
Preface

Understanding the Earth’s climate system and predicting its behavior under a range
of “what if” scenarios are among the greatest challenges for science today. The stakes are
high, and decision makers have more questions than science can answer.

The year 2013 is devoted to “Mathematics of Planet Earth” (MPE2013). This book
is part of the effort to realize one of the goals of MPE2013, “to encourage research in
identifying and solving fundamental questions about planet Earth” [69]. Mathematics
has an important role to play; controlled physical experiments are out of the question,
and the only way we can study Earth’s climate system is through mathematical models,
computational experiments, and data analysis.

The purpose of this book is to introduce students to mathematically interesting topics
from climate science. The book grew out of a course on Mathematics and Climate for first-
year Master’s level students in the Mathematics and Statistics Department of Georgetown
University. Likewise, our target audience for the book consists of advanced undergradu-
ate students and beginning graduate students in mathematics.

Students today appear to be well attuned to the need for scientific arguments in the
debate about climate and climate change, probably because their lives will be influenced
directly by the uncontrolled experiments that have been going on since the early days of
industrialization. The course was designed to respond to this interest. It differed from
a general introduction to applied mathematics; instead of a course where the emphasis is
on common techniques that can be used in many application areas, the emphasis here was
on mathematical and statistical techniques in the context of climate.

In writing this book, we have tried to make the discussion of climate issues under-
standable to readers coming from fields other than geophysics. We assume that the stu-
dent reader is familiar with calculus, linear algebra, ordinary differential equations, and
statistics, and is comfortable with mathematical models of natural phenomena.

While the mathematical and statistical material mostly comes from standard courses
in applied mathematics and multivariate statistics, many of the applications in climate
science were found in original research papers from the past decades. Throughout, we
emphasize the use of conceptual models—mathematical descriptions that retain only some
essential aspects of the climate system. Through inspired model reduction and sometimes
just clever guessing, it is often possible to come up with such models that are still capable
of reproducing faithfully quite complex phenomena. They often lead to new scientific
questions and have at times given rise to new terms and concepts in climate science. We
also discuss some statistical topics in depth. This is ordinarily not done in a course in
applied mathematics but is essential in climate science, which has been revolutionized by
enhanced capabilities for data collection and data analysis.

The book consists of twenty chapters and three appendices. Every chapter concludes
with a set of exercises. Some exercises serve to work out details, others serve to extend the
theory presented in the text, and some exercises are meant to stimulate critical thinking
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and discussion in class. Also, in some exercises students are asked to explain technical
results in simple terms, to emphasize the importance of good communication skills in
the public arena.

Although the book touches on many aspects of the Earth’s climate system, it is not
meant to give a general introduction to climate science, and we certainly do not claim
that it will take the reader to the frontiers of climate science research. But students who
are looking for an exciting area of applied mathematics or statistics may find that climate
offers ample opportunities for applications that are relevant well beyond the classroom.

The introductory Chapter 1 addresses some general questions. What is climate? What
do we mean by climate change? Is it possible to construct a model of Earth’s climate
system? What would such a model look like? What are the challenges, both mathematical
and statistical? What can we learn from data?

Chapter 2 introduces the concept of a global energy balance model—a conceptual
model of the state of the climate system formulated in terms of a single variable, namely
the global mean surface temperature. The current climate corresponds to an equilibrium
state, but the model also points to the possibility of other equilibrium states. Here the
concept of a dynamical system and the phenomenon of bifurcation make their first ap-
pearance.

Chapter 3 is concerned with the Earth’s oceans. Ocean circulation is driven by tem-
perature and salinity differences, and a simple way to study it at the conceptual level is
through box models. Box models give rise to low-dimensional dynamical systems. We
discuss a very simple one-dimensional model and demonstrate the phenomenon of bifur-
cation and hysteresis.

Conceptual models of the climate system most often involve systems of ordinary dif-
ferential equations. Dynamical systems theory provides a framework for the study of
the qualitative behavior of their solutions. In Chapter 4 we therefore introduce the basic
elements of this theory.

In a mathematical model, forcing scenarios are realized by changing parameter values.
In many instances, the interest is on critical parameter values where the qualitative behav-
ior of the solution changes. Such phenomena fall under the rubric of bifurcation theory,
which is introduced in Chapter 5.

The next two chapters are devoted to applications of the theory of dynamical systems
and bifurcations. Chapter 6 continues the discussion of box models describing ocean cir-
culation, with a focus on the two-box model first introduced by Stommel. This model
gives rise to a two-dimensional dynamical system, as well as some interesting bifurcation
phenomena. Chapter 7 discusses the famous Lorenz model, introduced in 1963 as a cari-
cature of the Earth’s atmosphere, and the notion of chaotic dynamics.

Chapter 8 shifts attention toward statistics. The chapter describes some of the specific
challenges for statistics that arise in climate science and introduces basic terminology.

Chapter 9 presents regression analysis—the statistical technique for estimating func-
tional relationships between observed variables and some of its applications in climate
science.

The best known indicator of anthropogenic effects on the composition of the Earth’s
atmosphere is the Keeling curve—a record of CO2 data collected since 1958 on the Mauna
Loa Volcano in Hawaii Island. Chapter 10 describes the statistical techniques that are used
to obtain and analyze this curve.

The following Chapter 11 is devoted to the Fourier transform as a tool to extract
information from time series. We introduce the fast Fourier transform (FFT), which is
an indispensable tool in many areas of science. We illustrate its use in climate science with
applications in paleoclimatology—the study of climate in prehistoric times. A theory due
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to Milankovitch suggests that past glacial cycles are correlated to cyclical changes in the
amount of solar energy reaching the Earth from the Sun. We show how Fourier analysis
is used to test this theory.

In Chapter 12, we generalize the theory of Chapter 2 to the case of a climate system
where the mean temperature varies with latitude and thermal energy is exchanged among
latitudes by diffusion. The resulting zonal energy balance model gives rise to a partial dif-
ferential equation. We use it to introduce the concept of a spectral method, which allows
us to reduce the partial differential equation to an infinite set of ordinary differential equa-
tions. With a proper choice of the parameter values, the model reproduces the current
climate with ice caps near the North and South Pole surprisingly well.

The short Chapter 13 discusses some general characteristics of the Earth’s atmosphere
and serves as an introduction to Chapter 14, which deals with the fundamental equations
of hydrodynamics—the continuity equation and Navier–Stokes equation. These are par-
tial differential equations for the density and velocity, respectively, which are at the core of
every general circulation model (GCM). They are often approximated by the shallow wa-
ter equations and the Boussinesq approximation, which we also introduce in this chapter.

Chapter 15 discusses climate models as abstract infinite-dimensional dynamical sys-
tems. An abstract climate model is reduced to a finite-dimensional dynamical system by
a dimension-reduction and truncation procedure. We illustrate this approach by deriving
the Lorenz equations from the system of partial differential equations for fluid motion
and heat conduction between horizontal planes, which is itself a highly simplified model
of the atmosphere.

Chapter 16 is devoted to El Niño–Southern Oscillation (ENSO), one of the funda-
mental drivers of the planetary climate system. We present two conceptual models of
ENSO, a harmonic recharge-oscillator model and a nonlinear delayed-oscillator model.
The latter is formulated as a delay differential equation, and we introduce some basic the-
ory for such equations.

The next two chapters address the cryosphere and the biosphere. In Chapter 17, we
pay particular attention to sea ice, where we find an application for scaling laws. In Chap-
ter 18, the focus is on the biogeochemistry of the carbon cycle and on the phenomenon
of algal blooms. Algal blooms are described by a variant of the nutrient–phytoplankton–
zooplankton (NPZ) model, coupled with an equation for vertical diffusion. The model
involves nonlocal dynamics and gives rise to interesting bifurcation phenomena.

In the final two chapters we return to the domain of statistics. Chapter 19 is devoted
to the statistics of extreme events. Extreme weather events capture the attention of the
public and can have huge societal impacts. The last Chapter 20 is concerned with data as-
similation, a technique to incorporate observational data into a mathematical model. This
technique is finding increasing uses in climate science. We present a Bayesian approach,
including ensemble filtering techniques.

Three appendices contain auxiliary material: a list of units and symbols, a glossary of
common terms, and several MATLAB® programs. An extensive bibliography and index
are included at the end. A website for this book may be accessed at http://www.siam.
org/books/ot131.

Resources
The following texts are recommended for background reading:

1. R. T. PIERREHUMBERT, Principles of Planetary Climate, Cambridge University
Press, Cambridge, UK, and New York, NY, USA, 2010.

http://www.siam.org/books/ot131
http://www.siam.org/books/ot131
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2. F. W. TAYLOR, Elementary Climate Physics, Oxford University Press, New York,
NY, USA, 2005.

3. D. ARCHER AND R. PIERREHUMBERT, EDS., The Warming Papers: The Scientific
Foundation for the Climate Change Forecast, Wiley, Chichester, UK, 2011.

Several data repositories are accessible through the Web:

1. U.S. National Oceanic and Atmospheric Administration (NOAA), National Cli-
matic Data Center (NCDC), Climate Data Online, http://www.ncdc.noaa.gov/
cdo-web/

2. National Snow and Ice Data Center (NSIDC): data on snow, ice, cryosphere, and
climate. http://nsidc.org/

3. National Center for Atmospheric Research (NCAR), Climate Data Guide, https://
climatedataguide.ucar.edu/
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