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Abstract

We present a new implementation of a widely used
swap-based local search procedure for the p-median
problem. It produces the same output as the best
implementation described in the literature and has the
same worst-case complexity, but, through the use of
extra memory, it can be signi�cantly faster in practice:
speedups of up to three orders of magnitude were
observed.

1 In tro duction

The p-median problem is de�ned asfollows. Given a set
F of m facilities, a set U of n users (or customers), a
distancefunction d : U � F ! R, and a constant p � m,
determine which p facilities to open so as to minimize
the sum of the distances from each user to the closest
open facilit y.

Being a well-known NP-complete problem [2], one
is often compelled to resort to heuristics to deal with it
in practice. Among the most widely used is the swap-
based local search proposed by Teitz and Bart [10].
It has been applied on its own [8, 13] and as a key
subroutine of more elaborate metaheuristics[3, 7, 9, 12].
The e�ciency of the local search procedureis of utmost
importance to the e�ectiv enessof these methods. In
this paper, we present a novel implementation of the
local search procedure and compare it with the best
alternativ e described in the literature, proposed by
Whitak er in [13]. In practice, we were able to obtain
signi�cant (often asymptotic) gains.

This paper is organizedas follows. In Section2, we
give a precisedescription of the local search procedure
and a trivial implementation. In Section 3, we describe
Whitak er's implementation. Our own implementation
is described in Section 4. Experimental evidenceto the
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e�ciency of our method is presented in Section5. Final
remarks are presented in Section 6.

Notation and assumptions. Before proceeding
with the algorithms themselves, let us establish some
notation. As already mentioned, F is the setof potential
facilities and U the setof usersthat must beserved. The
basic parametersof the problem are n = jUj, m = jF j,
and p, the number of facilities to open. Although
1 � p � m by de�nition, we will ignore trivial cases
and assumethat 1 < p < m and that p < n (if p � n,
we just open the facilit y that is closest to each user).
We assumenothing about the relationship between n
and m.

In this paper, u denotes a generic user, and f a
generic facilit y. The cost of serving u with f is d(u; f ),
the distance betweenthem. A solution S is any subset
of F with p elements (representing the open facilities).
Each user u must be assigned to the closest facilit y
f 2 S, the one that minimizes d(u; f ). This facilit y will
bedenotedby � 1(u); similarly, the secondclosestfacilit y
to u in S will bedenotedby � 2(u). To simplify notation,
we will abbreviate d(u; � 1(u)) as d1(u), and d(u; � 2(u))
as d2(u). We often deal speci�cally with a facilit y that
is a candidate for insertion; it will be referred to as f i

(by de�nition f i 62S); similarly, a candidate for removal
will be denoted by f r (f r 2 S, also by de�nition).

Throughout this paper, we assumethe distance or-
acle model, in which the distancebetweenany customer
and any facilit y can be found in O(1) time. This is the
caseif there is a distancematrix, or if facilities and users
are points on the plane, for instance. In this model, all
valuesof � 1 and � 2 for a givensolution S canbestraigh-
forwardly computed in O(pn) total time.

2 The Swap-based Lo cal Search

Intro ducedby Teitz and Bart in [10], the standard local
search procedure for the p-median problem is based
on swapping facilities. For each facilit y f i 62S, the
procedure determines which facilit y f r 2 S (if any)
would improve the solution the most if f i and f r were
interchanged (i.e., if f i were inserted and f r removed
from the solution). If onesuch \impro ving" swap exists,
it is performed, and the procedureis repeated from the



new solution. Otherwise we stop, having reached a local
minimum (or local optimum). Our main concernhereis
the time it takesto run each iteration of the algorithm:
given a solution S, how fast can we �nd a neighbor S0?

It is not hard to come up with an O(pmn) imple-
mentation for this procedure. First, in O(pn) time, de-
termine the closestand secondclosestfacilities for each
user. Then, for each candidate pair (f i ; f r ), determine
the pro�t that would be obtained by replacing f r with
f i , using the following expression(recall that d1(u) and
d2(u) represent distancesfrom u to the closestand sec-
ond closestfacilities, respectively):

pro�t (f i ; f r ) =
X

u:� 1 (u )6= f r

maxf 0; [d1(u) � d(u; f i )]g

�
X

u:� 1 (u )= f r

(minf d2(u); d(u; f i )g � d1(u)) :

The �rst summation accounts for users whose closest
facilit y is not f r ; these will be reassignedto f i only
if that is pro�table. The secondsummation refers to
usersoriginally assignedto f r , which will be reassigned
either to their original secondclosestfacilities or to f i ,
whichever is more advantageous. The entire expression
can be computed in O(n) time for each pair of facilities.
Since there are p(m � p) = O(pm) pairs to test, the
whole proceduretakesO(pmn) time per iteration.

There are several papers in the literature that
use this implementation, or avoid using the swap-
basedlocal search altogether, mentioning its intolerable
running time [7, 9, 12]. All thesemethods would greatly
bene�t from Whitak er's implementation (or from ours,
for that matter), described in the next section.

3 Whitak er's Implemen tation

In [13], Whitak er describesthe so-calledfast interchange
heuristic, an e�cien t implementation of the local search
procedurede�ned above. Even though it waspublished
in 1983,Whitak er's implementation wasnot widely used
until 1997, when Hansen and Mladenovi�c [3] applied
it as a subroutine of a Variable Neighborhood Search
(VNS) procedure. Their implementation is based on
Whitak er's, with a minor di�erence: Whitak er prefersa
�rst improvementstrategy (a swap is madeassoon asa
pro�table one is found), while Hansenand Mladenovi�c
prefer best improvement (all swaps are evaluated and
the most pro�table executed). In our analysis, we
assumebest improvement is used.

The key aspect of this implementation is its abilit y
to �nd in �( n) time the best possible candidate for
removal, given a certain candidate for insertion. The
pseudocode for a function that doesthat, adapted from

[3], is presented in Figure 1.1 Function findOut takes
as input a candidate for insertion (f i ) and returns f r ,
the most pro�table facilit y to be swapped out, as well
as the pro�t itself (pro�t ).

In the code, w represents the total amount saved by
reassigningusersto f i , independently of which facilit y is
removed; it takesinto account all userscurrently served
by facilities that are farther than f i . The lossdue to the
removal of f r is represented by v(f r ), which accounts
for usersthat have f r astheir closestfacilit y. Each such
user will be reassigned(if f r is removed) either to its
original secondclosestfacilit y or to f i ; the reassignment
cost is computed in line 7. Line 10 determines the
best facilit y to remove, the one for which v(f r ) is
minimum. The overall pro�t of the corresponding swap
(consideringalso the gains in w) is computed in line 11.

Sincethis function runs in O(n) time, it is now triv-
ial to implement the swap-basedlocal search procedure
in O(mn) time per iteration: simply call findOut once
for each of the m � p candidates for insertion and pick
the most pro�table one. If the best pro�t is positive,
perform the swap, update the valuesof � 1 and � 2, and
proceedto the next iteration. Updating � 1 and � 2 re-
quires O(pn) time in the worst case,but can be made
faster in practice, as mentioned in [13]. Since our im-
plementation usesthe sametechnique, its description is
deferred to the next section (Subsection4.3.1).

4 An Alternativ e Implemen tation

Our implementation has some similarit y with
Whitak er's, in the sense that both methods per-
form the samebasic operations. However, the order in
which they are performed is di�eren t, and in our case
partial results obtained are stored in auxiliary data
structures. As we will see, this allows for the use of
valuescomputed in early iterations of the algorithm to
speedup later ones.

4.1 Additional Structures. For each facilit y f i not
in S, let gain(f i ) be the total amount saved when f i is
added to S (thus creating a new solution with p + 1
facilities). The savings result from reassigning to f i

every customer whosecurrent closest facilit y is farther
than f i itself:

gain(f i ) =
X

u2 U

maxf 0; d1(u) � d(u; f i )g:(4.1)

Similarly, for every f r 2 S, de�ne loss(f r ) as the
increasein solution value resulting from the removal of
f r (with only p � 1 facilities remaining). This is the

1Expressions of the form a
+
 b in the code mean that the

value of a is incremented by b units.



function findOut (S; f i ; � 1 ; � 2)
1 w  0;
2 forall (f 2 S) do v(f )  0;
3 forall (u 2 U) do
4 if (d(u; f i ) < d(u; � 1(u)) then /* pro�t if f i is closeenough to u */
5 w

+
 [d(u; � 1(u)) � d(u; f i )];

6 else /* loss if facilit y that is closest to u is removed */
7 v(� 1(u))

+
 minf d(u; fi ); d(u; � 2(u))g � d(u; � 1(u));

8 endif
9 endforall
10 f r  argmin f 2 S f v(f )g;
11 pro�t  w � v(f r );
12 return (f r ; pro�t );
end findOut

Figure 1: Function to determine, given a candidate for insertion (f i ), the best candidate for removal (f r ). Adapted
from [3].

cost of transferring every customer assignedto f r to its
secondclosestfacilit y:

loss(f r ) =
X

u:� 1 (u )= f r

[d2(u) � d(u; f r )]:(4.2)

In the local search, we are interested in what hap-
pens when insertions and removals occur simultane-
ously. Let pro�t (f i ; f r ) be the amount saved when f i

and f r are swapped. We claim it can be expressedas

pro�t (f i ; f r ) = gain(f i ) � loss(f r )+ extra(f i ; f r );(4.3)

for a properly de�ned function extra(f i ; f r ). Note that
the pro�t will be negative if the neighboring solution
is worse than S. To �nd the correct speci�cation of
extra, we observe that, for every customer u, one of the
following casesmust hold:

1. � 1(u) 6= f r (the customer was not assigned to
f r before the swap). We may save something by
reassigning it to f i , and the amount we save is
included in gain(f i ).

2. � 1(u) = f r (the customerwasassignedto f r before
the swap). Three subscasespresent themselves:

a. d1(u) � d2(u) � d(u; f i ). Customer u should
be assignedto � 2(u), which was exactly the
assumption made during the computation of
loss(f r ). The loss corresponding to this reas-
signment is therefore already taken care of.

b. d1(u) � d(u; f i ) < d2(u). Customer u should
be reassignedto f i , but during the computa-
tion of loss(f r ) we assumedit would be reas-
signedto � 2(u). This meansthat the estimate

of the contribution of u to loss(f r ) is overly
pessimisticby d2(u) � d(u; f i ).

c. d(u; f i ) < d1(u) � d2(u). Customer u should
be reassignedto f i , with a pro�t of d1(u) �
d(u; f i ) (correctly accounted for in the com-
putation of gain(f i )). However, the loss of
d2(u) � d1(u) predicted in the computation of
loss(f i ) will not occur.

The de�n tion of extra(f i ; f r ) must handle cases
(2b) and (2c) above, in which wrong predictions were
made. Corrections can be expressedstraightforwardly
as individual summations, one for each case:

extra(f i ; f r ) =
X

u:[ � 1 (u )= f r ]^

[d1 (u ) � d(u;f i )<d 2 (u )]

[d2(u) � d(u; f i )] +

+
X

u:[ � 1 (u )= f r ]^

[d(u;f i )<d 1 (u ) � d2 (u )]

[d2(u) � d(u; f r )]:

Thesesummations can be mergedinto one:

extra(f i ; f r ) =(4.4)
X

u:[ � 1 (u )= f r ]^

[d(u;f i )<d 2 (u )]

[d2(u) � maxf d(u; f i ); d(u; f r )g]:

4.2 Lo cal Search. Assume all values of loss, gain,
and extra can be e�cien tly precalculated and stored in
appropriate data structures (vectors for loss and gain,



function updateStructures (u; loss; gain; extra; � 1 ; � 2)
1 d1  d(u; � 1(u));
2 d2  d(u; � 2(u));
3 f r  � 1(u);
4 loss(f r )

+
 (d2 � d1);

5 forall (f i 62S) do
6 if (d(u; f i ) < d2) then
7 gain(f i )

+
 maxf 0; d1 � d(u; f i )g;

8 extra(f i ; f r )
+
 (d2 � maxf d(u; f i ); d(u; f r )g);

9 endif
10 endfor
end updateStructures

Figure 2: Pseudocode for updating arrays in the local search procedure

a matrix for extra). Then, we can �nd the best swap in
O(pm) time by computing the pro�ts associated with
every pair of candidatesusing Equation 4.3.

To develop an e�cien t method to precomputegain,
loss, and extra, we note that every entry in these
structures is a summation over somesubsetof users(see
Equations 4.1, 4.2, and 4.4). Moreover, the contribution
of each user can be computed separately. Function
updateStructures , shown in Figure 2, does exactly
that. It takesas input a user u and its closestfacilities
(given by � 1 and � 2), and updates the contents of loss,
gain, and extra. To compute all three structures from
scratch, we just need to reset them (set all positions
to zero) and call updateStructures once for each
user. Together, these n calls perform precisely the
summations de�ned in Equations 4.1, 4.2, and 4.4.

We now have all the elements necessaryto build a
full local search algorithm in O(mn) time. In O(pn)
time, compute � 1 and � 2 for all users. In O(pm)
time, reset loss, gain, and extra. With n calls to
updateStructures , each made in O(m) time, deter-
mine their actual values. Finally, in O(pm) time, �nd
the best swap.

4.3 Acceleration. Sofar, our implementation seems
to be merely a more complicated alternativ e to
Whitak er's; after all, both have the same worst-case
complexity. Furthermore, our implementation has the
clear disadvantage of requiring an O(pm)-sized matrix,
while �( n) memory positions are enoughin Whitak er's.
The extra memory, however, allows for signi�cant accel-
erations, as this section will show.

When a certain facilit y f r is replaced by a new
facilit y f i , values in gain, loss, extra, � 1, and � 2 be-
come inaccurate. A straighforward way to update
them for the next local search iteration is to recom-

pute � 1 and � 2, reset the other arrays, and then call
updateStructures again for all users. But we can po-
tentially do better than that. The actions performed
by updateStructures depend only on u, � 1(u), and
� 2(u); no value is read from other structures. There-
fore, if � 1(u) and � 2(u) do not changefrom oneiteration
to another, there is no need to call updateStructures
again for u.

Given that, we consider a user u to be a�e cted if
there is a changein either � 1(u) or � 2(u) (or both) after
a swap is made. Su�cien t conditions for u to bea�ected
after a swap between f i and f r are: (1) one of the two
closest facilities is f r itself; or (2) the new facilit y is
closer to u than the original � 2(u) is. Contributions to
loss, gain, and extra needto beupdated only for a�ected
users. If the number of a�ected usersis small (it often
is) signi�cant gains can be obtained.

Note, however, that we cannot simply call
updateStructures for these users, since this function
simply adds new contributions. Previous contributions
must be subtracted beforenew additions are made. We
thereforeneeda function similar to updateStructures ,
with subtractions instead of additions.2 This function
(call it undoUpdateStructures ) must be called for all
a�ected usersbefore � 1 and � 2 are recomputed.

Figure 3 contains the pseudocode for the entire lo-
cal search procedure, already taking into account the
observations just made. Apart from the functions just
discussed,three others appear in the code. The �rst,
resetStructures , just sets all entries in the auxiliary
structures to zero. The second, findBestNeighbor ,
runs through these structures and �nds the most prof-

2This function is identical to the one shown in Figure 2, with

all occurrences of
+
 replaced with

{
 : instead of incrementing

values, we decrement them.



pro cedure localSearch (S; � 1 ; � 2)
1 A  U; /* A is the set of a�ected users */
2 resetStructures (gain, loss, extra);
3 while (TRUE) do
4 forall (u 2 A) do updateStructures (u, gain, loss, extra, � 1 , � 2);
5 (f r ; f i ; pro�t )  findBestNeighbor (gain, loss, extra);
6 if (pro�t � 0) break ; /* if there's no improvement, we're done */
7 A  ; ;
8 forall (u 2 U) do /* �nd out which userswill be a�ected */
9 if (( � 1(u) = f r ) or (� 2(u) = f r ) or (d(u; f i ) < d(u; � 2(u)))) then
10 A  A [ f ug
11 endif
12 endforall ;
13 forall (u 2 A) do undoUpdateStructures (u, gain, loss, extra, � 1 , � 2);
14 insert (S; f i );
15 remove(S; f r );
16 updateClosest (S; f i ; f r ; � 1 ; � 2);
17 endwhile
end localSearch

Figure 3: Pseudocode for the local search procedure

itable swap using Equation 4.3. It returns which facilit y
to remove (f r ), the one to replaceit (f i ), and the pro�t
itself (pro�t ). The third function is updateClosest ,
which updates � 1 and � 2, possibly using the fact that
the facilit y recently opened was f i and the one closed
was f r .

The pseudocode revealsthree potential bottlenecks
of the algorithm: updating the auxiliarly data struc-
tures (loss, gain, and extra), updating closenessinfor-
mation, and �nding the best neighbor oncethe updates
are done. We now analyzeeach of thesein turn.

4.3.1 Closeness. Updating closenessinformation, in
our experience, has proven to be a relatively cheap
operation. Deciding whether the newly inserted facilit y
f i becomes either the closest or the second closest
facilit y to each user is trivial and can be done in O(n)
total time. A more costly operation is �nding a new
secondclosest facilit y for customers who had f r (the
facilit y removed) as either the closest or the second
closestelement. Updating each of these users requires
O(p) time, but sincethere usually are few of them, the
total time spent tends to be small fraction of the entire
local search procedure.

One should alsonote that, in somesettings, �nding
the set of closest and second closest elements from
scratch is itself a cheap operation. For example, in the
graph setting, where distancesbetween customersand
facilities are given by shortest paths on an underlying
graph, this can be accomplished in ~O(jE j) time [11],

where jE j is the number of edgesin the graph. For
experiments in this paper, however, specializedroutines
were not implemented; we always assume arbitrary
distance matrices.

4.3.2 Best Neigh bor. The number of potential
swaps in a given solution is p(m � p). The straigh-
forward way to �nd the most pro�table is to compute
pro�t (f i ; f r ) (as de�ned by Equation 4.3) for all pairs
and pick the best, which requires �( pm) operations. In
practice, however, the best move can be found in less
time. As de�ned, extra(f i ; f r ) can be interpreted as a
measureof the interaction between the neighborhoods
of f r and f i . After all, asEquation 4.4 shows, only users
that have f r astheir current closestfacilit y and are also
close to f i contribute to extra(f i ; f r ). In particular, if
there are no usersin this situation, extra(f i ; f r ) will be
zero. It turns out that, in practice, this occurs rather
frequently , especially for larger valuesof p, when the av-
eragenumber of verticesassignedto each f r is relatively
small.

Therefore, instead of storing extra as a full matrix,
one may considera sparserepresentation in which only
nonzero elements are explicit: each row becomes a
linked list sorted by column number. A drawback of the
sparserepresentation (in general) is the impossibility to
make random accessesin O(1) time. Fortunately, for
our purposes,this is not necessary;updateStructures ,
undoUpdateStructures , and bestNeighbor (the only
functions that accessthe matrix) can be implemented



so as to go through each row sequentially .
With the sparse matrix representation, one can

implement bestNeighbor as follows. First, determine
the facilit y f i that maximizes gain(f i ) and the facilit y
f r that minimizes loss(f r ). Since all values in extra
are nonnegative, this pair is at least as pro�table as
any pair (f i 0; f r 0) for which extra(f i 0; f r 0) is zero. Then,
compute the exact pro�ts (given by Equation 4.3) for
all nonzero elements in extra. The whole procedure
takes O(m + �pm ) time, where � is the fraction of
pairs whose extra value is nonzero. This tends to be
smaller asp increases.An interesting side-e�ect of using
sparsematrices is that they often needsigni�cantly less
memory than the standard full matrix representation.

4.3.3 Up dates. As we have seen, keeping track
of a�ected users can reduce the number of calls to
updateStructures . We now study how to reduce the
time spent in each of thesecalls.

Consider the pseudocode in Figure 2. Line 5 repre-
sents a loop through all facilities not in the solution, but
line 6 shows that we can actually restrict ourselves to
facilities whosedistance to u (the candidate customer)
is no greater than d2 (the distance from u to its second
closest facilit y). This may be a relatively small subset
of the facilities, especially when p is large. This suggests
a preprocessingstep that builds, for each user u, a list
with all facilities sorted in increasingorder by their dis-
tance to u. During the local search, whenever we need
the set of facilities whosedistance to u is lessthan d2,
we just take the appropriate pre�x of the precomputed
list | potentially much smaller than m.

Building these lists takesO(nm logm) time, but it
is done only once, not in every iteration of the local
search procedure. This is true even if local search is
applied several times within a metaheuristic (as in [3, 9],
for instance): we still needto perform the preprocessing
step only once.

A more seriousdrawback of this approach is mem-
ory usage. Keeping n lists of size m requires �( mn)
memory positions, which may be prohibitiv e. On the
other hand, one should expect to need only small pre-
�xes most of the time. Therefore, instead of keepingthe
whole list in memory, it might be good enoughto keep
only pre�xes. The list would then be usedasa cache: if
d2 is small enough,we just take a pre�x of the candidate
list; if it is larger than the largest element represented,
we look at all possibleneighbors.

5 Empirical Analysis

5.1 Instances and Metho dology . We tested our
algorithm on three classesof problems. Two of them,
TSP and ORLIB, are commonly studied in the literature

for the p-median problem. The third, RW, is intro duced
here as a particularly hard casefor our method.

Class TSP corresponds to three sets of points on
the plane (with cardinalit y 1400, 3038, and 5934),
originally used in the context of the traveling salesman
problem [6]. In the caseof the p-median problem, each
point is both a user to be served and a potential facilit y,
and distances are Euclidean. Following [4], we tested
several valuesof p for each instance, ranging from 10 to
approximately n=3.

Class ORLIB, originally intro duced in [1], contains
40 graphs with 100 to 900nodes,each with a suggested
value of p (ranging from 5 to 200). Each node is both
a user and a potential facilit y, and distancesare given
by shortest paths in the graph. All-pairs shortest paths
are computed in advancefor all methods tested, as it is
usually done in the literature [3, 4].

Each instance in class RW is a square matrix
in which entry (u; f ) (an integer taken uniformly at
random from the interval [1; n]) represents the cost of
assigning user u to facilit y f . Four values of n were
tested (100, 250, 500, and 1000), each with values of p
ranging from 10 to n=2, totaling 27 combinations.3 The
program that createdtheseinstances(using the random
number generator by Matsumoto and Nishimura [5]) is
available from the authors upon request.

All tests were performed on an SGI Challenge
with 28 196-MHz MIPS R10000processors(with each
execution of the program limited to one processor)
and 7.6 GB of memory. All algorithms were coded
in C++ and compiled with the SGI MIPSpro C++
compiler (v. 7.30) with 
ags -O3 -OPT:Olimit=6586 .
All running times shown in this paper are CPU times,
measuredwith the getrusage function, whoseprecision
is 1/60 second.In somecases,actual running times were
too small for this precision; therefore, each algorithm
was repeatedly run for at least 5 seconds;overall times
were measured,and averagesreported here.

For each instance tested, all methods were applied
to the same initial solution, obtained by a greedy
algorithm [13]: starting from an empty solution, we
insert one facilit y at a time, always picking the one
that reduces the solution cost the most. Running
times mentioned in this paper refer to the local search
only, they do not include the construction of the initial
solution.

5.2 Results. This section presents an experimental
comparison between several variants of our implemen-

3More precisely: for n = 100, we used p = 10, 20, 30, 40, and
50; for n = 250, p = 10, 25, 50, 75, 100, and 125; for n = 500,
p = 10, 25, 50, 100, 150, 200, and 250; and for n = 1000, p = 10,
25, 50, 75, 100, 200, 300, 400, and 500.



tation and Whitak er's method, which will be referred
to here as FI (fast interchange). We implemented FI
basedon the pseudocode in [3] (obtaining comparable
running times); the key function is presented here in
Figure 1. The sameroutine for updating closenessin-
formation (described in Section 4.3.1) was used for all
methods (including FI).

We start with the most basic version of our im-
plementation, in which extra is represented as a full
(non-sparse) matrix. This version (called FM, for ful l
matrix ) incorporates some acceleration, since calls to
updateStructures are limited to a�ected users only.
However, it doesnot include the accelerationssuggested
in Sections 4.3.2 (sparse matrix) and 4.3.3 (prepro-
cessing). For each instance tested, we computed the
speedupobtained by our method when comparedto FI,
i.e., the ratio betweenthe running times of FI and FM.
Table 1 shows the best, (geometric) mean, and worst
speedupsthus obtained consideringall instancesin each
class.4 Values larger than one favor our method, FM.

Table 1: Speedup obtained by FM (full matrix, no
preprocessing)over Whitak er's FI.

class best mean worst
ORLIB 12.72 3.01 0.84

RW 12.42 4.14 0.88
TSP 31.14 11.68 1.85

The table shows that even the basic acceleration
scheme achieves speedups of up to 30 for some par-
ticularly large instances. There are cases,however, in
which FM is actually slower than Whitak er's method.
This usually happens for smaller instances (with n or
p small), in which the local search procedure performs
very few iterations, insu�cen t to ammortize the over-
head of using a matrix. On average,however, FM has
proven to be from three to almost 12 times faster than
FI.

We now analyze a secondvariant of our method.
Instead of usinga full matrix to represent extra, weusea
sparsematrix, asdescribed in Section4.3.2. Wecall this
variant SM. The results, obtained by the sameprocess
as above, are presented in Table 2.

As expected, SM has proven to be even faster than
FM on average and in the best case (especially for

4Since we are dealing with ratios, geometric (rather than
arithmetic) means seem to be a more sensible choice; after all, if
a metho d tak es twice as much time for 50% of the instances and
half as much for the other 50%, it should be considered roughly
equivalent to the other metho d. Geometric means re
ect that,
whereas arithmetic means do not.

Table 2: Speedup obtained by SM (sparse matrix, no
preprocessing)over Whitak er's FI.

class best mean worst
ORLIB 17.21 3.10 0.74

RW 32.39 5.26 0.75
TSP 147.71 26.18 1.72

the somewhat larger TSP instances). However, bad
casesbecome even worse. This happens mostly for
instances with small values of p: with the number of
nonzeroelements in the matrix relatively large, a sparse
representation is not the best choice.

The last accelerationwe study is the preprocessing
step (Section 4.3.3), in which all potential facilities
are sorted according to their distances from each of
the users. Results for this variation (SMP, for sparse
matrix with preprocessing) are presented in Table 3.
Columns 2, 3, and 4 considerrunning times of the local
search procedureonly; columns 5, 6, and 7 also include
preprocessingtimes.

Table 3: Speedupobtained by SMP (sparsematrix, full
preprocessing)over Whitak er's FI.

class local sear ch onl y incl. prepr ocessing
best mean worst best mean worst

ORLIB 67.0 8.7 1.30 7.5 1.2 0.22
RW 113.9 15.1 1.40 9.6 2.1 0.18
TSP 862.1 177.6 3.27 79.2 20.3 1.33

The table shows that the entire SMP procedure
(including preprocessing)is in generalstill much faster
than Whitak er's FI, but often worse than the other
variants studied in this paper (FM and SM). However,
as already mentioned, metaheuristics often needto run
the local search procedure several times, starting from
di�eren t solutions. Sincepreprocessingis run only once,
its cost can be quickly amortized. Based on columns
2, 3, and 4 of the table, it is clear that, once this
happens, SMP can achieve truly remarkable speedups
with respect not only to FI, but also to other variants
studied in this paper. In the best case(instance rl5934
with p = 1000), it is almost 900 times faster than FI.

A more detailed analysisof this particular instance
(rl5934, the largest we tested) is presented in Figure 4.
It shows how p (the number of facilities to open) a�ects
the running times of all four methods studied (FI, FM,
SM, and SMP), and also somevariants \b etween" SM
and SMP. Recall that in SMP every user keepsa list of
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Figure 4: Instance rl5934: dependencyof running times on p for di�eren t methods. Times are in logarithmic scale
and do not include preprocessing.

all facilities sorted by distance; SM keepsno list at all.
In a variant of the form SMq, each user keepsa limited
list with the qm=p closestfacilities (this is the \cache"
version described in Section 4.3.3). Running times in
the graph do not include preprocessing, which takes
approximately one minute for this particular instance.

Since all methods discussedhere implement the
same algorithm, the number of iterations does not
depend on the method itself. It does,however, depend
on the value of p: in general, these two have a positive
correlation. For some methods, such as Whitak er's
FI and the full-matrix variation of our implementation
(FM), an increasein p leads to greater running times
(although our method is still 10 times faster for p =
1500). For SMP, which uses sparse matrices, time
spent per iteration tends to decreaseeven faster as
p increases: the e�ect of swaps becomesmore local,
with fewer usersa�ected and fewer neighboring facilities
visited in each call to updateStructures . This latter
e�ect explains why keeping even a relatively small
list of neighboring facilities for each user seemsto be
worthwhile. The curves for variants SMP and SM5 are
practically indistinguishable in Figure 4, and both are
much faster than SM.

6 Concluding Remarks

We have presented a new implementation of the swap-
basedlocal search for the p-median problem intro duced
by Teitz and Bart. Through the combination of several
techniques | using a matrix to store partial results, a
compressedrepresentation for this matrix, and prepro-
cessing| wewereable to obtain speedupsof up to three
orders of magnitude with respect to the best previously
known implementation, due to Whitak er. Our imple-
mentation is especially well suited to relatively large in-
stancesand, due to the preprocessingstep, to situations
in which the local search procedureis run several times
for the sameinstance (such as within a metaheuristic).
For small instances,Whitak er's can still be faster, but
not by a signi�cantly large margin.

Two lines of research suggestthemselves from this
work. First, it is still possible to improve the perfor-
mance of our method, especially for small instances.
One might consider,for example,incorporating the pre-
processingstep into the main procedure; this would al-
low operations to be performed as needed,instead of in
advance (thus avoiding uselesscomputations). A sec-
ond line of research would be to test our method as a
building block of more elaborate metaheuristics.
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