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Explanatory Note. In what follows, a solution is given of Problem 71-25*, which
appeared in the Problems and Solutions section of SIAM Review, 13 (1971), p. 571. For the
reader’s convenience, the full statement of the problem is reproduced below.

Problem 71-25*, Balancing Chemical Equations, by MICHAEL JONES (University of Dal-
las).

Suppose that A and B are p x n and p X m matrices, respectively, with non-negative
entries. Give necessary and sufficient conditions such that the matrix-vector equation Ax =
By has positive solutions. If possible, find explicit expressions for & and y. This problem
had arisen in the attempt to formulate a general method of balancing chemical equations
(see R. Crocker, Application of Diophantine equations to problems in chemistry, J. Chem.
Educ., 45 (1968), pp. 731-733).

Solution of the Problem. Throughout, the set of m x n matrices over the reals will be
denoted by R™*™. A short solution of the above problem is given by the following theorem.

THEOREM. Let A € RP*" gnd B € RP*™. A g-inverse of A € RP*" is any matriz A~ such
that AA~ A = A. The linear matrix equation

(1) Ax = By

is consistent if and only if for some A™,

(2) Gy =0,
where
(3) G=(I-AA)B.

If this is the case, a representation of the general solution is

(4) y=I-G Gu
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and
(5) xr=A By+(I—-A A)v,
with arbitrary vectors uw € R™! and v € R™!,

Proof. Matrix equation (1) is consistent if and only if there exist vectors & € R™ ! and
y € R™*! such that

(6) Az — By = 0.

From (5) we have Ax = AA™ By, since A(I — A~ A) = 0. Thus, from (6) follows

(7) Ax — By = AA By — By = —Gvy,

in view of (3). On the other hand, from (4) it follows that

(8) Gy=G(I -G G)u=0,

in view of G = GG~ G. Then (1) follows from (8) and (7). O

Remark 1. By the above theorem, the long-standing problem of balancing chemical
equations in general form is solved.

Remark 2. The theorem proved here gives a completely new general method. 1t gener-
alizes all known results for balancing chemical equations cited chronologically in references
[1]-[125].
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