
with reorthogonalization. (Alternatively, download the file arnoldi.m from the
website.”)

(b) MATLAB supplies a sparse demonstration matrix called west0479 .) Try the fol-
lowing commands in MATLAB

>> load west0479
>> A = west0479;
>> lgssparse(A)
>> size (A)

Q

>> nnz(A) % number of nonzeros
>> spy (A)

Since this matrix is really not all that large, you can compute its “exact” eigenvalues
using MATLAB’s eig function: lam = eig(full(A)); and you can plot
them using plot (real (lam),imag(lam), ‘r+’) , for example. Notice that
this matrix has some outlying eigenvalues.

(c) Run 30 steps of the Arnoldi process, starting with a random initial vector. Compute
lAU; — Uj41Hj4y, ;|| (with j = 30) to check the correctness of your code. Also
check the orthonormality of the columns of U by computing || Z;+1 — U7, Uj1 |l
Both of these residuals should be tiny.

7www.siam.org/books/ot101
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(d) The Ritz values are the eigenvalues of the j x j Hessenberg matrix H;. Compute
these using the eig command, and plot the Ritz values and the exact eigenvalues
together:

>> plot(real(lam),imag(lam), ‘'r+’,real(ritz),imag(ritz), 'bo’)

As you can see, the outlying eigenvalues are approximated well by Ritz values, as we
claimed in Section 9.1.

(e) If we had taken fewer Arnoldi steps, the Ritz values would not have been as good.
Compute the Ritz values from 10-step and 20-step Arnoldi runs, and plot them together
with the exact eigenvalues. For this it is not necessary to run the Arnoldi process
again, since the desired Ritz values are eigenvalues of submatrices of the H that you
computed on the first run.

Exercise 9.4.2. Modify your Arnoldi code so that reorthogonalization is not done.
Do 30 Arnoldi steps and then check the residual || 7,41 — Uj?* +1Uj+1l. Notice that the
orthogonality has been significantly degraded. Repeat this with a run of 60 Arnoldi steps to
see a complete loss of orthogonality.

Exercise 9.4.3. To find the eigenvalues of west0479 that are closest to a target t,
modify your Arnoldi code so that it does shift-and-invert. Instead of multiplying a vector
by A at each step, multiply the vector by (A — z1)~". Do not form the matrix (A — t)~.
Instead perform a sparse LU decomposition: [L R P] = lu(A-tau*speye(n)) ;
and use the factors L, R, and P. The factorization only has to be done once for a given
run. Then the factors can be reused repeatedly. Try r = 10, T = —10, and other values.
Complex values are okay as well.

Exercise 9.4.4.

(a) Using (9.4.11) as a guide, write MATLAB code that implements the symmetric Lanc-
70s process with reorthogonalization. (Alternatively, download the file symlan.m
from the website.)

(b) Generate a sparse discrete negative Laplacian matrix using the commands

>> A = delsqg(numgrid(’H’,40))
>> perm = symamd(A); A = A(perm,perm) ;

How bigis A? Is A symmetric? Some informative commands:

>> issparse(A)

>> gize(A)

>> nnz (A)

>> spy (A)

>> norm(A-A’,1)

>> help delsqg, help numgrid, help symamd,

A is a symmetric, positive-definite matrix, so its eigenvalues are real and positive.
The smallest ones are of greatest physical interest. Again this matrix is not really
large, so you can compute its “true” eigenvalues by lam = eig(full(a));.
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(©

(d)

(e)

®

(a)

(b)

(©

(d)

Run 20 steps of the symmetric Lanczos process applied to A, starting with a random
initial vector. Compute || AU; — U;1Hj1 ;|| (with j = 20) to check the correctness
of your code. Also check the orthonormality of the columns of U by computing
I4j+1 — Ui Ui .

The Ritz values are the eigenvalues of the j x j tridiagonal matrix H;. Compute
these using the eig command. Notice that the smallest Ritz values are not very
good approximations of the smallest eigenvalues of A. Try some longer Lanczos runs
to get better approximations.

Now run 20 steps of the symmetric Lanczos process applied to A~!. This is the shift-
and-invert strategy with zero shift. Do not form A~ explicitly; do an LU or Cholesky
decomposition and use it to perform the transformations x — A~!x economically.
The inverses of the largest Ritz values are estimates of the smallest eigenvalues of A.
Notice that we now have really good approximations.

Modify your Lanczos code so that it does not do the reorthogonalization step. Then
repeat the previous run. Notice that orthogonality is completely lost and the approx-
imations do not look nearly so good. On closer inspection you will see that this is
mainly due to the fact that the smallest eigenvalue has been found twice. Do a longer
run of, say, 60 steps to observe more extensive duplication of eigenvalues.

Exercise 9.4.5.

Write a MATLAB program that does the symmetric Lanczos process with implicit
restarts by the second restart method described in Section 9.2. Alternatively, download
the file relan.m from the website.

Apply your implicitly-restarted Lanczos code to the matrix A of Exercise 9.4.4 to
compute the smallest 8 eigenvalues and corresponding eigenfunctions of A to as
much accuracy as you can. Compute the residuals || Av — v || to check the quality
of your computed eigenpairs. Compare your computed eigenvalues with the true
eigenvalues (from eig (full (A)) ) to make sure that they are correct.

Apply your code to the matrix A~!. Do not compute A~! explicitly; use an LU
or Cholesky decomposition to effect the transformations x — A~'x. Compute the
smallest eight eigenvalues of A. As before, compute residuals and compare with the
true eigenvalues. Notice that this iteration converged in many fewer iterations than
the iteration with A did.

In producing your test matrix A, you used the command numgrid(’'H’,40) (and
others). You can build a bigger test matrix by replacing the number 40 by a larger
number. Build a matrix that is big enough that your computer runs out of memory
when it tries to compute the eigenvalues by eig (full (A)) . Repeat parts (b) and
(c) using this larger matrix. Of course, you will not be able to compare with the
“true” eigenvalues from eig, but you can compare the results of (b) and (c) with
each other. In order to get convergence in (b), you may need to increase the dimension
of the Krylov spaces that are being built (the parameter k, which is known as nmax
in relan.m).
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(e) Now make an even bigger matrix that is so big that you cannot use the shift-and-invert
strategy because you do not have enough memory to store the factors of the LU or
Cholesky decomposition. Compute the eight smallest eigenvalues by applying the
implicitly-restarted Lanczos scheme to A. This will take a long time, but if you take
enough iterations and large enough Krylov subspaces, you will eventually get the
eigenpairs.

Exercise 9.4.6.

(a

N

Familiarize yourself with the built-in MATLAB function eigs, which computes
eigenpairs by the implicitly-restarted Arnoldi process, as implemented in ARPACK
[147].

(b) Repeat Exercise 9.4.5 using eigs.
Exercise 9.4.7. This exercise checks some basic properties of the Arnoldi process

(a) Show that the vector i, defined by (9.4.2) is orthogonal to uy if and only if Ay is
defined as in (9.4.1).
J
(b) If Au; € span{uy, ..., u;}, then Au; = Z c;u; for some choice of coefficients ¢,
i=1
..., ¢j. Show that ¢; = ujAu; fork =1, ..., j. Deduce that u;, = 0 if and only if
Auj € span{ul, R uj}.

(c) Verity (9.4.5) and (9.4.6)

(d) Show thatu;y = (I — Pj)Au;, where P; = U;Uj, the orthoprojector of C" onto
R(U;). Thus u; is the orthogonal projection of Au; onto R(Uj)l.

Exercise 9.4.8. Let A € C"*", and let U be a subspace of C". Then a vector u € U is
called a Ritz vector of A associated with U, 6 € C is called a Ritz value, and (0, u) is called
a Ritz pair if

Au—ub L U.

Let U be a matrix with orthonormal columns such that &/ = R(U), and let B = U*AU.
Then each u € U can be expressed in the form u = Ux, where x = U*u. Prove that (6, u)
is a Ritz pair of A if and only if (6, x) is an eigenpair of B.

Exercise 9.4.9. In the symmetric Lanczos process, the Hessenberg matrices Hy are
tridiagonal. Although this is a very easy result, it is nevertheless instructive to prove it by
a second method. In this exercise we use Krylov subspaces to show that if A = A* in the
Arnoldi process, then #;; = 0if i < j — 1. Recall that spanf{u;, ..., u;} = K;(A, x). Thus
up L KC;(A, x)ifk > i. Assume A = A*,

(a) Show that h,‘j = (Auj, Lll'> = (I/tj, Au,)
(b) Show that Au; € K;y1(A, x).

(c) Deduce that h;; =0ifi < j — 1.
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Exercise 9.4.10. This exercise investigates Cayley transforms.
(a) Consider the transform w > z of the extended complex plane C U {oo} given by

= pwy = 2L

w—1

This is the original Cayley transform, but we will refer to all of the other linear
fractional transformations appearing in this exercise as Cayley transforms as well.
Show that ¢ maps the extended real line one-to-one onto the unit circle, with ¢ (c0) =
1.

(b) Given a point t on the unit circle, define

w1
z=¢.(w) =7 .
w—1i

Show that ¢, maps the extended real line one-to-one onto the unit circle, with

$r(00) =1
(c) Show that the inverse of ¢, is given by

_ N
w=¢ ') =i )
Z—T

This transformation maps the unit circle onto the extended real line, with T + oo.

(d) LetU be aunitary matrix, and let  be a point on the unit circle that is not an eigenvalue
of U. Let

A=iU+tHU-DH~".

Show that for each eigenpair (A, v) of U, A has an eigenpair (((A 4+ 7)/(A — 7), v).
In particular, all of the eigenvalues of A are real. Moreover, the eigenvalues of U that
are closest to T are mapped to eigenvalues of A that have the largest modulus.

(e) Show that A is normal. Deduce that A is Hermitian.

Exercise 9.4.11. What form does the Arnoldi process take when it is applied to a
skew-symmetric matrix A = —AT € R"*"?

(a) What form does the equation AUy = Uy Hyy1 1 (cf. Proposition 9.2.3) take in this
case? That is, what is the form of Hj x?

(b) What is the form of the short recurrence, and how are the coefficients computed? This
is the skew-symmetric Lanczos process.

(c) Show that AZUk = Uk+2Hk+2,k+lHk+1,k- Compute Hk+2,k+1Hk+1,k and deduce that
the skew-symmetric Lanczos process is equivalent in principle to two independent
Lanczos processes on the symmetric matrix A2, one starting with u; and the other
starting with uy = Auy /|| Auy ||
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9.5 The Unitary Arnoldi Process

In the previous section we discussed the unitary eigenvalue problem briefly, showing that a
Cayley transform can be used to transform the problem to a Hermitian eigenvalue problem.
In this section we consider an approach that works directly with the unitary matrix.

We have seen that if A is Hermitian, then the Arnoldi process admits significant
simplification in principle. The same is true if A is unitary, although this is not so obvious.
In this section we will develop the isometric Arnoldi process of Gragg [102, 104]. Here
we will call it the unitary Arnoldi process, since all isometric matrices are unitary in the
finite-dimensional case. Different but equivalent algorithms are developed in [40, 51, 84,
215,218].8

Let U € C"*" be a unitary matrix (U* = U~"). Then U~ is as accessible as U is, so
one could consider applying the Arnoldi process to U or U ! with equal ease. It turns out
that the significant simplification is achieved by doing both at once. If we apply the Arnoldi
process to U with starting vector v; = cx, we produce an orthonormal sequence v, v2, v3,
..., such that

span{vl,...,vj}zlcj(U,x), j=12, 3.

The jth step of the process has the form

J
Uj+lhj+l,j =UUj—ZUihij, (951)
i=1
where the h;; are chosen so that v L span{vy,..., v;}.
Now suppose we apply the Arnoldi process to U~! with the same starting vector
w; = v; = cx. Then we generate an orthonormal sequence wi, w;, ws, ..., such that

span{wi, ..., w;} =K;U " x), j=1,23 ...
The jth step of the process has the form
J
wjikigr =U""w; = > wikij, (9.5.2)
i=1

where the k;; are chosen so that w;y L span{wy, ..., w;}.
Notice that

span{U/~'w;, ..., U/ w} = U/ 'span{U =V~ Dx, ..., U x, x} =

span{x, Ux,...,U/"'x} = K;(U, x).

Thus vy, ..., v; and U/~ 'w;, ..., U/~'w, are orthonormal bases of the same space. The
latter basis is orthonormal because unitary matrices preserve orthonormality. Therefore
we could make v, orthogonal to span{v1 RN v.,-} by orthogonalizing against UJ‘le,

8The isometric Arnoldi process is also equivalent to Szegd’s recursion [201] for orthogonal polynomials on the
unit circle, the lattice algorithm of speech processing, and the Levinson-Durbin algorithm [78, 148] for solving
the Yule-Walker equations. The relationships are discussed in [218] and elsewhere in the literature.
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9.5. The Unitary Arnoldi Process 383
..., U/'w instead of vy, ..., v; in (9.5.1). This is where we realize our economy.
Since span{U/~?w;_y, ..., U/"*w} = span{x, Ux, ..., U/"2x} = span{v, ..., v},
which is orthogonal to v;, we see that span{U/"le_l, LUy } is orthogonal to Uv;,
again using the fact that unitary matrices preserve orthogonality. Thus U/~!w; is the only
member of the basis U/~ w;, ..., U/~'w; that is not already orthogonal to Uv;, and we
can replace (9.5.1) by

vj+1hj+l,j = Uvj —U171U)j)/j, (953)
where

yi = (Uv;, U™ w;). (9.5.4)

Now it is natural to ask how one can economically produce the vector U/~ 'w;.
Reversing the roles of U and U~!, we find that the vectors U=V, ..U~V Dy; span
the same space as wj, ..., wy and that all but U~V ~Dv; are already orthogonal to U ~'w;.
Thus (9.5.2) can be replaced by

u)ijjH,j = U_le' - U_(j_l)vjéj, (955)

where
5j = (U71U)j,U7(j71)Uj). (9.5.6)

One easily checks that §; = ;. Moreover k1 ; =hjq1; =,/1—1y; | by the orthogo-

nality properties of the vectors in (9.5.3) and (9.5.5). Letv; = U/~'w; for j = 1, 2, ....
Then, multiplying (9.5.5) by U/, we obtain

Uj+10j = Uj — UUJ')/J',

where o; is a new name for k;, 1 ;. Combining this with (9.5.3), we obtain the pair of
two-term recurrences

vj+10j = Uvj —v;y;,
9.5.7)
Uj_HO'j = Uj — UUj)/j,

where

yj=<Ul)j,ll7j) and Uj=\/1_|yj| . (958)

This is the unitary Arnoldi process [102, 104]. Equations (9.5.7) and (9.5.8) involve U
only; U ~! has disappeared.” Of course, we could have defined w; = U~Y~Vv; and written
down a pair of equivalent recurrences in which U ~! appears and U does not. For recurrences
involving both U and U —1see [51, 215], for example.

In practical floating-point computations, the unitary Arnoldi process must be modified
in several ways to make itrobust. Firstof all, the formula (9.5.8) is not a good way to compute
oj because it is inaccurate when | y; | ~ 1. A better method is to compute

vjiy1 =Uvj —v;y;,

9Since U~! is not used in (9.5.7,9.5.8), the process is applicable to isometric operators (]| Ux || = || x || on an
infinite-dimensional Hilbert space) that are not unitary. Therefore Gragg called it the isometric Arnoldi process.
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thenleto; = || vj41||land vj4 = 0o j_l'v\_,-+ 1. This is just what we do in the standard Arnoldi
process. In practice the o; and y; so produced will not exactly satisfy sz + vy |2
we must enforce unitarity by the steps

=1,s0

5 >\ 2
V<« (aj ~|—|)/j |)

Yi < Vi/v
0j < 0;/v

We took this same precaution in the unitary Q R algorithm (c.f. 8.10.4).

In principle the short recurrences (9.5.7) generate v;4; from v; and v;; the earlier
vectors are not needed. In practice roundoff errors will cause the same gradual loss of
orthogonality as in any Krylov process unless v, is specifically orthogonalized against all
of the v;. As before, this is not a problem if we do short runs with frequent implicit restarts.
Moreover, we do not mind keeping all of the v; around, as we need them anyway if we want
to compute eigenvectors.

A worse problem is what to do about the auxiliary vectors v;. The sequence (w;) =
(U=7*17)) is orthonormal in principle, and we should enforce orthonormality of that se-
quence as well. However, the sequence that we have in hand is (UJ-), not (U~/ “Tij), SO we
cannot do the orthonormalization. We have found [63, 65] that under these circumstances
the second formula of (9.5.7) is not very robust; the accuracy of the v, is poor when o;
is small. Fortunately there is another formula for v;;; that works much better in practice.
Solving the first equation of (9.5.7) for Uv;, substituting this into the second equation, using
the formula ajz + | yjz | = 1, and dividing by o, we obtain

’1714_1 = T)}'O’j - vj+l7/_j~ (959)

There is no possibility of cancellation in this formula. It takes the two orthogonal unit
vectors Fj and v, rescales them and combines them to form a third unit vector 'Jj+1.
With these modifications we have the following algorithm.
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Unitary Arnoldi process with reorthogonalization.

v < x/lx|
Yl <~ [v1]
UV <— Vg
forj=1,2,3,...
[ V41 < Uv;
Vi < 'l‘)‘*vj_H
Vjpl < Vj41 — ,17]/]
81:/’ < V;‘Uhq
Vjt1 < vjy1 — V;01,; (reorthogonalize)
Vi < Vit
o < [lvjs (9.5.10)
if Gj =0
|: set flag (span{vl, R vj} is invariant)
exit
Vil < Vj41/0;
V<~ crjz + |yj2|
O'j < Uj/l)
Vi < Vilv
V< Vo; — vy
Vi < [ Vi v ]

We have yet to discuss how the data produced by the unitary Arnoldi process can be
used to yield information about the eigensystem of U. Just as in Section 9.4, we can rewrite
(9.5.1) in the form

UVj = Vi Hjr ;= ViHj +vjihji e,

where the notation is analogous to that established in Section 9.4. If we want to use the
unitary Arnoldi process to estimate eigenvalues, we need the entries /;; of H; or equivalent
information. With (9.5.7) one gets instead the quantities y; and 0;,i = 1, 2, ..., j. As we
will show below, these are exactly the Schur parameters of H, as described in Section 8.10.
Thus we can obtain H; (or rather a closely related matrix) in product form and use an
algorithm like the one described in Section 8.10 to compute its eigenvalues.

Comparing (9.5.1) with (9.5.7), it must be the case that

j
Uy =) vihi.
i=1

Since vy, ..., v; are linearly independent, the 4;; are uniquely determined by this expression,
and we can figure out what they are by establishing a recurrence for the v;. To begin with,
note that v; = v;. We have already observed that

’17]‘4_1 ='17j(7j - Uj+1)/_j, ] = 1, 2, 3, (9511)
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Applying this result repeatedly, we can deduce that

Jj—1 J Jj—1
Ti=v[[o+ ) v (—71.1 Hak) (9.5.12)
k=1 i=2 k=i

for j =1, 2, 3, ..., with the usual conventions that an empty product equals 1 and an empty
sum equals zero. Introducing the simplifying notation

i = [ [ o (9.5.13)

(with 7r;; = 1), equation (9.5.12) becomes

vj = vy + Zv, —VYi_ 171,] (9.5.14)

Rewriting the first equation in (9.5.7) as Uv; = V;y; 4+ vj4+10;, and inserting the result from
(9.5.14), we obtain

Uv; = vy + Z Vi (=V;_17jyj) + vjp10]. (9.5.15)
i=2

Since
Jj+1

UUjZ E U,’]’l,’j,
i=1

equation (9.5.15) tells us immediately what the entries of H; ; are:

iV ifi =1
b — —Yio1Tij Vi if2<i<j
S oj ifi=j+1
0 ifi >j+1
Thus
[ o1y2 0102Y3 - O1--0j-1Yj ]
o1 —V1Y2 —V102¥3 -+ —V102::0j1Y;
O (o2} —72)/3 e _720‘3 .. O’j*lyj
Hinj=1 0 0 o3 e oy oy |- (9.5.16)
| 0 0 0 of i

Fork = 1, ..., j, define matrices G, € C/ T/ *! by (cf. § 8.10)
I
Gy = Ve oo % . (9.5.17)

Ok —VYk
Ik
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9.5. The Unitary Arnoldi Process 387

Then one easily checks that
Hj_i,_],] == G]Gz'G]I]+|j

That is, H;,; consists of the first j columns of G; - - - G;.

Implicit Restarts

We describe a restart by the second (thick restart) method following [63, 65]. After k steps
of the unitary Arnoldi process, we have

UVi = Vi1 Hiy1 ks
where Hy  is available in the form
Hk+l,k = G]Gz e lek-&-l,k'

To make an implicit restart we would normally compute the eigenvalues of Hj, the square
matrix obtained by deleting the bottom row from Hj x. Notice, however, that H; is not
unitary. The columns of Hjy;, are orthonormal because Hi consists of the first k
columns of the unitary matrix Gy - - - G. Thus the columns of H; are orthogonal, but they
are not orthonormal because the last column has norm less than 1 (unless o; = 0). We
would like to have a unitary matrix to operate on so that we can manipulate it (almost)
entirely in terms of its Schur parameters. To this end we make a modification of Hy. Let
Ve = v/lve |10 Let Gy, ..., Gy_1 € Ckxj be the submatrices of Gy, ..., G;_; obtain by
deleting the last row and column. Define G, = diag{l1, ..., 1, %} € Chxk , and define

H, = 61 y. . ’ékflék.

I:I:k is the same as Hj, except that its last column has been rescaled to have norm 1. Now
H; is unitary, and we can manipulate it in terms of its Schur parameters.

For our restart we will take the eigenvalues of Hj as estimates of eigenvalues of U.
Note that the eigenvalues of Hy, lie on the unit circle, while those of Hy lie inside but typically
not on the unit circle. Once o becomes small, as happens as we approach convergence
after several restarts, the eigenvalues of H; and H; are nearly the same; those of H lie just
inside the unit circle. -

Since H; and H, differ only in their kth column, H; = H; + pekT for some p € C*.
Thus the relationship U Vy = Vip1 Hip10 = Vi Hy + vkﬂakekT can be rewritten as

UV = ViH, + pel 9.5.18)

where p = p + viy10%. ~
Since H; is given in terms of its Schur parameters, the eigensystem of Hj can be
computed by the version of the Q R algorithm presented in Section 8.10 or any other stable
method that works with the Schur parameters. Since U is normal, this yields a diagonaliza-
tion ~
Hy = SDiS*,

101p the rare event y; = 0, take 3 = 1 or P = ¢'?, where 6 is random, for example.
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where S is unitary and Dy is diagonal. We can suppose that the eigenvalues of Dy, are sorted
so that the m that we wish to retain are in the upper left-hand corner of D;. Multiplying
(9.5.18) on the right by S, we obtain

UV = ViDi + p77, (9.5.19)

where Vk =V Sand 7" = ekTS . To effect the restart we retain only the first m columns of
(9.5.18): _ _
UV = VD + p2’, (9.5.20)

where D,, is the upper left-hand m x m submatrix of Dy, and z is the vector consisting
of the first m components of 7. Now we have to make a transformation that maps zTtoa
multiple of e/ and returns D,, to upper Hessenberg form. Hj was presented in terms of its
Schur parameters, and so are D,, and D;. We would also like the new Hessenberg matrix
to be expressed in terms of Schur parameters. Thus we would like this final transformation
to operate on the Schur parameters.

We begin by applying a unitary transformation on the right (rotator or reflector) that
acts only on columns 1 and 2 and transforms the first entry of z7 to zero. When this same
transformation is applied to D,,, it affects only the first two columns. When we complete
the similarity transformation by a left multiplication, only the first two rows are affected.
The resulting matrix has a nonzero entry in position (2, 1). It is upper Hessenberg, so it can
be represented in terms of Schur parameters. Next a transformation is applied to columns
2 and 3 to create a zero in the second position of the (transformed) z” vector. When this
same transformation is applied the (transformed) D,, matrix, it affects columns 2 and 3,
creating a nonzero in the (3, 2) position. The matrix is still upper Hessenberg. When the
similarity transformation is completed by transforming rows 2 and 3, a nonzero entry is
created in position (3, 1). This is a bulge, and it needs to be eliminated. Fortunately it
can be chased off the top of the matrix by the reverse (RQ variant) of the bulge chasing
procedure for unitary Hessenberg matrices described in Section 8.10. This just consists of
a unitary operation on columns 1 and 2 to get rid of the bulge, followed by an operation on
rows 1 and 2 that completes the similarity transformation. Since this transformation acts
only on columns 1 and 2, it does not destroy the two zeros that have been created in 7T

The next step is a transformation on columns 3 and 4 that creates a zero in the third
position of the z vector. The corresponding operations on the D,, matrix create a bulge in
position (4, 2). This too can be chased off of the top of the matrix. This requires operations
in the (2, 3) plane, followed by operations in the (1, 2) plane. Because only the first three
columns are touched, the zeros that have been created in z are left intact. Continuing in this
manner, we transform z” to a multiple of ¢!, and D,, to a unitary Hessenberg matrix ﬁm
represented in terms of its Schur parameters. Let Q denote the product of all of the trans-
formations involved in this process, so that ZI Q = ael and 0*D,,Q = H,,. Multiplying
(9.5.20) on the right by Q and letting V,, = V,, O, we have

UV, = VoHy + pael. (9.5.21)

This is still not an Arnoldi configuration, as p is not orthogonal to the columns of Vm.”
However, we can obtain an Arnoldi configuration by dropping the mth column from (9.5.21).

""Moreover, H,, is unitary, which is impossible in a unitary Arnoldi configuration unless R(V,,) is invariant
under U.
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This gives
UVm—l = VmHm,m—l = Vm—le—l +hm8m€£’
which is a configuration from which the Arnoldi process can be continued. This is exactly

what would be obtained from m — 1 steps of the Arnoldi process with starting vector v;.
We now recycle the notation, dropping the hats, and write

UVt = Vi1 Hpoy + vpopel. (9.5.22)

Recall that our unitary Arnoldi process uses the recurrences (9.5.7) and (9.5.9), so the
first step after (9.5.22), to produce v,,, will be

Un+10m = Uv,, — Um¥m
(9.5.23)
Um+1 = UnOm — Um+1)’_m,

for which we need v,,. This we generate as follows. Replacing m by m — 1 in the first
equation of (9.5.23) and solving for v,,_;, we have

U1 = (UVn—1 — UnOm—1)/Vm-1.
Using this to compute v,,_;, we then can obtain v, by
Un = Un—10m-1 — vm?m—l'

The numbers y,,_; and o,,_; are available; they are Schur parameters that form part of the
description of H,,. Once we have v,,, we can proceed with (9.5.23) and subsequent steps.

In Section 9.3 we justified implicit restarts by showing that they effect nested subspace
iterations driven by p(U), where p is a polynomial whose zeros are near parts of the spectrum
that we want to suppress. The restart procedure outlined here is somewhat different because
it involves a modification of the matrix H;. However, the theory of Section 9.3 continues
to be valid here since the modification to H; affects only its last column. The key equation
is (9.5.18), in which the error term pe] affects only the last column. More details are given
in [63, 65].

Exercises

Exercise 9.5.1. This exercise fills in some of the details in the development of the unitary
Arnoldi process.

(a) Show that span{U Y=V, ..., UV Dy;} = K;(U™", x) = spanfwy, ..., w;}.
(b) Show that U~'w) is orthogonal to U~V=Vy;, ..U~V Dy;_,.

(c) Using the fact that unitary matrices preserve the inner product, show that §; = ¥;,
where y; and §; are as in (9.5.4) and (9.5.6), respectively.

(d) All of the vectors in (9.5.3) and (9.5.5) are unit vectors, and some of them are or-
thogonal to each other. Use the Pythagorean theorem to verify the k1 ; = hj1; =

V1= ly;*. Thus, letting 0; = kj41; = k11, we have o7 + | y; | = 1.
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(e) Let w; = U~Y~Dy;. Write down a pair of recurrences for w; and W, that are
equivalent to (9.5.7) but involve U ~! and not U.

Exercise 9.5.2. This exercise works out the details of the construction of the matrix
H; ; from the parameters y; and o;.

(a) From (9.5.7) deduce that Uv; = v;y; + v;410;. Substitute this into the second
equation of (9.5.7) to deduce that

Viy1 =00, —viny;, j=1,2,....
Bear in mind that aj2 +lyj 2 =1.
(b) Deduce that
Uy = V101 — 1Y}

V3 = V10102 — 1) 102 — 13V,

Vs = V1010203 — V2 0203 — U3Y,03 — V4V 3.

Prove by induction on j that

j—1 J Jj—1
Uj=U11_[0k+ E v; —71-711_[0/{
k=1 i=2 k=i

for j = 1,2, 3, ..., which becomes

J
vj = v+ E 1 (_yiflﬂij)
i=2

with the abbreviation (9.5.13).
(c) Deduce (9.5.15).
(d) Check that (9.5.16) is correct.

Exercise 9.5.3. Show that || H; | < 1. Deduce that the eigenvalues of H; (which are
Ritz values of U) satisfy |A| < 1. Thus they lie on or inside the unit circle.

9.6 The Unsymmetric Lanczos Process

As we have seen, the recurrence in the Arnoldi process becomes a short recurrence if A
is Hermitian, in which case it is called the symmetric Lanczos process. The unsymmetric
Lanczos process [143], which we will now introduce, produces short recurrences even for
nonhermitian A by giving up orthogonality. In the Hermitian case, the unsymmetric Lanczos
process reduces to the symmetric Lanczos process. This and the next three sections draw
substantially from [222].

A pair of sequences of vectors uy, iy, ..., u; and wy, wa, ..., w; is called biorthonormal
if
« )0 ifi#k
(Ui, wy) = wiu; = { 1 ifi=k 9.6.1)
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This is a much weaker property than orthonormality (Exercise 9.6.1). The unsymmetric
Lanczos process builds a biorthonormal pair of sequences, each of which spans a Krylov

subspace.
Let A € C"" be an arbitrary square matrix. The process begins with any two vectors
uy, w; € C" satisfying (u;, w;) = 1. After j — 1 steps, vectors u, ..., ujand wy, ..., w;

satisfying the biorthonormality property (9.6.1) will have been produced. They also satisfy
span{ul,...,uk}=ICk(A,v1), k=1,...,j

and
span{wy, ..., wi} = K (A%, wy), k=1, ...,].

The vectors u ;1 and w;; are then produced as follows.

h,‘j =(Auj,w,-), 8ij = (A*wj,ui), i =1, ...,j, (962)
J
it\jq_] = Auj - Zuihij, (963)
i=1
J
ijrl = A*U)j — Z W; &ij» (964)
i=1
Tig1 = (Ujg1, Wit), (9.6.5)

and if 7j41 # 0, choose 41 j and g;41,j so that A1 851, ; = Tj+1, and then set
Uit =Ujr1/hjprj, Wip1 = Wiq1/gj41,- (9.6.6)

Some of the basic properties of the unsymmetric Lanczos process are worked out in Exer-
cise 9.6.2. To begin with, ﬁj+1 is orthogonal to wy, ..., wy, and @_H_l is orthogonal to u 1,
..., ug. Indeed the definitions of 4;; and g;; given by (9.6.2) are the unique ones for which
this desired property is realized. Assuming 7;;; defined by (9.6.5) is not zero, there are
many ways to choose 21,1 and g;,1,; so that &1 ;g;51,; = t;41. For any such choice,
the vectors u ;1 and w;4 satisfy (u;41, wjy1) = 1. If ;41 = 0, the method breaks down.
The consequences of breakdown will be discussed below.

Itis easy to prove by induction that the unsymmetric Lanczos process produces vectors
satisfying Span{ul, W, uj} =K;(A,u;) and span{wl, e, wj} = K;(A*, wy), forall j.
Moreover, if at some step Au; € span{ul, co U }, then ﬁj+1 = 0 (Exercise 9.6.2). Thus
the process is a Krylov process as defined in Section 9.2. It is of course also true that if
A*w; € span{wy, ..., w;}, then W;;; = 0. We can think of the unsymmetric Lanczos
process as a Krylov process on A that produces the sequence (u;) with the help of the
auxiliary sequence (w;), but it is equally well a Krylov process on A* that produces the
sequence (w;) with the help of the auxiliary sequence (u;). Better yet, we can think of it
as a pair of mutually supporting Krylov process. The process is perfectly symmetric with
respect to the roles of A and A*.

There are several ways in which a breakdown (741 = 0) can occur. First of all, it

can happen that Au; € span{ul, RN uj}, causing ;41 = 0. This happens only when
span{ul, s U j} is invariant under A (Proposition 9.2.3). Since we can then extract j
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eigenvalues and eigenvectors of A from span{u Lo ovos U }, we call this a benign breakdown.
Another good sort of breakdown occurs when A*w; € span{wl, R wj}, causing @Hl =
0. In this case span{wl, W } is invariant under A*, so we can extract j eigenvalues and
eigenvectors of A* (left eigenvectors of A) from span{ Wi, .., W) } It can also happen that
Tjt1 = (41, Wjy1) = 0 even though both %, and W, are nonzero. This is a serious
breakdown. The surest remedy is to start over with different starting vectors. Perhaps more
dangerous than a serious breakdown is a near breakdown. This happens when ;1 and
W; are healthily far from zero but they are nearly orthogonal, so that 7, is nearly zero.
This does not cause the process to stop, but it signals potential instability and inaccuracy of
the results. Because of the risk of serious breakdowns or near breakdowns, it is best to keep
the Lanczos runs fairly short and do implicit restarts frequently.'?

We claimed at the beginning that the unsymmetric Lanczos process has short recur-
rences, which means that most of the coefficients #;; and g;; in (9.6.2) are zero. To see
that this is so, we introduce notation similar to that used in previous sections. Suppose we
have taken k steps of the unsymmetric Lanczos process. Let Uy = [ up - U ] and
Wi=[ wi -+ wi |,andlet Hey1x, Hio Gk, and Gy denote the upper-Hessenberg
matrices built from the coefficients #;; and g;;. Then, reorganizing (9.6.3), (9.6.4), and
(9.6.6), we find that

J+l j+l
Auj=Zuihij and A*wj:Zw,-g,-j, ]=1, ...,k,

i=1 i=1
and consequently
AUy = U Hyp o and - AWy = Wi |Gk, 9.6.7)
which can be rewritten as
AUy = Uy Hy + ugrhyigr el (9.6.8)

and

AWy = WG + Wit18k41.4€4 - 9.6.9)
Biorthonormality implies that WUy = I and Wu;,, = 0. Therefore we can deduce from
(9.6.8) that H, = W} AUy. Similarly, from (9.6.9), we have G, = U} A*W;, so G, = H}.
Since Gy and H;, are both upper Hessenberg, we deduce that they must in fact be tridiagonal.
Thus most of the #;; and g;; are indeed zero, and those that are not zero are related. Let

aj =hjj. B =hjs1j.and y; = hj 1. Then @ = gj;. f; = gjj+1. and 77 = gy,
and the recurrences (9.6.3) and (9.6.4) become

qu,Bj = Auj —UO; U1V (9610)

and

wj+1y_j=A*wj—wjoTj—wj_1ﬁj_1, (9611)

respectively, where it is understood that upyy = 0 = woBo.

12An alternate approach is to circumvent the breakdown by a “look ahead” technique [90, 176].
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These are elegant formulas. Unfortunately the process suffers from steady loss of
biorthogonality, just as the Arnoldi process suffers from loss of orthogonality. If one wishes
to keep biorthonormality intact, one must add a re-biorthogonalization at each step.

In the case A* = A, the recurrences (9.6.10) and (9.6.11) are both driven by the
same matrix A, (9.6.10) is identical in appearance to the symmetric Lanczos recurrence
(9.4.9), and (9.6.11) has the same general look. If we start the unsymmetric Lanczos
process with wy = u, then we get w;y; = u ;1 at every step, provided that we make the
normalization (9.6.6) in such a way that b ; = g;4+1,; > 0,1e. B; = y; > 0. This is
accomplished by taking 8; = y; = ||#j11 || = || W;41 |I. Then (9.6.10) and (9.6.11) become
literally identical to each other and to the symmetric Lanczos recurrence (9.4.9). Thus the
unsymmetric Lanczos process reduces to the symmetric Lanczos process in this case. The
Arnoldi process and the unsymmetric Lanczos process are two very different extensions of
the symmetric Lanczos process.

The real case

From this point on we will restrict our attention to real quantities. Thus we have A € R"*"
and uy, v; € R". All quantities produced by the unsymmetric Lanczos process are then real,
assuming that 8; and y; (k4 ; and g, ;) are always chosen to be real in (9.6.6). Let us
take a closer look at the normalization step. If the real number 7, = (ij41, W,41) is not
zero, then it is either positive or negative. In the former case we can satisfy 8;y; = 741

by taking 8; = y; = ./Tj+1; in the latter case we can take B; = ./—7;41 = —y;. Ineither

event we have | B; | = | y; |, which implies that the matrix
dr N
B a2 »
H, = B a3
Vi—1
Bi-1 o

is pseudosymmetric (4.9.3). Thus it can be expressed as a product H;, = Ty Dy, where Ty, is
symmetric and tridiagonal and Dy is a signature matrix:

ar b d;
by a b dy
Tk = b2 as . s Dk = d3 ,
o b
b1 a di

withd; = 1 for j = 1, ..., k. We also have G = H = D;Tj.
Now let us see what the unsymmetric Lanczos process looks like in this new notation.
The recurrences (9.6.10) and (9.6.11) become

uj+1bjdj ZAMJ‘ —ujajdj _Mj—lbj—ldj (9612)
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and

wj+1dj+1bj = ATU)j - wjdjaj - wj_ldj_lbj_l, (9613)

respectively. At the beginning of the jth step we will already have computed the quantities
Wj_i,Uj, Wj_1, wj,d;,dj_y, and b;_;. Taking the inner product of (9.6.12) with w; or of
(9.6.13) with u; and invoking biorthogonality, we find that

aj = d_;l(Auj, w;) = d_;l(Aij, uj) = d;lw;Auj,

in agreement with (9.6.2). Using this formula to compute a;, we now have enough informa-
tion to compute the right-hand sides of (9.6.12) and (9.6.13). As before, let %41 and W4
denote the vectors that result from these two computations, and let 741 = (@41, W;41).
The condition (41, w;41) = 1 implies that 7, | = b?djdj+1, which can be used to de-
termine b; and djyy. If 7,41 > 0, we take b; = +,/T;57 and djy = dj5 if 7,41 < O,
we take b; = +,/—7,;41 and d;; = —d;. We can then compute u ;1 = U;4+1/(b;d;) and
wjt1 = W;41/(bjdj11). These considerations give the following algorithm.

Unsymmetric Lanczos process without reorthogonalization
Start with initial vectors u; and w; satisfying w,Tul =1.

dy < %1
forj=1,2,3,...
B y < AMj
aj < djwjry
Ujr1 <y —uja;d;
Wijt1 < ATU)j — wjdjaj
if j > 1 then
|: Ujgl < Ujp1 —Uj_1bj_1d;
Wt € Wikt = Wj-1djo1bjy (9.6.14)
Uil < W) Ujt
if 7;11 = 0 then
[ stop (breakdown)
if 7j; > O then
[ b) < Tt djn1 < d;
if 7;41 < O then
[ bj < V=1, djs1 < —d;
Ujt1 <—uj+1/(bjdj)
Wil < Wjt1/(dj1b))

It does not matter whether d; is taken to be +1 or —1. Reversing d; has no essential
effect on the algorithm: All computed quantities are the same as before, except that minus
signs are introduced in a systematic way.

If we want to keep the two sequences biorthogonal in practice, we must include
reorthogonalization. Instead of rewriting the algorithm completely, we will just indicate the
changes that would need to be made in (9.6.14). Immediately before the line that computes
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Tj41, insert the following commands.

S1:j < WJ'Tuj+l: tj < U,ij+1
Ujtl (—I/tj_H — Ujslzj

Wit < wip — Wity

aj < aj+s;d;

and insert updates U1 < [ Ui ujp ] and W, < [ W, wjp ] in the appropriate
places.

Implicit Restarts

Either of the two implicit restart methods described in Section 9.2 can be applied to the
unsymmetric Lanczos process. In this case we want to preserve the pseudosymmetry of
H, = T} Dy, so we use transformations that preserve that structure. Thus the H R algorithm
is the right version of G R to use here [106].

Let’s look at the second restart method in some detail. In our current situation, the
equations (9.6.8) and (9.6.9), which become

AUy = Uy Ty Dy + ugs1bidiel (9.6.15)

and
AT Wi = Wi D T, + wk+1dk+1bk€/{. (9.6.16)

in our new notation, correspond to (9.3.12). We can use the H R algorithm, implemented as
an H Z algorithm as described in Section 6.4, to diagonalize Ty Dy and D, T;. Specifically,
the H Z algorithm produces H, T, and D such that 7 is block diagonal, D is a signature
matrix,

T=H'T;H" and D=H"DH.

Thus
TD=H "(T,D\)H and DT = H'(DyT,)HT.

Both TD and DT are block diagonal with a 2 x 2 block for each complex conjugate pair
of eigenvalues and a 1 x 1 block for each real eigenvalue. The m eigenvalues that we wish
to retain should be at the top of 7D and DT. Notice that if they are not at the top, the
necessary swaps are easily made in this case, because the matrices are block diagonal (not
merely triangular). We have D, = HDH" and Ty = HT H” . If we wish to swap the real
eigenvalues in positions (i, 7) and (j, j) of T D and DT, we simply swap the corresponding
entries of T and of D while at the same time swapping the ith and jth columns of H.
Swapping complex conjugate pairs is no harder, nor is swapping a complex pair with a real
eigenvalue.
Multiply (9.6.15) on the right by H and (9.6.16) on the right by H~7 to obtain

AU, = UyTD + up 2", (9.6.17)

ATW, = W, DT + w57, (9.6.18)

where Uk = UyH, WkH Tl = bkdkek H, and yT = dk+1bkek HT. Notice that this
transformation preserves biorthonormality: W Uk =1, W g+ =0, and Uk w1 = 0.
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Moreover, y is closely related to Z7. The equation D, = HDHT implies that H~T =
DyHD. Therefore y7 = diy1z" D. Since dy; = #1 and D is a signature matrix, this
implies that the entries of y and 7 are the same up to signs. Thus if the first few entries
of 7 are small enough to be set to zero, indicating convergence and locking of an invariant
subspace as in (9.3.17), then so are the first few entries of y. Thus, whenever we lock in a
subspace that is invariant under A, we also lock in a subspace that is invariant under AT,
Locking was discussed in Section 9.2 and will not be revisited here.
We now restart by retaining only the first m columns of (9.6.17) and (9.6.18):

AUy = Up Ty Dy + ui12" (9.6.19)
ATW,, = Wy Dy Ty + wiiy” (9.6.20)

where 7 = d; 1z D,,. In order to resume the nonsymmetric Lanczos process, we must
transform these equations to a form like

o~ o~

AU, = Uy T,y Dy + Tips1bdipe?,

A"W,y = WDy Ty + D11 bep.

in which z7 and y have been transformed to multiples of e . Let V| be an elimination
matrix suchthatz7 V; = ae . Assume further that V; has been constructed in such a way that
V1 D, V|, = Dm is another signature matrix. Such a V) can (almost always) be constructed as
a product of hyperbolic and orthogonal transformations, essentially as described in the proof
of Theorem 3.1.5. Since VT = D,V D,,, we also have "V, = di 112" D2ViD,, =
dk+1a7mae SO yTV r— ,Bem, where ,3 dk+1d o. Note that | 8| = ||

Let U = Um \%R W = W V1 , and Tm =V Tm Vi T Then, multiplying (9.6.19)
on the right by V) and (9.6.20) on the rlght by VI_T, we obtain

AU,, = U T, Dy + uri1el, (9.6.21)
and
A"W,, = W, Dy Ty + wiy 1 Bel. (9.6.22)

This is almost the form we want; the only problem is that T,, is not tridiagonal, although it is
symmetric. The final task of the restart is to return YV",,, to tridiagonal form, row by row, from
bottom to top, by a congruence transformation that preserves the s1gnature matr1x form of
D Call the transformlng matrix V5, constructed so that Tm =V, T V2 is tridiagonal
and Dm =V, Dm V2 = V2 Dm V, is asignature matrix. V, canbe constructed as a product
of m — 2 matrices essentially of the form described in Theorem 3.1.5. By construction V;

has the form N
2
V2= [ 0 1 }

soelVy = el and el V,; 7 = el'. Multiplying (9.6.21) and (9.6.22) on the right by V; and
V{T, respectively, we obtain

~

AU,y = Uy T, Dy + Bipps1budpel (9.6.23)

m?
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ATWm = ‘/Vm Dm Tm + I’Dm+ld1n+lbme,77;v (9624)
where ﬁ,ﬁ\z Qm Va, W,/,,\: WW,X[[, 7 = Uprts Wit = Wit d,, is the last diagonal
entry in D, b, = «/d,,, and d,,+1 = B/b,, = £1. These computations are. co’r\lsistent
because | 8| = |er|. Notice that biorthonormality has been preserved all along: wru,, =1,

Wi, 1 =0,and Ul 0,41 = 0.

Equations (9.6.23) and (9.6.24) are now in a form where we can pick up the unsym-
metric Lanczos process at step m + 1. The implicit restart is complete.

An alternate way of generating the transformations V; and V, that saves a few flops
and has a certain aesthetic appeal is sketched in Exercise 9.6.5.

We must not neglect to remind the reader that the unsymmetric Lanczos process can
break down along the way. The implicit restart process can also break down, as it relies on
hyperbolic transformations. It is therefore important to keep the Lanczos runs fairly short
and restart frequently. This will guarantee that the probability of a breakdown on any given
run is slight. Moreover, in the rare event of a breakdown, not much computational effort
will have been invested in that particular short run. When a breakdown does occur, the
process needs to be restarted somehow. One could start from scratch or think of some more
clever way of continuing without losing everything. It is clear at least that any vectors that
have converged and been locked in can be kept. We have not invested much thought in the
question of emergency restarts because, in our experience with this and related algorithms,
breakdowns are rare.

After a number of restarts, the Lanczos process will normally produce an invariant sub-
space of the desired dimension. Let’s say that dimension is 77 < m. The final configuration
is

AUy = Uy T; Dy, AWz = W;DiTh.

R(Uy) is invariant under A, and R(Wj5) is invariant under A”. Moreover, the right and
left eigenvectors of A associated with R(Uy) are normally readily accessible in U; and
Wi, respectively. This is so because 7,, is normally block diagonal with a 1 x 1 block
corresponding to each real eigenvalue of T; D7 and a 2 x 2 block corresponding to each
complex conjugate pair. If the (i, i) position of T; D houses a real eigenvalue of A, then
the ith column of Uy is a right eigenvector of A associated with that eigenvalue, and the
ith column of W is a left eigenvector. If T;; Dj; has a2 x 2 block in positions i and i + 1,
then columns i and i 4+ 1 of Uj; span the invariant subspace of A associated with that pair.
Complex eigenvectors can be extracted easily. Similarly, complex left eigenvectors can be
extracted from columns i and i + 1 of Wj.

Since we have eigenvectors accessible, we can easily compute a residual for each
eigenpair. This constitutes an a posteriori test of backward stability (Proposition 2.7.20). If
the residual is not tiny, the results cannot be trusted. Since the Lanczos process is potentially
unstable, this test is absolutely essential and should never be omitted.

Since the algorithm delivers both right and left eigenvectors, we can easily compute
the condition number of each of the computed eigenvalues (2.7.4). If the residual is tiny
and the condition number is not too big, the eigenvalue is guaranteed accurate.

Exercises

Exercise 9.6.1.
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(a) Let ujy, us, ...u; and wy, wy, ..., w; be two sequences of vectors in C”, and let
J j q
U; = [ Uy - U ]and W, = [ wy e wj ] € C"/. Show that the two
sequences are biorthonormal if and only if W3U; = I;.

(b) Given vectors uy, ..., u, € C", show that there exists a sequence wy, ..., w, that
is biorthonormal to uy, ..., u, if and only if the matrix U = [ Uy -+ Uy ] is
nonsingular, that is, the vectors uy, ..., u, are linearly independent.

(c) State and prove a generalization of the result in part (b) that is valid for a set of j
vectors ui, ..., uj, where j < n.

Since linear independence is a much weaker property than orthonormality, these results
show that biorthonormality is much weaker than orthonormality.

Exercise 9.6.2. This exercise works out some of the basic properties of the unsym-
metric Lanczos process.

(a) If ;4 is given by (9.6.3), show that u 4 is orthogonal to wy if and only if h;; =
Au;, wy). Similarly, show that w;,; is orthogonal to u; if and only if g;; =
j y j+ g Y o 8
(A*wj, uy).

(b) Showthatifz; ; #0in(9.6.5),andh;; jand gy jarechosensothath; | ;jg;f1; =
711, then the vectors defined by (9.6.6) satisfy (u; 1, w;;1) = 1, and the sequences
Ui, ..., uj41 and wy, ..., w;; are biorthonormal.

(c) Prove by induction on j that (if 7;41 # 0 at every step), the unsymmetric Lanczos

process (9.6.2 — 9.6.6) produces vectors satisfying span{ul, cees uj} = KA, uy)
and span{wl, e, wj} =K;j(A*, wy),for j=1,2,3, ...

(d) Show thatif Au; € spanf{uy, ..., u;}, thenthisfactand the relationships (it 4, wi) =
0,k=1,..., jimply thatu;; = 0.

(e) Show thatif Aw; € span{w, ..., w;}, then W;,; = 0.
Exercise 9.6.3.

(a) Prove (9.6.7), (9.6.8), and (9.6.9).
(b) Show that W:Uk = I, W:MkJrl =0, and U]zkwarl =0.
(c) Use (9.6.8) and (9.6.9) to show that G, = H|'.

Exercise 9.6.4. Verify that the unsymmetric Lanczos process reduces to the symmetric
Lanczos process in the case A* = A if we start with wy = u; and take B; = y; = [ U041 ||
at each step.

Exercise 9.6.5. This exercise sketches an economical way to build the transforming
matrix V;V,. The challenge is this. Given a diagonal matrix 7,,, a signature matrix D,
and z € C”, construct V so that 7,, = VT, V-7 is tridiagonal, D,, = V~'D,,V~7T =
VID,V is a signature matrix, and z'V = ael. We will produce V as a product of
essentially 2 x 2 transformations, each of which is either orthogonal or hyperbolic. It is not
claimed that the construction will always work; it will break down whenever a hyperbolic
transformation that is needed does not exist. The idea is to create zeros in z one at a time,
at the same time keeping the 7" matrix from filling in.
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(a) Show that there isa matrlx V a product of n — 1 essentially 2 x 2 matrices such that
TV = ael and VTD Visa signature matrix. The first transformation transforms
Z1 to zero. It is hyperbolic if d; = —d, and orthogonal if d| = d».

(b) The matrix y-! T, VT is fa/r\ from tridiagonal. We seek to intersperse additional
factors among the factors of V in such a way that the tridiagonal form is preserved.
Show that after the first two factors of V have been applied to 7T;,, the resulting matrix
is not tridiagonal, as it has a “bulge” at positions (3, 1) and (1, 3). Show that that
bulge can be chased away by a single transformation acting in the (1, 2) plane, which
does not disturb the zeros that have been introduced into z.

(c) Now suppose we have chased that first “bulge” and now proceed to create one more
zero in the z vector by applying the third factor of V. Show that the corresponding
transformation of the 7 matrix make that matrix fail to be tridiagonal because of a
bulge in positions (4, 2) and (2, 4). Show that that bulge can be removed from the
matrix by an upward bulge chase involving transformations in the (2, 3) and (1, 2)
planes. These transformations do not disturb the zeros that have been created in z.

(d) Now suppose the first j entries of z have been transformed to zero, the top (j +
1) x (j + 1) submatrix of the transformed 7 matrix is tridiagonal, and the bottom
(m—j—1) x (m — j — 1) submatrix of the transformed T is still diagonal. Show
that the transformation that zeros out the j + 1st entry of the z matrix also introduces
a “bulge” in positions (j + 2, j) and (j, j + 2). Show that this bulge can be chased
from the matrix by an upward bulge chase (an implicit H Z iteration in reverse) that
does not disturb the zeros that have been introduced into z. The resultis a transformed
T matrix whose top (j + 2) x (j + 2) submatrix is tridiagonal and whose bottom
(m —j —2) x (m — j —2) submatrix is still diagonal.

(e) What does the final step of the process look like?

Notice that this procedure is about the same as the procedure for returning a unitary matrix
to Hessenberg form that was sketched in Section 9.5. The methodology is not specific to
the unitary and tridiagonal cases; it can be applied to implicit restarts by the second method
in any context.

9.7 Skew-Hamiltonian Krylov Processes

In this and the next few sections we draw heavily from [222].

Hamiltonian and related structures

In [9] and [153] we studied large eigenvalue problems in which the smallest few eigenvalues
of a Hamiltonian matrix are needed. Since these are also the largest eigenvalues of H~!, a
Krylov subspace method can be applied to H~! to find them, provided H~' is accessible.
Since H~! inherits the Hamiltonian structure of H, we prefer to use a procedure that respects
the Hamiltonian structure, in the interest of efficiency, stability, and accuracy. Eigenvalues of
real Hamiltonian matrices occur in pairs {%, —A} or quadruples {%, —A, A, —A}. A structure-
preserving method will extract entire pairs and quadruples intact.
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In situations where we have some prior information, we might prefer to shift before
we invert. Specifically, if we know that the eigenvalues of interest lie near t, we might prefer
to work with (H — t1)~'. Unfortunately, the shift destroys the structure, so we are lead to
think of ways of effecting shifts without destroying the structure. One simple remedy is to
work with the matrix

(H—tDH™"(H+tD7,

which is not Hamiltonian but skew Hamiltonian. It makes perfect sense that the shifts T and
—1 should be used together in light of the symmetry of the spectrum of H. If 7 is neither
real nor purely imaginary, we prefer to work with the Hamiltonian matrix

H—tDH "H-TD " (H+D " (H+7TD ",

in order to stay within the real number system. If we want to apply either of these transfor-
mations, we would like to use a Krylov process that preserves skew-Hamiltonian structure.
If we wish to use a shift and keep the Hamiltonian structure, we can work with the
Hamiltonian matrix
HYH -t " (H+tD)™!

or
HH—-t) " (H+tDH™",

for example.
Another possibility is to work with the Cayley transform

(H—t) " (H+1D),

which is symplectic. To attack this one, we need a Krylov process that preserves symplectic
structure.

In this and the next two sections we will develop Krylov processes that preserve these
three related structures. We will begin with skew-Hamiltonian structure, which is easiest.
Once we have developed a skew-Hamiltonian Lanczos process, we will find that we can
derive Hamiltonian and symplectic Lanczos processes from it with amazingly little effort.

Recall from Exercise 2.2.17 that a similarity transformation preserves skew-Hamiltonian
or Hamiltonian or symplectic structure if the transforming matrix is symplectic. As we ob-
served in Section 9.2, Krylov processes effect partial similarity transformations. Therefore,
a Krylov process can preserve any of the three structures if it produces vectors that are the
columns of a symplectic matrix.

We ask therefore what special properties the columns of a symplectic matrix have.
Recall that a matrix S € R¥?" is symplectic if 7 JS = J, where J is given by

(1
[0
Partitioning S as § = [ S1 S ], where S and S, are both 2n x n, we see immediately
from the equation S”JS = J that STJ S, =0, ST JS, =0,and ST J S, = 1.
Recall that a subspace S € R*" is called isotropic if x" Jy =0 forallx,y € S. A

subspace S = R(X) is isotropic if and only if X7 JX = 0. It follows that if § € R*>"
be symplectic, then the space spanned by the first n columns of § is isotropic, and so is the
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space spanned by the last n columns. These subspaces are maximal, as the dimension of an
isotropic subspace of R*" cannot exceed n:

Proposition 9.7.1. Let S be an isotropic subspace of R*". Then dim(S) < n.

Proof. Let S be an isotropic subspace of R?" of dimension k, and let ¢y, ..., gx be an
orthonormal basis of S. Then ¢y, ..., gx, Jq1, -.., Jqi is an orthonormal set in RZ", SO
2k <2n. Thusk <n. 0O

Now we come to the special property of skew-Hamiltonian matrices.

Proposition 9.7.2. Let B € R***" be skew Hamiltonian, and let u € R*" be an arbitrary
nonzero vector. Then the Krylov subspace K (B, u) is isotropic for all j.

Proof. Since B is skew Hamiltonian, one easily shows that all of its powers B, i =
0,1,2,3,..., are also skew Hamiltonian. This means that J B’ is skew symmetric. To
establish isotropy of KC; (B, u), it suffices to prove that (B'u)" JB*u = 0 for all i > 0 and
k > 0. Since B” J = JB, we have (B'u)” J B*u = u” J B"**u, which equals zero because
J Bi*k is skew symmetric. O

Proposition 9.7.2 shows that every Krylov process driven by a skew-Hamiltonian
matrix automatically produces vectors that span isotropic subspaces. Thus we should
have no trouble finding Krylov processes that preserve skew-Hamiltonian structure. No-
tice that this property guarantees that a skew-Hamiltonian Krylov process cannot be run
to completion. Since an isotropic subspace cannot have dimension greater than n, we
conclude that the Krylov space K, 1 (B, u1) has dimension at most n. This implies that
Ku1(B,uy) = K, (B, u;) and IC,,(B, uy) is invariant under B. Thus a skew-Hamiltonian
Krylov process must terminate with an invariant subspace in at most » iterations.

Skew-Hamiltonian Arnoldi process

When we run the Arnoldi process on a skew-Hamiltonian matrix, we find that it does
indeed produce isotropic subspaces. However, over the course of the iterations the isotropy
gradually deteriorates in just the same way as orthogonality is lost if reorthogonalization
is not used. In order to preserve isotropy, we must enforce it explicitly, as shown in the
following algorithm.
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Skew-Hamiltonian Arnoldi process.

up < x/[x|l

U < [u]

forj=1,2,3,...

[ uj41 < Bu; (B is skew Hamiltonian)
hl:j,j < UJTMJ'+1

Wjy) < ujpr — Ujhyj;  (orthogonalize)
31;]' < UJTMJ'_H

ujy1 < ujpr — U;dy;  (reorthogonalize)
hijj < hijj+ 61 9.7.1)
vij < (JUD w4

wjy) < ujpr — JUjyr.;  (enforce isotropy)
hjyij < llujr |l

ithjs ;=0
set flag (span{uy, ..., u;} is invariant)
exit

Ujgr <= Ujsr/hji1
| Upni <[ Uj uj

This is just like the ordinary Arnoldi process,except that the two lines

vij < (JUD ujp
Ujpl < Uji1 — JUjV];j

have been added. These lines ensure that u ; is orthogonal to Juj, ..., Ju, which is what
isotropy means. In principle the numbers in y;.; should all be zero, but in practice they
are tiny numbers on the order of 10713, The tiny correction at each step ensures that the
subspace stays isotropic to working precision. When this algorithm is run with restarts, it
becomes the skew-Hamiltonian implicitly-restarted Arnoldi (SHIRA) method [153]. The
enforcement of isotropy is crucial to the efficiency of the algorithm. If it is not done, the
eigenvalues will show up in duplicate. For example, if eight eigenvalues are wanted, four
distinct eigenvalues will be produced, each in duplicate. (Recall that all eigenvalues of a
skew-Hamiltonian matrix have multiplicity two or greater.) If, on the other hand, isotropy
is enforced, eight distinct eigenvalues are produced.

Skew-Hamiltonian Lanczos process

If the unsymmetric Lanczos process is applied to a skew-Hamiltonian matrix B, then the
spaces K; (B, u;) = span{ul, co U } are all isotropic, and so are the spaces K (BT, w)) =
span{wy, ..., w;}, because BT is also skew Hamiltonian.

Suppose we are able to run the algorithm for n steps, terminating in invariant subspaces
K.(B,uy) =span{uy, ..., u,} = R(U,) and K, (BT, wy) = span{wy, ..., w,} = R(W,).
Then BU, = U,T,D, and B'W, = W, D, T, as the remainder terms are zero. Since we
can go no further than this, let us make the following abbreviations: U = U, € R
W=W,eR™" T=T,eR" and D= D, € R"". Now we have

BU = U(TD), (9.7.2)
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B"W = W(DT), (9.7.3)
U'w =1, (9.7.4)
and by isotropy,
U'JU =0 and W'JW =0. 9.7.5)

These equations represent only partial similarities. We can build full similarity trans-
formations by exploiting the structure. Since UTW = I, if we define a new matrix V
by

V=—-JW, (9.7.6)

then we immediately have U7 JV = I. Since also VT JV = 0 (isotropy condition inherited
from W), the matrix [ Uu v ] is symplectic.

Since BT is skew Hamiltonian, we have J BT = BJ. Multiplying (9.7.3) by —J on
the left, we obtain

BV = V(DT), (9.7.7)

Now we can combine (9.7.2) and (9.7.7) to obtain the full similarity transformation
TD
B[U V ]=[U V][ DT] (9.7.8)

Equation (9.7.8) holds only if we are able to reach the nth step with no breakdowns.
Even if we do not get that far, we still obtain partial results. After k steps the Lanczos
configuration is

BU, = U, T; Dy, + ukkudkekT, (9.7.9)
BTWk = WD, T + wk+1dk+1bke{. (9.7.10)

If we multiply the second of these equations by —J on the left, we obtain
BV = Vi Dy Ty + vy 1dyy1bre . (9.7.11)

Equations (9.7.9) and (9.7.11) form the basis for our skew-Hamiltonian Lanczos process.
The associated recurrences are

ujribjdj = Buj —ujajd; —uj-1bjdj, 9.7.12)

Uj+1dj+|dj = ij — vjd.,-aj — vj_ld.,-_lbj_l. (9713)

The coefficients are computed just as in the ordinary nonsymmetric Lanczos process (9.6.14),
with w; replaced by Jv;. Since the unsymmetric Lanczos process starts with vectors
satisfying ulTwl = 1, the recurrences (9.7.12) and (9.7.13) must be initialized with vectors
satisfying u? Jv; = 1. Then the vectors produced will automatically satisfy the properties
of the columns of a symplectic matrix. One should always bear in mind, however, that
roundoff errors will degrade the “symplecticness” of the vectors in practice, unless it is
explicitly enforced at each step.
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Exercises

Exercise 9.7.1. Let H be a Hamiltonian matrix. In each of the following tasks, assume that
the indicated inverse matrices exist.

(a) Prove that H~! is Hamiltonian.

(b) Prove that (H — tI)"'(H + tI)~! is skew Hamiltonian.

(c) Prove that H(H — t1)~'(H + tI)~! is Hamiltonian.

(d) Prove that H~'(H — tI)~'(H + =)' is Hamiltonian.

(e) Prove that the Cayley transform (H — t1)~'(H + t1) is symplectic.

Exercise 9.7.2. Suppose the skew-Hamiltonian Arnoldi process is run for n steps,
culminating in an invariant subspace K, (B, u;) = span{uy, ..., u,}. The final Arnoldi

configuration is
BU =UH,

where U = [ Uy e Uy ], and H € R™" is upper Hessenberg.

(@ LetS=[ U —JU ] eR*?. Show that § is both orthogonal and symplectic.
(b) Let C = S~'BS. Show that C has the form

H N
C‘[o HT:|’

Thus an orthogonal symplectic similarity transformation has been effected on B. If the
Arnoldi process is carried only part way to completion, then a partial orthogonal, symplectic
similarity transformation is carried out.

Exercise 9.7.3. With notation as in (9.7.2) through (9.7.5), define X = JU.

where NT = —N.

(a) Show that[ W X ]is symplectic.
(b) Starting from the equation BU = U (T D), show that BT X = X (T D). Consequently

B"[W X ]|=[W X][DT TD]

This is another symplectic similarity transformation, which is easily seen to be equiv-
alent to (9.7.8)

(©) Showthat[ W X |=[U Vv ]
Exercise 9.7.4.

(a) Write a pseudocode algorithm like (9.6.14) for the skew-Hamiltonian Lanczos process
(9.7.12), (9.7.13).

(b) Write down a version of the algorithm in which the “symplecticness” conditions
UjTJUj =0, VJ-TJVj =0, and UJ.TJVJ- = [ are explicitly enforced.
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9.8 The Hamiltonian Lanczos Process

The Hamiltonian Lanczos process with restarts was first published in [28]. The version
presented here is from [222].

Let H € R¥?" be Hamiltonian. Then H? is skew Hamiltonian, and we will take
the skew-Hamiltonian Lanczos process for H> as our point of departure. From (9.7.12) and
(9.7.13) we have

I/lj+1bjdj =H2uj—ujajdj—uj_1bj_1d-, (981)

Uj+1dj+1bj = H2Uj — vjdjaj — vjfldjflbjfl, (982)

where the recurrences are started with a pair of vectors satisfying u! Jv; = 1. Define new
vectors V; = Hujd;, j = 1,2,3, .... Since d; = £1, we also have

Multiply (9.8.1) on the left by H and by d; to obtain
’Jjwtlderlbj = HZ'JJ- - ’dejaj =~ ’l\)djfldjflbjfl, (984)

arecurrence that appears identical to (9.8.2). Now suppose we start (9.8.1) and (9.8.2) with
vectors that satisfy both ulTJvl = 1and Hu; = vid;. Then (9.8.2) and (9.8.4) have the
same starting vector, and they are identical, so v; = v; for every j. This means that we do
not have to run both of the recurrences (9.8.1) and (9.8.2). We can just run (9.8.1) along
with the supplementary condition (9.8.3). Noting also that the term H?u; can be replaced
by Hv;d;, we obtain the Hamiltonian Lanczos process

uj+1bj=ij—ujaj—uj_1bj_1, (985)
Uj+1dj+1 = Huj+1. (986)

Now we just need to give some thought to how the coefficients are computed. Multiplying
(9.8.5) on the left by UJTJ, we find that

— T .
aj =—v; JHv;.

The other coefficients are produced in the normalization process. In practice (9.8.5) and
(9.8.6) take the form

ﬁj-ﬁ-l = HU.I‘ —uja; — I/tj_1bj_| . (987)
TJ\J'+1 = Hii\j+1. (988)

Then ;) = ujp1bj, and V41 = Huy1b; = vj41d;41b;. We can now determine b; and
dj41 uniquely from the condition u,,Jv;; = 1. Letw = u},,Jv;41. Then we must
have m = dj_Hbf. If 7 = 0, we have a breakdown. If 7 > 0 we must have d; ;| = 1
and b; = /7, and if 7 < O we must have d;;; = —1 and b; = \/—7. We then have
Ujp1 =ujy1/bj and vj1y =V;41/(dj41b;). Now we have all we need for the next step.
Before we can write down the algorithm, we need to say a few words about picking
starting vectors. u; and v; must satisfy both vid; = Hu, and ulTJvl = 1. We can obtain
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vectors satisfying these conditions by picking a more or less arbitrary starting vector i
and using the normalization process described in the previous paragraph. Thus we define
Uy = Huy, # =u; Jv, and so on.

Now we are ready to write down the algorithm.

Hamiltonian Lanczos Process.
Start with initial vector u.

b() <—0, M()(—O

forj=0,1,2,...,
[ if j > O then
y(—HUj

aj < —vJ-TJy
Ujyl <—y—ujaj —uj_lbj_l
Vit1 < Hujy
T M]Z‘+1]Uj+1
if 7 = 0 then
[ stop (breakdown)
if 7 > O then
[ s <, djp <1
if 7 < O then
[ N <—«/—_7T, dj+1 <~ —1
Ujpl < Uji1/s
Vjt1 < Vj1/(djy18)
if j > 0 then
[ bj <~ S

(9.8.9)

This is the theoretical algorithm. In exact arithmetic it guarantees “symplecticness”
of the vectors produced. In the real world of roundoff errors, the symplectic structure will
gradually be lost unless it is explicitly enforced. This can be achieved by adding the lines

7 < Juj+1

Ujpl < Ujqp1 — V](UJTZ) + Uj(VjTZ) (9810)

aj < a;+ v]Tz
immediately after the line u 1 <~y —uja; —u;_1b;_1. Here U; and V; have their usual
meanings. This step ensures that new vector i satisfies UJ.T Juj1 =0and V].T Juj1 =0
to working precision, so that we have UkTJ U, = 0 and UkTJ Vi = I at every step. Our

[T

experience has been that because of the very tight connection between the “u” and “v”
vectors in this algorithm, the condition VkTJ Vi = 0 takes care of itself.

Implicit restarts

Rearranging (9.8.5) and (9.8.6), we obtain

Hl)j =uj,1bj,1+ujaj+uj+1bj,

Hujy =vj1djq,
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which when packed into matrix equations gives
HV, = Uka+Mk+lbk€]Z, HU, =V, Dy (9.8.11)

after k — 1/2 steps. Here Dy is the signature matrix Dy, = diag{d, ..., d}, and T} is the
symmetric, tridiagonal matrix

aq b]

as always. Equations (9.8.11) can also be written as the single equation
— Tk T
H[ U, Vi ] = [ U, Vi ] Dy + upy1brey.

T

The Hamiltonian matrix ], which is familiar from Section 8.9, tells us

Dy
how restarts should be done. Either of the restart methods that we have presented can be
used. The filtering should be done by the product H R algorithm ( = H Z algorithm), as
explained in Section 8.9.

Extracting eigenvectors

After a number of restarts, the process will normally converge to an invariant subspace of
some dimension m. The result has the form

where D,, is a signature matrix, and 7,, is block diagonal. It is thus a simple matter
. . . T, . T,
to determine the eigenpairs of " 1. Each eigenvector ol of "o,
Dy y D,

corresponding to eigenvalue A, yields an eigenvector U,,x + V,,y of H corresponding to
eigenvalue A.

It is also a simple matter to get left eigenvectors. Let W, = JV,, and X,, = —JU,,
(consistent with notation used previously). Multiplying the equation (9.8.12) by J on the
left and using the fact that H is Hamiltonian, we immediately find that

H' [ Xp Wu |=[ Xu Wm][lg TO}

Thus left eigenvectors can be obtained by the same method as we use to compute right
eigenvectors.
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Playing it safe

Since we are able to get eigenvectors, we should always compute residuals as an a posteriori
test of backward stability (Proposition 2.7.20). Because the Hamiltonian Lanczos process
is potentially unstable, this test should never be skipped.

Since we have both left and right eigenvectors, we can also compute condition numbers
of the computed eigenvalues (2.7.4). If the residual is tiny and the condition number is not
too big, the eigenvalue is guaranteed accurate.

Exercises

Exercise 9.8.1. The file hamlan .m encodes the Hamiltonian Lanczos process. Download
this file and the driver program hamlango.m from the website and play with them. Try
adjusting the matrix size and the number of Lanczos steps and see how this affects the
results.

Exercise 9.8.2. Download the files rehamlan.m and rehamlango .m and their
auxiliary codes from the website. Figure out what they do and experiment with them (in
Hamiltonian mode). For example, try adjusting nmin, nmax, and nwanted, and see
how this affects the performance of the codes.

Exercise 9.8.3. Suppose H € R**?" is both Hamiltonian and skew symmetric.

A K
a=[x X

where AT = —Aand KT = K.

(a) Show that H has the form

(b) Suppose the skew-symmetric Lanczos process (Exercise 9.4.11) is applied to H.
Identify a pair of orthogonal isotropic Krylov subspaces that are generated by that
algorithm.

(c) Compare and contrast the skew-symmetric Lanczos process with the Hamiltonian
Lanczos process derived in this section.

9.9 The Symplectic Lanczos Process

The symplectic Lanczos process was discussed in [17], [29], and [30]. The version presented
here is from [222].

If S € R is symplectic, then S 4+ S~! is skew Hamiltonian (Proposition 1.4.4).
Applying the skew-Hamiltonian Lanczos process (9.7.12) and (9.7.13) to S + S~!, we have

ujpibjd; = (S+ S u; —uja;d; —uj_1bj_1d;, 9.9.1)
Uj+1dj+|bj = (S + S_I)Uj — Ujdj(lj — Uj_ldj_lbj_], (992)

where the recurrences are started with vectors satisfying u! Jv; = 1. Define new vectors
v; = S’lujdj, j=1,2,3,....Since d; = £1, we also have

vid; = S u;. (9.9.3)
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Multiply (9.9.1) by S~! and by d; to obtain
Ej+1dj+1dj = (S + S_l)'ﬁj - 'Ujdjaj - ’ijldjflbjfl, (994)

which is identical to (9.9.2). Now suppose we start (9.9.1) and (9.9.2) with vectors that
satisfy both ulTJvl = 1and S~'u; = vid;. Then (9.9.2) and (9.9.4) have the same starting
vector, and they are identical, so Fj = v; for every j. This means that we do not have
to run both of the recurrences (9.9.1) and (9.9.2). We can just run (9.9.1) along with the
supplementary condition (9.9.3). Noting also that the term S~'u; can be replaced by v;d;,
we obtain

qubj=Sujdj+vj—ujaj—uj,1bj,1, (995)
visidisr = S uj. (9.9.6)

We call this pair of recurrences the symplectic Lanczos process. The occurrence of S~! is
not a problem, as §~! = —J ST J.13

Now let us consider how to compute the coefficients. Multiplying (9.9.5) on the left
by va J, we find that

a; = —de}"JSuj.

The other coefficients are produced in the normalization process. In practice (9.9.5) and
(9.9.6) take the form

it\j+1 :Sujdj—l—vj—ujaj —ujflbjfl, (997)
Vjp1 =S U4 (9.9.8)
Then @11 = ujy1b; and Uy = S~ 'ujy1b; = vji1dj41b;. This is exactly the same

situation as we had in the Hamiltonian case, and we can determine b; and d;; by exactly
the same method: Let 7w = ﬁJT.H J?)\H]. Then we must have m = dj+1b§. If 7 = 0, we have
a breakdown. If # > 0 we musthave d; | = 1 and b; = /7, and if T < 0 we must have
dj+1 = —1 and bj = «/—_JT ‘We then have Ujyl = ﬁj.,.]/bj and Vjt1 = /U\j_;,_]/(dj_;,_lbj).
The method for picking starting vectors is also the same as for the Hamiltonian case:
We pick a more or less arbitrary starting vector u; and use the normalization process de-
scribed in the previous paragraph. Thus we define ¥, = S~'%y, 7 = u! J7;, and so on. We
end up with starting vectors u; and v; that satisfy both vid; = S~'u; and u! Jv; = 1.
Putting these ideas together, we have the following algorithm.

Symplectic Lanczos Process.

3An equivalent set of recurrences is obtained by retaining (9.9.2), (9.9.3) and reorganizing them to get
viq1djpibj = Svj +ujd; — vidja; — vj_1dj_1bj—1 and ujyidj11 = S~'vj41. These are the recurrences
that were derived in [222].
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Start with initial vector u;.

by <0, dy <0, v« 0

forj=0,1,2,...
[ if j > O then
y(—SLtj

aj < —d;j(v] Jy)
Wi < yd;j+v;—ujaj —u;_1bj_,
Vjrt < S
T < ”/T'+1ij+l
if 7 = 0 then
[ stop (breakdown) (9.9.9)
if 1 > 0 then
[ s < 7, djp < 1
if 1 < 0 then
[ s < V-7, djj1 < —1
Ujrl < Ujt1/s
Vit1 < Vjt1/(dj119)
if j > 0 then
[ bj <~ S

Just as for the Hamiltonian algorithm, the “symplecticness” of the vectors produced
will decline over time unless we explicitly enforce it. To do this, insert exactly the same
lines (9.8.10) as in the Hamiltonian algorithm.

Implicit restarts
Rearranging (9.9.5) and (9.9.6), we obtain
Suj=u;_1bj_1dj+uja;d; +ujb;d; —v;d;,
Sv; =u;d;,
which when packed into matrix equations gives
SUx = Ur(TyDp) + ups1bisrdisre, — ViDy, SVi = Ur Dy (9.9.10)

after k — 1/2 steps. Here Dy is the signature matrix Dy = diag{d, ..., d}, and T} is the
same symmetric, tridiagonal matrix as always. Equations (9.9.10) can also be written as the
single equation

S[ U Wk ]=[ U Vk ][ ?DDLC %k :|+Mk+1bk+1dk+1€kT.

TyDy Dy
-Dp 0
how restarts should be done. Either of the restart methods that we have presented can be
used. The filtering should be done by the product H R algorithm ( = H Z algorithm), as
explained in Section 8.9.

The symplectic matrix |: j|, which is familiar from Section 8.9, tells us
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Extracting eigenvectors

Once the process has converged to an invariant subspace of dimension m, we have

T.D, D, ]

o o 9.9.11)

S[ Un Vo ]=] U, vm][

. . . . . . 7—;7 Dn D
where D,, is a signature matrix, and 7}, is block diagonal. The eigenvectors of [ ! D ! Om
—Um
are easy to compute, and each such eigenvector |: ); :| yields an eigenvector U,,x + V,,y

of S.
Left eigenvectors are also easily obtained. Recalling that

TwDw Dn | [ 0 —-D,
-D, O | Dn D,T, |’
multiply (9.9.11) on the right by this matrix and on the left by S~! to obtain

B 0 —-D,
Sl[Um Vm]z[Um V'"]|:Dm Dme:|.

Let W,, = JV,, and X,, = —JU,,, as before. Then, multiplying (9.9.12) by J on the left
and using the identity JS~! = S7 J, we obtain

(9.9.12)

(9.9.13)

ST ~Xn Wi ]=[ —Xn W,,,][ 0 ‘Dm]

Dﬂl Dm Tm

From this we can get the right eigenvectors of S, and hence the left eigenvectors of S.

The caveat about a posteriori testing that we gave for the Hamiltonian case is in equal
force here. We should always compute residuals as a test of backward stability. Moreover,
the presence of both right and left eigenvectors allows us to check the condition numbers of
all the computed eigenvalues.

Exercises

Exercise 9.9.1. The file symplan.m encodes the symplectic Lanczos process. Download
this file and the driver program symplango.m from the website and play with them. Try
adjusting the matrix size and the number of Lanczos steps and see how this affects the
results. Note: The symplectic matrix that is used in this example was obtained by taking a
Cayley transform of Hamiltonian matrix:

S=(H-tD)"(H+I.

You can vary the value of t and see how this affects the results. The eigenvalues and
approximations that are shown in the plots are those of the Hamiltonian matrix H, not of
the symplectic matrix S.

Exercise 9.9.2. Download the files rehamlan.m and rehamlango .m and their
auxiliary codes from the website. Figure out how to make them run in symplectic mode,
then experiment with them. For example, try adjusting nmin, nmax, and nwanted,
and see how this affects the performance of the codes. Note: Read the note to the previous
exercise.
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9.10 Product Krylov Processes

In this section we return to the theme of Chapter 8. Again we draw from Kressner [134].
Suppose we want to compute some eigenvalues of a large matrix presented as a product of
k matrices: A = Ay Ai—1---Ay. The developments in this section hold for arbitrary k, but
we will consider the case k = 3 for illustration. This is done solely to keep the notation
under control. Thus let A = A3A;A;. As in Chapter 8 we find it convenient to work with
the cyclic matrix
Az
C=| A . (9.10.1)
Ay

Consider what happens when we apply the Arnoldi process to C with a special starting
vector of the form

co X

Multiplying this vector by C, we obtain

0
Ay |,
0

which is already orthogonal to the first vector. Thus only a normalization needs to be done:

0 Aj u
v |sn = Ay 0 1.
0 Ay 0
where s;; = || Aju; ||,. On the second step we again get a vector that is already orthogonal

to the first two vectors, so only a normalization is necessary:

0 Aj
0 n = Al 5] s
wi A 0
wheret;; = || Aav; ||,. Finally, on the third step, we get a vector that has to be orthogonalized

against one of the previous vectors:

uj A3 0 ui
0 |ha=| A 0 -1 0 |h.
0 Az wq 0

This step can be expressed more concisely as

urhy = Aswy — urhy;.

The computations would be done just as in any Arnoldi step: U, < Aszwy, by = u*ffig,
Uy < Uy —urhyy, hyy = || Uz ||, and uy = >/ hyy. (In practice the orthogonalization would

be done twice.)
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[T L IR TI L)

The pattern is clear. In each cycle of three Arnoldi steps a new “u”, “v”, and “w”
vector will be produced, each of which has to be orthogonalized only against the previous

u”, “v”, or “w” vectors, respectively. For example, the “w” vector that is produced on the
Jjth cycle is given by

0 Az 0 j=1 0
0 tjj = Ay v; — 0 1ij
w; Ay 0 i=1 w;

or, more concisely,
j—1

witjj = szj — Zwitij.

i=1

Similar formulas hold for v; and w ;4. Placed together, in order of execution, they are

j—1
ViSjj = A]l/lj — E V;Sij,
i=1

j—1
witij = A2Uj — E (T

i=I

J
uthjH,j = A3wj - E u,-h,-j.
i=1

Rewrite these equations as

J+1

J J
Ay = E V;Sij, Ay = E wit;j, Asw; = E uihij,
i=1

i=1 i=1

then assemble them into matrix equations. Suppose we have gone through k complete
cycles. Then we have
AU = Vi S,

Ay Vi = Wi T, (9.10.2)

AsWi = UgHy + upsihisr kel

where U = [ uy - U ] for example, and the notation is mostly self explanatory.
Notice that S; and T} are upper-triangular matrices, but Hj, is upper Hessenberg. Equations
(9.10.2) can be combined into the single equation

Az Uy
Ay Vi =
A Wi
(9.10.3)
Uy Hy Ukt
Vi Sk + iy xei.
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If we wanted to rewrite the matrix of vectors

Uy
Vi
Wi

so that order of the vectors in the matrix was the same as the order in which they were
computed, we would have to do a perfect shuffle of the columns. Then, to make (9.10.3)
hold for the shuffled matrix, we would have to shuffle the rows and columns of the matrix
of coefficients
H;
Sk
Ty

This results in an upper Hessenberg matrix whose structure is illustrated by (8.3.4).
Combining the equations in (9.10.2) we get

(A3 A2 AUy = U (H Ty Si) + iyt (hicy 1 xtaasii)ey - (9.10.4)

Since H; Ty Sy is upper Hessenberg, this shows that our Arnoldi process on C is automatically
effecting an Arnoldi process on the product A = A3zA;A;. If we rewrite the equation
AsWy = Uy Hy + ugs1his i in the style AsWy = Uy Hyyq x, we can write (9.10.2) as

(A3A2AD Ui = Upq 1 (Hiq1,4TiSi) -
Moreover, if we recombine (9.10.2) in different ways, we obtain
(A1A3A2) Vi = Vi1 Skt Hi1.1 k)

and
(A2 A1 A3) Wi = Wit (Tieg1 Skr1 Hi 1,00

showing that we are also doing Arnoldi processes on the cycled products A;A3A; and
ArAAs.

So far we have restricted our attention to the Arnoldi process, but other product Krylov
processes can be built in the same fashion. For all such processes, an equation of the form
(9.10.3) will hold, but the vectors produced need not be orthonormal. As we shall see below,
the Hamiltonian Lanczos process (§ 9.8) can be viewed as a product Krylov process.

Implicit restarts can be done by either of the two restart methods that we have pre-
sented. Whichever method is used, the filtering can be done by an appropriate product GR
algorithm (Section 8.3) to preserve the product structure.

Symmetric Lanczos process for singular values

Consider the problem of finding the largest few singular values and associated singular
vectors of B. This is equivalent to the eigenvalue problem for B*B and B B*, so consider

the cyclic matrix
0 B*
c_[ o8 }
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If we run the symmetric Lanczos (= Arnoldi) process on this matrix, we obtain, in analogy
with (9.10.3),

|: B i||: k Uk :|=|: k Uk ][ Ty ‘ :|+[ ot ]hk+1,k€2Tk. (9.10.5)

By symmetry we have H, = T,*, from which it follows immediately that both H; and T}
are bidiagonal. (Moreover, they can be taken to be real. If we shuffle the rows and columns,
we obtain a tridiagonal matrix with zeros on the main diagonal, like 8.4.3.) Letting

a; By

o

Br—1

(823
equation (9.10.5) gives the short recurrences
ujej = Bvj —uj-1Bj-

and
vj+1,3j = B*I/lj —vaj,
which appeared first in [97]. These automatically effect symmetric Lanczos processes on
B*B and BB*.
They can be restarted by either of the methods of § 9.2 [38, 132, 12]. Consider the
second method, for example. After 2k steps we have

* T
[B ’ ][Vk Uki|:|:Vk UkHTk L }+[”"g‘]ﬂke§k. (9.10.6)

If we want to restart with 2m vectors, we compute the SVD of T;: Ty = P Xy QZ, where
the singular values in X are ordered so that the m that we want to keep (the m biggest ones
in this case) are at the top. Then

A R P
Tk - Pe || =k Pl

Substituting this into (9.10.6) and multiplying on the right by diag{ Oy, Px}, we obtain

B* Vk _ Vk T EkT i Vk+1 ~T
T e L a s T L e

N ~ (9.10.7)
where V, = V, O, Uy = Uy Py, and 77 = ekT P If we doa pgrfect shuffle of the vectors in
(9.1~O.7), it@ecomes an instance of (9.3.13). Now let V,,, and U,, denote the first m columns
of V, and Uy, respectively. Let z denote the first m entries of Z, and let 3, denote the upper
left-hand m x m submatrix of X;. X,, contains the singular values of 7; that we wish to
retain. Keeping 2m columns of (9.10.7), we have

[B B*}[Vm ﬁm]:[vm ﬁm}[zm EL}JF[U"O“}/&«[O .

(9.10.8)
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which is (upon shuffling) an instance of (9.3.14). Now let X,, and Y,, be orthogonal ma-
trices such that z7 X” = ype! (for some y) and the matrix B,, = X,, 5, Y[ is bidiagonal
This is achieved by starting with an orthogonal matrix X,,; such that zTX I = ael, then
transforming X,,; ¥,, to bidiagonal form from bottom to top. (Here is one viewpoint. Do a
perfect shuffle of the rows and columns of

(Xml Em)T
Xmlzm '

Then reduce the resulting matrix to upper Hessenberg form from bottom to top, as described
in Section 3.4, using orthogonal transformations. The result will be tridiagonal by symmetry
with zeros on the main diagonal. When we deshuffle this tridiagonal matrix, we get

BT
2 "]
where §m is bidiagonal.)
Since B,, = X, X, YL, we have

R R |

T
Substituting this into (9.10.8) and multiplying on the right by |: Y X7 :|, we obtain

B* ‘7m _ ‘7m § ,Z; Um+1 ry T
L - e e T e 2
- (9.10.9)
where "7,,, = VmYn{, l7 = U Xm, Va1 = Vg1, and ﬂm = By . Equation (9.10.9) is (upon
shuffling) an instance of (9.3.15), and it is just what we need to restart the Lanczos process.
In the description here, everything is done twice. In an actual implementation, just
the following needs to be done: First the SVD T = P % QkT is computed. The vector z”
is obtained as the first m entries of the last row of P, and X,, is obtained as a submatrlx
of k. Then the transformation Bm = Xn EmY with zTX r — yem is done. U and
V are obtained by computing the first m columns of the transformations Ur = Uy P, and
Vi = Vi O, respectively, then U, = Uy, XTI and V,=V, YT are computed.
The method we have just described is just the thick restart method of Wu and Simon
[233], taking the cyclic structure of the matrix into account.

The Hamiltonian Lanczos process revisited

Since the Hamiltonian Lanczos process for H was derived from the skew-Hamiltonian
Lanczos process for the product H H, we should not be surprised that this algorithm can
also be derived as a product Krylov process. Such a process would satisfy an equation
analogous to (9.10.3), which in this case would have the form

[H M k Vk:|=|: k Vk][Dk k}+[”"“]ﬁke§k. (9.10.10)
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We use the symbols Dy and Tj here, because they will turn out to have the same form as
the Dy and T; from Sections 9.7, 9.8 and 9.9. However, all we know at this point is that
Dy is upper triangular and 7}, is upper Hessenberg. Equation (9.10.10) can be written more
compactly as

HU, = V. Dy, HV, = UT, + uk+1ﬂkekT (9.10.11)
or
T;
H[ U Vi |=[ U Vi ] [ D k ] TR AR (9.10.12)
We can preserve Hamiltonian structure by building vectors u, ..., u; and vy, ...v; that are

columns of a symplectic matrix. If we rewrite the second equation of (9.10.11) in the style
HVk = Uk+l Tk-&-l,k, we have

H*Up = U1 Tiv1 4D and  H?*Vi = Vi1 Dyt Tt

s0 R(Uy) = Ky(H?, uy) and R(Vi) = Kx(H?, v1). Thus we have isotropy (Ul JU; = 0
and V;' JV, = 0) automatically by Proposition 9.7.2. The one other property we need is

Uulivi =1, (9.10.13)

Equating jth columns in (9.10.11), we have

J j+1
Hl/tj :Zvid,j, HUjZZM[[,'j, (9.10.14)
i=1 i=1
which give the recurrences
J
Ujriljyl,j =ij—ZMl‘tij, (9.10.15)
i=1
J
vj+ldj+l,j+l = HI/lj_H - Z vidi,j+l~ (91016)

i=1
It is not hard to show that the coefficients #;; and d; ;1| can be chosen in such a way that
(9.10.13) holds. Moreover, it can be done in such a way that d;; = £1 for all j (assuming
no breakdowns).
Once we have achieved this, the symplectic structure of [ U Vi ] in (9.10.12) can
be used to prove that the small matrix

o "

must be Hamiltonian. Therefore D; and T} are symmetric, D; is diagonal (and even a
signature matrix), and 7} is tridiagonal. Almost all of the coefficients in (9.10.15) and
(9.10.16) are zero, and the process that we have derived is exactly the Hamiltonian Lanczos
process of § 9.8. The details are left as an exercise.
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9.11 Block Krylov Processes

Krylov processes can have difficulties with matrices that have multiple eigenvalues. For
example, consider a Hermitian matrix A € C"*" whose largest eigenvalue A; has multi-
plicity greater than one. If we run the symmetric Lanczos process on A, our approximate
eigenvalues are taken from a symmetric properly tridiagonal matrix 7}, which cannot have
multiple eigenvalues (Exercise 9.11.2). Therefore we must find and lock out one eigen-
vector associated with A before we can even begin to search for the rest of the eigenspace
associated with A;. In fact, in exact arithmetic we will never find the rest of the eigenspace
(Exercise 9.11.3), so we are dependent on roundoff errors to help us find it. Clearly there is
a danger of overlooking some wanted eigenvectors, particularly if the multiplicity is high.

A remedy for this problem is to use a block Krylov process. We will illustrate by
discussing the block Arnoldi process. Throughout this book the lower-case symbol u has
always stood for a vector. If we wanted to refer to a matrix with several columns, we always
used an upper-case letter. In this section we will violate that convention in the interest of
avoiding a notational conflict. Our block Arnoldi process begins with a u; that is not a
vector but a matrix with b columns, where b is the block size. We can take the columns
to be orthonormal; for example, we can get u; by picking an n x b matrix at random and
orthonomalizing its columns by a Q R decomposition.

After j — 1 steps we will have uy, ..., u;, each consisting of b orthonormal columns
such that the jb columns of ui, ..., u; taken together form an orthonormal set. We now
describe the jth step. In analogy with (9.4.1) we define coefficients £;; by

hij =uiAuj, i=1,...,]. (9.11.1)

Each h;; isnow a b x b matrix. In analogy with (9.4.2) we define

J
il\j+1 = Al/tj — Zu,’hij, (9112)
i=1

where % is a matrix with b columns. We cannot expect that the columns of %4 will
be orthogonal, but it is easy to show that they are orthogonal to all of the columns of
ui, ..., u;. In practice one would do this orthonormalization step twice, as illustrated in
Algorithm 9.4.7. The process of normalizing u; 1 is more complicated than what is shown
in (9.4.3) and (9.4.4) but hardly difficult. Instead of taking the norm and dividing, we do a
condensed Q R decomposition:

ﬁjJrl :uj+1hj+1,j. (9113)

Here u ;41 is n x b with orthonormal columns, and %, ; is b x b and upper triangular.
This completes the description of a block Arnoldi step.

Algorithm 9.4.7 serves as a description of the block Arnoldi process, except that the
normalization step has to be changed to (9.11.3). Equations like

AUy = UgHy + w1 hisr ef

continue to hold if we reinterpret ¢, to be the last b columns of the kb x kb identity matrix.
Hy is now a block upper Hessenberg matrix. Since the subdiagonal blocks 4, ; are upper
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triangular, it is in fact b-Hessenberg (Everything below the bth subdiagonal is zero). Since
H; is not Hessenberg in the scalar sense, it can have multiple eigenvalues, and eigenvalues
of A with geometric multiplicity as large as b can be found and extracted together. Implicit
restarts can be done in much the same way as they are for the scalar case.

We have described a block Arnoldi process. Other block Krylov processes can be
developed in the same way.

Exercises
Exercise 9.11.1. The matrix generated by the MATLAB command
A = delsg(numgrid(’s’,40),

adiscrete negative Laplacian on a square, has numerous repeated eigenvalues. Download the

block symmetric Lanczos code blocklan.m from the website. Use it to compute a few of

the smallest eigenvalues of A by the block Lanczos process applied to A~!. Try block sizes

1, 2, and 3. Notice that with block sizes 2 and greater, all of the small repeated eigenvalues

are found, while with block size 1, some of the repeated eigenvalues are overlooked.
Exercise 9.11.2. Let H € C*** be a properly upper Hessenberg matrix.

(a) Show that for any u € C, H — I has rank at least k — 1.

(b) Show that every eigenvalue of H has geometric multiplicity 1. Deduce that H has
one Jordan block associated with each eigenvalue.

(c) Now suppose H is also Hermitian, hence tridiagonal. Show that each eigenvalue has
algebraic multiplicity 1. Therefore H has k distinct eigenvalues.

Exercise 9.11.3. Let A € C"™" be a semisimple matrix with j distinct eigenvalues
Al, ..., Aj, where j < n. Let §; denote the eigenspace associated with A;,i =1, ..., j.

(a) Show that each x € C" can be expressed uniquely as
xX=q1+q+--+gqj,
where ¢q; € S;,i =1, ..., .

(b) Show that every Krylov space C; (A, x) satisfies
Ki(A,x) C span{qi.....q;}.

Therefore any Krylov process starting with x sees only multiples of ¢; from the
eigenspace S;. If ; is a multiple eigenvalue, the complete eigenspace will never be
found (in exact arithmetic).

(c) Show that this problem is not alleviated by implicit restarts.

Exercise 9.11.4. Think about how the results of Exercise 9.11.3 might be extended
to defective matrices.

Exercise 9.11.5. Consider the block Arnoldi process applied to a matrix A € R*"*?"
that is both skew symmetric (A7 = —A) and Hamiltonian ((JA)" = JA).
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(a) What simplifications occur in (9.11.2) due to the fact that A is skew symmetric?

0 1

(b) ShowthatJA:AJ,whereJ:[ 7 0

i|, as always.

(c) Now take block size b = 2 and consider the block Arnoldi process with starting

vectors u; = [ q —Jqi ], where q; € R* is a starting vector chosen so that
llg1 || = 1. Show that the columns of u; are orthonormal.
(d) Consider the first step 4, = Au; — uhy,. Show that by = |: O? _08 :|, where
1
o) = q{ JAq). Letting 1, = [ g v ], determine formulas for ¢> and v, and show
that v = —Jqp.
(e) In the QR decomposition i1 = ushy;, show that

u=[q -Jg ] and h21=[%] gl]

where 8 = |12 || and q» = G2/ 1.
(f) Using the equations
Witthjrr,j =ujp1 = Auj—ujhj; —ujhjy j,

prove by inductionon j thatw; =[ g, —Jq; |u;=[q; —Jq; ].

0 —oj i 0
hn:[aj Oj} anf) hf+1,j=—hj,j+1=[% ﬁj}

for all j, where o; = quJqu, B; = II1gj+1 |l, and the vectors ¢; are generated by
the recurrence

qj+1Bj = ﬁm =Aq;j+Jqjo; +qj-1Bj-1-

This is the Hamiltonian skew-symmetric Lanczos process.

(@ Let Q; = [ qi - q; ]and Q; = R(Q;). Show that Q; is isotropic. Show
that the 2n x 2j matrix U; = [ Q; —JQ; | is symplectic, in the sense that
UrIuU; = by,

(h) Show that
AQ;=Q,;Bj—JQ;A;+q;nBje]
where
0 -8 a; 0
B, = P 0 A and A; = 0

. =B L0
Bi-1 0 0 «;
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(i) Show that

B, —_A.
Al oy —710; ]=[0; —JQj][A‘; B"]+st

J

where
Ri=qjuiBil e 0]=Jgnpi[0 ¢ ]
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