
Preface

This book grew out of the collaboration of the authors, which began in the Spring
of 2010, and the first author’s PhD dissertation. The second author developed much of
the theory in Part II during his Junior Research Fellowship at St. John’s College in Ox-
ford, applying it to the Painlevé II equation in the nonasymptotic regime. The authors,
together with Bernard Deconinck, then developed the methodology presented in Chap-
ter 8 for the Korteweg–de Vries (KdV) equation. The accuracy that is observed begged
for an explanation, leading to the framework in Chapter 7. Around the same time, the
approaches for the nonlinear Schrödinger (NLS) equations, the Painlevé II transcendents,
and the finite-genus solutions of the KdV equation were developed. These applications,
along with the original KdV methodology, make up Part III. Motivated by the difficulty in
finding a comprehensive, beginning graduate-level reference for Riemann–Hilbert prob-
lems (RH problems) that included the L2 theory of singular integrals, the first author
compiled much of Part I during his PhD studies at the University of Washington.

Central to the philosophy of this book is the question, What does it mean to “solve”
an equation? The most basic answer is to establish existence — the equation has at least
one solution — and uniqueness — the equation has one and only one solution. A more
concrete answer is that an equation is solved if its solution can be evaluated, typically by
approximation in a reliable and efficient way. This can be accomplished via asymptotics:
the solution to the equation is given by an approximation that improves with accuracy in
certain parameter regimes. Otherwise, the solution can be evaluated by numerics, a se-
quence of approximations that converge to the true solution. In the case of linear partial
differential equations (PDEs), standard solutions are given as integral representations ob-
tained via, say, Fourier series or Green’s functions. Integral representations are preferable
to the original PDE because they satisfy all the properties of a “solution” to the equation:

1. Existence and uniqueness generally follow directly from the well-understood integra-
tion theory.

2. Asymptotics are achievable via the method of stationary phase or the method of steepest
descent.

3. Numerics for integrals have a well-developed theory, and the integral representations
can be readily evaluated via quadrature.

In place of integral representations, fundamental integrable nonlinear ordinary differ-
ential equations (ODEs) and PDEs have an RH problem representation. RH problems
are boundary-value problems for piecewise (or sectionally) analytic functions in the com-
plex plane. Our goal is to solve these integrable nonlinear ODEs and PDEs by utilizing
their RH problem representations in a manner analogous to integral representations. In
some cases, we use RH problems to establish existence and uniqueness, as well as derive
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asymptotics. But most importantly, we want to be able to accurately evaluate the solu-
tions inside and outside of asymptotic regimes with a unified numerical approach.

The stringent requirements we put into our definition of a “solution” force all solu-
tions we find to be in a very particular category: nonlinear special functions. A special
function is shorthand for a mathematical function which arises in many physical, bio-
logical, or computational contexts or in a variety of mathematical settings. A nonlinear
special function is a special function arising from a fundamentally nonlinear setting. For
centuries, mathematicians have been studying special functions. An important feature
that separates special functions from other elementary functions is that they generically
take a transcendental1 form.

The catenary, discovered by Leibniz, Huygens, and Bernoulli in the 1600s, describes
the shape of a freely hanging rope in terms of the hyperbolic cousin of the cosine func-
tion. The study of special transcendental functions continued with the discovery of the
Airy and Bessel functions which share similar but more complicated series representa-
tions when compared to the hyperbolic cosine function. These series representations are
often derived using a differential equation that is satisfied by the given function. Such a
derivation succeeds in many cases when the differential equation is linear.

The 19th century was a golden age for special function theory. Techniques from the
field of complex analysis were invoked to study the so-called elliptic functions. These
functions are of a fundamentally nonlinear nature: elliptic functions are solutions of non-
linear differential equations. The early 20th century marked the work of Paul Painlevé
and his collaborators in identifying the so-called Painlevé transcendents. The Painlevé tran-
scendents are solutions of nonlinear differential equations that possess important prop-
erties in the complex plane. Independent of their mathematical properties, which are
described at length in [52], the Painlevé transcendents have found use in the asymptotic
study of water wave models [4, 32, 35] and in statistical mechanics and random matrix
theory [109, 120].

Through the study of RH problems, we discuss classical special functions (the Airy
function, elliptic functions, and the error function), canonical nonlinear special functions
(elliptic functions and the Painlevé II transcendents), and some noncanonical special func-
tions (solutions of integrable nonlinear PDEs) which we advocate for inclusion in the
pantheon of nonlinear special functions based on the structure we describe.

We now present the layout of the book to guide the reader. A comprehensive table of
notations is given after the Preface, and optional sections are marked with an asterisk.

• Part I contains an introduction to the applied theory of RH problems. Chapter 1
contains a survey of applications in which RH problems arise. Then Chapter 2
describes the classical development of the theory of Cauchy integrals of Hölder
continuous functions. This theory is used to explicitly solve many scalar RH prob-
lems. Lebesgue and Sobolev spaces are used to develop the theory of singular in-
tegral equations in order to deal with the matrix, or noncommutative, case. Some
of these results are new, while many others are compiled from a multitude of refer-
ences. Finally, the method of nonlinear steepest descent developed by P. Deift and
X. Zhou is reviewed in a simplified form in Chapter 3. On first reading, many of
the proofs in this part can be omitted.

• Part II contains a detailed development of the numerical methodology used to ap-
proximate the solutions of RH problems. While there is certainly some depen-
dence of Part II on Part I, for the more numerically inclined, it can be read mostly

1In this context, transcendental means that the function cannot be expressed as a finite number of algebraic
steps, including rational powers, applied to a variable or variables [63].
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independently because the dependencies are made clear. Many aspects of compu-
tational/numerical complex analysis are discussed in detail in Chapter 4, including
convergence of trigonometric, Laurent, and Chebyshev interpolation. The com-
putation of Cauchy transforms is treated in Chapter 5. This numerical approach to
Cauchy transforms is utilized in Chapter 6 to construct a collocation method for
solving RH problems numerically. Finally, a uniform approximation theory that
allows one to estimate the derivatives of solutions of RH problems is presented in
Chapter 7.

• Part III contains applications of the theory of Part II to specific integrable equa-
tions. Each of the chapters in Part III depends significantly on the material in Part
I, specifically Chapter 3, and on nearly all of Part II. Part III is written in a way
that is appropriate for a reader interested only in numerical results wishing to un-
derstand the scope and applications of the methodology. As mentioned above, the
applications are to the KdV equation (Chapter 8), the NLS equations (Chapter 9),
the Painlevé II transcendents (Chapter 10), the finite-genus solutions of the KdV
equation (Chapter 11), and the so-called dressing method (Chapter 12) applied to
both the KdV and NLS equations to nonlinearly superimpose rapidly decaying so-
lutions and periodic and quasi-periodic finite-genus solutions.

We would like to acknowledge the important contributions to this work of the first au-
thor’s PhD advisor, Bernard Deconinck. We would also like to acknowledge the encour-
agement and input of Deniz Bilman, Percy Deift, Ioana Dumitriu, Anne Greenbaum,
Randy LeVeque, Chris Lustri, Katie Oliveras, Bob O’Malley, Irina Nenciu, Ben Segal,
Natalie Sheils, Chris Swierczewski, Olga Trichtchenko, Vishal Vasan, Geoff Vasil and
Xin Yang.

Mathematica code for the applications discussed in Chapter 1 along with code for the
more elaborate examples in Part II can be found on the book’s website (www.siam.org/
books/ot146). We sincerely hope the reader finds this to be a valuable resource.

Thomas Trogdon and Sheehan Olver
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