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Boldface references indicate the pages that should be consulted first in cases where
there are several page references for a single entry. These are the pages that give the main
idea, or the definition, or the most important fact to be understood about the index entry.
If a reference appears alone, however, it is set in ordinary type, even if it is important.

2-scale relation, 60, 62, 146–149, 167,
193, 209, 256, 300√

2-subdivision, 137√
2-subdivision methods, 35, 137, 140√
3-subdivision method, 8, 33–38, 153–

158, 161–162, 186
affine invariance, 156
compare 4-8 subdivision, 159

4-8 subdivision method, 33, 35–38,
136–140, 187, 196

compare
√

3-subdivision, 159
4pt× 4pt method, 33, 151, 164, 277

adaptive subdivision, 7, 140, 162, 282,
284, 325

affine combinations, 39
affine invariance, 28, 33, 39, 118, 156,

161, 183, 187, 282, 331, 332
(see also other entries under
particular methods)

equivalence to invariance under
translation, 39

equivalent conditions on subdivi-
sion polynomial, 172–173

necessary for convergence, 193
analysis (multiresolution editing),

299–303
approximating method, 36–37

interpolation using, 294–297
quasi-interpolation method, 267

Arbitrary-degree method, 28, 32
atlas, 174, 178, 186, 332

attributes, 6, 28, 32
averaging, xviii, 24–26, 121, 299

B-spline
dual and semidual grids, 122
interpretation of subdivision-

polynomial factors, 123
precision, 274–275, 285
special case of box spline,

100–102, 117
tensor-product uniform, 2–3, 22,

51, 74, 90–91
univariate uniform, 55–58,

80–90
B-spline methods, 33, 58–80
basic block (4-8 subdivision), 137
basic method, 8, 22, 33
basis function, 2, 51, 55, 85–86

centered, 3, 22, 42–43, 51–52,
55–58, 116–117, 147, 330

pretabulated, 280
recursion formulas for, 58–63, 116

Bernstein form, 5
Bézier curves and surfaces, 5, 111
binomial theorem, 270, 329
Biquartic subdivision, 24
bisection, 148, 157, 173
bisection substep (4-8 subdivision),

137–139
Boolean operations, 304
boundary, 11

subdivision rules for, 288–297
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boundary edge, see exterior edge
boundary vertex, 290, 297

also, see exterior vertex
bounding envelope, 280–283
box spline, 3, 5, 7, 14, 38, 93–143

convergence, 197
precision, 274–275

box-spline methods, 33, 116–122
Butterfly method, 33, 35, 151–153,

162, 328
10-point stencil version, 153
convergence, 214
smoothness, 217

Catmull–Clark method, 5, 14, 22,
28–31, 33, 48

affine invariance, 39–40
convergence (nonregular case),

223–234
general characteristics, 36–38
sharp edges and corners, 290–292,

308
folding (edge rules), 292

subdivision matrix, 44–45, 225
summary of equivalent formula-

tions, 307–309
surface patch, 79–80, 236

centre of coefficient grid, 116
centroid

in
√

3-subdivision method, 155,
160–161

in 4-8 subdivision method, 139,
160

in Catmull–Clark method, 30
in Doo–Sabin method, 296
in Kobbelt method, 166
in LR(2× 2) method, 23–25
in Repeated Averaging method,

25
Chaikin’s algorithm, 1, 5, 46

modified to produce fractals, 50
relation to Doo–Sabin method, 329
relation to LR methods, 70, 92
smoothing semisharp edges, 292

characteristic map, 243, 244–245, 252,
333

chart, 174, 178–181, 186, 224, 332
classification of subdivision methods,

33
classification theorem for compact sur-

faces, 15
coefficient grid, 94, 147

also, see grid
colour, 6, 15, 28, 32
Combined subdivision, 304
compact support, 35, 168, 183, 190,

195, 269, 322, 329
complex conjugation, 248
compression of meshes, 298
computation time/operation

counts, 6
connected sum, 326
connectivity, see subdivision connec-

tivity
constant subdivision, 70, 76, 123, 136,

142
precision, 285

continuity
curvature, 244
geometric, 244
of box splines, 111–112
parametric, 37, 111
possibility of singularity, 82
tangent-plane, 224, 234–239

control point, 2–4, 9–10, 14–16, 22
defining Generalized-spline

surface, 181–183
in definition of convergence, 182,

193
modification for interpolation,

296–297
recursion formula for,

for B-spline curves, 63–65
for box-spline surfaces, 117–122
for general-subdivision-

polynomial curves and
surfaces, 146–148

use in stencils, 248–256
convergence, 39, 189–214

locally uniform, 182, 224
necessary conditions, 193
nonregular case, 223–234, 243
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of box-spline methods, 197
linear, 198–202
quadratic, 202–206

of General-subdivision-polynomial
methods

Butterfly method, 214
four-point method, 213
limit on rate of convergence,

206–207
sufficient conditions, 207–212

product theorem, 195, 320–323
uniform, 193, 195, 210

convex hull, 39, 94, 98, 170–172
convolution, 5, 54–55, 55–58, 97–98,

166–169, 187
discrete convolution, 53, 65, 321
increasing precision by, 278

convolution theorem, 168, 314, 316
coordinate system on surface, local,

302
corner cutting, 46
corners, 287

concave, 293, 305
convex, 293

countably infinite domain, 40
crease edge, see edge
crease, soft, see soft crease
criteria for subdivision methods, 5
curve defined by spline, 55

recursion formulas for, 59, 63–65

darts, 287
de Boor method, see exact values
de Casteljau algorithm, 5
definite, positive or negative, 206
deformation lattice, 326
degree (also see order)

generation degree, 267
of tensor-product B-spline, 22,

100–101
reproduction degree, 37, 267

delta function, 166
Fourier transform of, 311–313

derivative
of a curve, 81–82

of box-spline nodal function,
259–260

of tensor-product B-spline, 90–91
detail vectors, 299–303
difference operator

backward, 197, 215
central, 238

Dirac polygon, 331
direct sum, 15, 326
Doo–Sabin method, 5, 14, 22, 26, 33

affine invariance, 39–40
boundary rules, 295–297
Catmull–Clark variant of, 48
general characteristics, 36–37
subdivision matrix, 296, 304

dQ4, see splitting schema, dQ4 schema
Dual, 24, 31, 49
dual graph, 326
dual mesh, see mesh
dual method, 4, 6, 16–20, 38
dyadic numbers, 41

edge, 10, 178–186
crease, sharp, boundary, tagged,

287–297, 334
exterior, see exterior edge
interior, see interior edge
semisharp, 292, 305

edge point (new, old), 30, 44, 151
eigenbasis functions, 333
eigenvector, generalized, see general-

ized eigenvector
estimation of surfaces, 8

bounding envelope, 280–283
Euler–Poincaré formula, 48, 326
evaluation of surfaces, 8

nonregular case, 248–251, 296
regular case, 255–257

exact values, 44, 86–90
nonregular case, 248–251
regular case, 255–257
LR(3× 3) method, 257
parametric evaluation (de Boor

method), 88, 260–263
parametric evaluation (Stam’s

method), 263–266
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exterior edge, 11, 178
in 4-8 subdivision, 137

exterior vertex, 11, 178
extraordinary face/vertex, 16–19

isolation of, 26

face, 10, 178–186
extraordinary, see extraordinary

face/vertex
ordinary, see ordinary face/vertex

face point (new, old), 27, 30, 44, 164
fairness, 295, 304
fitting, see surface fitting
flatness, 284, 293–294
folding, 293, 305
four-direction box splines, 33, 35,

104–106
four-point method, 35–36, 149, 169

generalized, 150, 213, 216–217
precision, 277

four-point method: tensor product with
itself, see 4pt× 4pt method

Fourier series
discrete fourier series, 227, 314
for periodic functions, 314

Fourier transform, 310–313
analysis of box splines, 315–320
general analysis of nodal functions,

166–170, 187
fractal-like objects, 40, 45–47
fundamental solution, 325

general position, 82
General-subdivision-polynomial method,

33, 149–166
convergence, 207–214

generalized eigenvector, 248, 333–334
generalized polynomial, 53–55
generalized splines, 35, 181–186
Generalized-spline subdivision method,

8, 33, 35–36, 182
generating function, 52–53, 65, 146,

191–193, 278, 321
generation degree, see degree
geometric information, 9

graphics cards, 7, 284, 325
grid, 2–3, 8, 22–24, 26, 32, 41, 70–72,

76, 91, 136
dual, 38, 68, 76
grid point, 2, 10
grid-size h, resolution, 2, 40,

56–57, 67, 94
indexing, 10, 66, 78
primal, 38, 68, 76
quadrilateral/rectangular, 2–3,

22–26, 34
refined, 58–63, 66, 68, 76, 120
semidual, 38, 121–122
triangular, 22, 34, 124

hat function, 57
Hessian, 206–207
hybrid subdivision, 40, 292
hyper-rectangle (box), 34

in-place computation, 7, 21, 30–31
interior edge, 11, 178

in 4-8 subdivision, 137
interior vertex, 11, 178
interpolating method, 36–37, 206

quasi-interpolation method,
37, 267

interpolation by approximating
method

Catmull–Clark method, 294–295
Doo–Sabin method, 296–297

irregular face, 327
irregular vertex, 327

Jacobi manner, 21, 28, 30, 49,
73, 327

jump discontinuity, 58, 81–82, 197,
202

k-ring, 43, 49, 220, 224
Klein bottle, 326, 327
knot insertion, 3, 51
Kobbelt method, 8, 33, 35–37,

163–166
precision, 277, 285
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Lane–Riesenfeld, LR(d), LR(d × d),
5, 14, 22–26, 33, 51, 67–71,
75–79

lattice, see deformation lattice
lazy evaluation, 303
level-of-detail display, 298
linear function space, 85–86, 299
linear independence, 59, 84–85,

126–130, 142
linear subdivision, 23–25, 36, 46, 70,

76–77, 123
LinSubd, 24
local influence, 22, 24, 41–43
locally planar, 11–15, 16, 24, 34, 38,

47–48, 134, 140, 161
associated manifold, 173–182
compare regular planar grid, 26
local refinement of, 43–44
non-locally-planar examples, 326
transformation to triangulated quadri-

lateral mesh, 137
logical information, 9, 326
Loop method, 5, 22, 32, 33, 45

affine invariance, 39–40
bounding envelope, 280–283
extension to higher orders, 37,

131–133, 142–143
general characteristics, 35–37
nonsmooth vertices, 289
precision, 285
sharp edges, 288–290, 292
subdivision matrix, 49
surface patch, 106–111

LSS variant, LSS Odd, LSS Even, 31, 49

manifold (two-dimensional parametric
domain), 173–181, 224, 237,
280–282

oriented, 184
Peters–Reif version, 184

mask, 7, 78
distinguished from stencil, 7, 21
evaluation mask (in this book

called a stencil), 333
subdivision mask, 66, 133, 140,

152, 156

tangent mask (in this book called
a stencil), 333

memory utilisation, 6–7, 38
mesh, 3–4, 8–15

dual, 12–14, 19–20, 26, 48
finite, 3, 24, 40
hexagonal, 19, 38, 103, 155, 327
infinite, 3, 40
logical, 8–11
one-dimensional, 14, 41
polyhedral, 3, 8–10, 15
primal, 14, 19–20, 48
quadrilateral, 4, 10, 16, 20,

22–25, 31, 34–38, 44, 48
refined, 9, 19, 120–121
regular, 8, 16, 20, 24–26, 48, 124,

136–137, 151–161, 327
semiregular, 301
triangular, 4, 10, 16, 32, 34,

37–38, 48
triangulated quadrilateral,

137–140
with/without boundary, 11, 15,

48
mesh decimation, 303
Midedge method, 33, 36–37, 134–136,

196
precision, 275

Minkowski sum, 170
Modified Butterfly method, 8, 33,

35–37, 162, 328
affine invariance, 163

multiplication property, 53, 329
multiresolution editing

mesh-decimation approach, 303
reconstruction in, 299
smoothing approach, 301–303
wavelet decomposition, 298–301

new vertex (Catmull–Clark method),
44

nodal function, 2, 35, 51, 325
B-spline basis function, 55–63
box-spline nodal function, 94–95,

97–111
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for general subdivision polynomial,
146

for Generalized spline, 181
support of, 57–58, 158, 170–172

Nodal-Function Computation princi-
ple, 71–73, 78, 122–123, 150,
170, 181, 248

nonmanifold objects, 304
nonmanifold subdivision, 326
Non-Uniform Rational B-Splines

(NURBS), 1–4, 51, 329
normal control, 293–297, 304–305

oblique coordinate system, 124, 156
old vertex (Catmull–Clark method),

44
order (= degree+1) of B-spline, 22
order (total order) of box spline, 37,

95, 101
ordinary face/vertex, 16
Oslo algorithms, 3

Parseval’s formula, 310–314
partition of unity, 83–84, 91, 126–127,

183, 269–271
periodic

discrete sequence, 227
Fourier series, 312
function, 270–271, 314

persistent naming problem, 6,
28, 32

piecewise polynomial, 35, 107–111,
331

particular methods producing, 67,
103, 105, 106

Polynomial Coefficient principle,
71–74, 78, 123, 148, 170

for
√

3-subdivision method, 155
for 4-8 subdivision method, 139
for Butterfly method, 152
for Loop subdivision method, 126,

142
for LR(3) method, 73
for LR(d× d) method, 142

polynomiality, domain of, 106–111
nonpolynomial methods, 45, 186

power method, 332
pQ4, see splitting schema, pQ4 schema
precision classes, 37, 267

for box splines, including
B-splines, 274–275

for General-subdivision-
polynomial methods,
276–280

primal method, 4, 7, 16–18, 38
progressive transmission, 298
pT4, see splitting schema, pT4 schema
pulse function, 55–57
pushing points to the limit, 247–251,

284

quadrilateral face, 10, 18, 21, 25, 30
quadrilateral mesh, see mesh, quadri-

lateral
quartic box spline, see three-direction

quartic box spline
Quasi 4-8 subdivision method, 5, 35,

137, 328
quasi-interpolation methods, 37, 267

rational subdivision surfaces, 329
regular crease vertex, see vertex
regular mesh, see mesh
regular part of mesh, 16, 26
regular tiling, see tiling
remeshing, 303
Repeated Averaging method, 24–32,

33, 36, 37, 48, 307–308
reproduction degree, see degree
rotations

invariance with respect to, 39
round of subdivision, 9

scalar function defined by spline, 55
sector, 293
sharp features, 287
shift-invariant methods, 149
shifting operator, see translation

operator
single sheeted surface, 222, 235, 239–

244
singularity, 82
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slerp (spherical linear interpolation),
328

Smooth, 31, 49
smoothing rule, 16, 21, 28–31, 48–49,

77, 155
smoothness

fractal-like objects, 45
nonregular case, 234–239, 243
of box-spline methods, 111–112
of General-subdivision-polynomial

methods, 215–219
of Butterfly method, 217
of four-point method, 216

possibility of singularity, 82
soft crease, 292, 305
solid modelling, 5, 9, 47, 50, 51, 326
spectral analysis, 189, 224–232,

243–244, 333
sphere, 7, 15, 26
splitting schema, 17√

3 schema, 153, 161
dQ4 schema, 18, 26
pQ4 schema, 18, 26, 184
pT4 schema, 17, 154

Stam’s method, see exact values
stationary, 9, 35, 40, 44, 328
stencil, 7, 20–21, 45

Catmull–Clark method
case of tagged vertices, 290
evaluation, 250–251
tangent, 253–254

Doo–Sabin method
evaluation, 296
tangent, 304

Loop method
case of nonsmooth vertices, 289
case of sharp edges, 289
evaluation and tangent, 255

tangent stencils in multiresolution,
302

subdivision connectivity, 301–303
subdivision equation, 65, 121, 148
subdivision mask, see mask
subdivision matrix, 38

global, 38, 41, 49, 59, 150, 186,
298–303

local, 38, 41–44, 220
eigenvalues, 226
spectral analysis of Sk, 224–232
spectral properties of S1

(summary), 229
spectral properties of S2, 231
spectral properties of S3, 232

subdivision polynomial, 62, 66
for box spline, 112–117
general, 146
interpretation of factors, 123–124
refined, 197, 206, 320

support of a function, 329
of nodal function, 57–58, 96,

170–172
surface fitting, 295, 304
surface of revolution, 328, 329
synthesis (multiresolution editing),

299–303

tangent vectors, evaluation of, 44, 81,
90

nonregular case, 251–255
regular case, 259–260

tangent-plane continuity,
see continuity

tension parameter, 150, 153
tensor product

4pt× 4pt method, 35, 151
B-spline surfaces, 74–80

texture, 6, 15, 28, 174, 186
three-direction quartic box spline, 33,

34, 103, 205
tiling, 16, 38

Laves, 16
regular, 16, 327

topological degree, 240
topological information, 9, 326
torus, 7, 15, 26
translation operator, 53–54
translations

invariance with respect to,
39, 172

triangulated quadrilateral mesh,
see mesh

trisection, 148, 155, 157, 173
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two-position shift, 62–63
two-scale relation, see 2-scale relation

unique representation, 86
unit-impulse function, 71, 122, 148,

331
upsampling, 69, 121, 329

valence, 16
variant method, 8, 22, 33, 35
variational design, 304
vertex, 10, 178–186

exterior, see exterior vertex
extraordinary, see extraordinary

face/vertex
interior, see interior vertex
ordinary, see ordinary face/vertex
smooth, dart, crease, corner, 291

wavelet, 47, 298
winding number, 240

Zwart–Powell element, 105, 196, 260,
275


