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Abstract

A set of vertices S ⊆ V is called a safe separator for

treewidth, if S is a separator of G, and the treewidth of

G equals the maximum of the treewidth over all connected

components W of G − S of the graph, obtained by making

S a clique in the subgraph of G, induced by W ∪ S.

We show that such safe separators are a very powerful

tool for preprocessing graphs when we want to compute

their treewidth. We give several sufficient conditions for

separators to be safe, allowing such separators, if existing, to

be found in polynomial time. In particular, every minimal

separator of size one or two is safe, every minimal separator

of size three that does not split off a component with only

one vertex is safe, and every minimal separator that is an

almost clique is safe; an almost clique is a set of vertices W

such that there is a v ∈ W with W −{v} a clique. We report

on experiments that show significant reductions of instance

sizes for graphs from probabilistic networks and frequency

assignment.

1 Introduction

Various NP-hard graph problems can be solved in poly-
nomial time if the treewidth of the graph is bounded
by a constant, see, amongst many others, [3, 7, 9, 11].
Experiments and applications show that this is also use-
ful in a practical setting. The algorithm of Lauritzen
and Spiegelhalter [16] to solve the probabilistic inference
problem on probabilistic networks is the most commonly
used algorithm for this problem and uses tree decompo-
sitions. Koster et al. [15] used tree decompositions to
solve frequency assignment problems that could not be
solved by other methods. An important problem that
arises in such applications is to find a tree decomposi-
tion of the given graph of minimum or close to minimum
width.

It is known that for each fixed k, there exists a
linear time algorithm that checks if a given graph has
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treewidth at most k, and if so, finds a tree decompo-
sition of G of width at most k [6]. Unfortunately, it
appears that the constant factor of this algorithm is too
big to make this algorithm usable in practice. (See [20].)
So, an important task is to design practically efficient
methods for finding tree decompositions of small width.

In [8], preprocessing methods based on graph reduc-
tion were studied. A number of ‘safe reduction rules’
was proposed; each such rule rewrites the graph locally,
thus decreasing the number of vertices in the graph,
such that a tree decomposition of optimal width for the
smaller reduced graph can be easily transformed to one
for the original graph. When no reductions are possi-
ble, another method must be used to solve the prob-
lem on the remaining graph. Experiments on a set of
graphs, taken from probabilistic networks applications,
showed that sizes of these remaining graphs were in gen-
eral much smaller than the sizes of the original graphs.
In some cases, reduction was sufficient for finding the
optimal solution to the problem.

In this paper, we study a different form of prepro-
cessing. Here we propose to use separators. Each pre-
processing step with safe separators takes a graph, and
replaces it by two or more smaller graphs. This way,
we obtain a collection of graphs. Solving the treewidth
problem on the original instance is equivalent to solv-
ing the treewidth problem on each of the graphs in the
collection. However, the graphs in the collection are
usually significantly smaller than that in the original
instance. We can repeat trying to find safe separators
in the graphs in the collection, replacing these again by
even smaller graphs, until we do not find a safe separa-
tor in any graph in the collection. Then, the treewidth
of the graphs in the collection must be established by
other means: this may be trivial (e.g., when the graph is
complete), can be done by an exact method like branch
and bound (which can be fast enough when the prepro-
cessing yielded only small graphs in the collection), or
with an approximation algorithm.

After some preliminary definitions and results in
Section 2, we establish our main graph theoretic results
in Section 3. In this section, we give several sufficient
conditions for a separator to be safe for treewidth. In
Section 4, we discuss how the safe separators can be
found. In Section 5, we discuss on experiments that



we have carried out. Some final conclusions are made
in Section 6. Some proofs have been omitted in this
extended abstract.

2 Definitions and preliminary results

In this section, we give a number of definitions and a few
easy or well known lemmas. We assume the reader to be
familiar with standard graph terminology. In this paper,
we assume graphs to be undirected and without parallel
edges or self loops. For a graph G = (V,E), let n = |V |
be the number of vertices and m = |E| be the number of
edges. For a vertex set S ⊆ V , we denote G− S as the
subgraph of G, induced by V −S, G[V −S]. We denote
G+ clique(S) as the graph (V,E ∪ {{v, w} | v, w ∈ S}).

A tree decomposition of G = (V,E) is a pair
({Xi | i ∈ I}, T ), where {Xi | i ∈ I} is a collection
of subsets of V and T = (I, F ) is a tree such that (i)⋃
i∈I Xi = V , (ii) for all {u,w} ∈ E, there exists an

i ∈ I such that u,w ∈ Xi, and (iii) for all i, j, k ∈ I
with j on the path in T from i to k then Xi ∩Xk ⊆ Xj .
The width of a tree decomposition ({Xi | i ∈ I}, T ) is
maxi∈I |Xi| − 1. The treewidth of G is the minimum
width over all tree decompositions of G. It is well-
known for treewidth that for a set W ⊆ V that induces
a clique in graph G = (V,E), and a tree decomposition
({Xi | i ∈ I}, T = (I, F )) of G, there exists an i ∈ I
with W ⊆ Xi.

A set of vertices S ⊆ V is a separator in G = (V,E)
when G−S has more than one connected component. S
is a minimal separator, when it does not contain another
separator as a proper subset. It is well-known that S is
a minimal separator if and only if for every component
Z of G−S, and for every vertex v ∈ S, there is a vertex
w ∈ Z that is adjacent to v. S is a minimum separator,
when G has no separator of size smaller than S. S is a
clique separator, when S forms a clique in G and S is a
separator.

It is easy to verify (using standard techniques, e.g.,
[2]) that for every graph G, and every separator S
in G, the treewidth of G is at most the maximum
over all components Z of G − S of the treewidth of
G[S ∪ Z] + clique(S). We call a separator S safe for
treewidth, (or, in short safe), when the treewidth of G
equals the maximum over all components Z of G−S of
the treewidth of G[S ∪ Z] + clique(S).

By a reformulation of known results, e.g., from [19],
clique separators are safe for treewidth (note that for
every component Z of G − S, G[S ∪ Z] + clique(S) =
G[S ∪ Z] is a subgraph of G and hence its treewidth is
at most the treewidth of G).

In the next section, we give more general sufficient
conditions for separators to be safe. By this, classes
of safe separators are defined. If a graph cannot be

decomposed any further by a class of safe separators,
we call this decomposition final.

For one such class of safe separators, we need to
define an almost clique to be a set S ⊆ V for which
there exists a vertex v ∈ S such that S − v induces a
clique. We call v the non-clique vertex of almost clique
S. S is an almost clique separator, when S is an almost
clique and S is a separator. S is an minimal almost
clique separator, when S is an almost clique, and S is a
minimal separator.

Finally, we define a graph H = (VH , EH) to be
a labelled minor of G = (VG, EG), when H can be
obtained from G by a sequence of zero or more of
the following operations: deletion of edges, deletion of
vertices (and all adjacent edges), edge contraction that
keeps the label of one endpoint: when contracting the
edge {v, w} the resulting vertex will be named either v
or w. As for minors, the treewidth of a labelled minor
H of G is at most the treewidth of G.

3 Conditions for safeness

In this section, we give a number of sufficient conditions
for separators to be safe.

Lemma 3.1. Suppose S is a separator in G = (V,E).
Suppose for every component Z of G − S, the graph
G−Z contains a clique on S as a labelled minor. Then
S is safe for treewidth.

Proof. By the definition of safeness, it remains to show
that the treewidth of G is at least the maximum
over all components Z of G − S of the treewidth of
G[S∪Z]+clique(S), i.e., that for every component Z of
G−S, the treewidth ofG[S∪Z]+clique(S) is at most the
treewidth of G. Consider a component Z. From the fact
that G − Z contains a clique on S as a labelled minor,
it follows that G has G[S ∪Z] + clique(S) as a labelled
minor: when applying the operations that yield a clique
on S from G−Z to G, we obtain G[S ∪Z] + clique(S).
Since the treewidth does not increase by taking labelled
minors, the treewidth of G[S∪Z] + clique(S) is at most
the treewidth of G, and the lemma follows.

Corollary 3.1. Suppose S is a separator in G =
(V,E). Suppose for every component Z of G − S, the
graph G[Z ∪ S] contains a clique on S as a labelled
minor. Then S is safe for treewidth.

Proof. Let S be a separator, and suppose that for every
component Z of G − S, the graph G[Z ∪ S] contains a
clique on S as a labelled minor. Consider a component
Z ′ of G − S. Let Z ′′ be another component of G − S.
The graph G − Z ′ contains G[S ∪ Z ′′] as a subgraph,
and hence contains a clique on S as labelled minor. The
result now follows from Lemma 3.1.



Theorem 3.1. If S is a minimal almost clique separa-
tor of G, then S is safe for treewidth.

Proof. Consider a minimal almost clique separator S in
G and let v be the non-clique vertex. We show that
for every component Z of G − S, the graph G[Z ∪ S]
contains a clique on S as a labelled minor; the lemma
then follows from Corollary 3.1.

Consider a component Z of G−S, and consider the
graph G[Z ∪ S]. Since S is a minimal separator, v is
adjacent to a vertex in Z. Hence, we can contract all
vertices in Z to v. The resulting graph G′ has vertex set
S, and is a clique: for w, x ∈ S −{v}, {w, x} is an edge
in G and hence in G′; for w ∈ S −{v}, w is adjacent to
a vertex y ∈ Z in G (since S is a minimal separator),
and hence after the contractions there is an edge {v, w}
in G′.

In the next section, we see that there is a polynomial
time algorithm to find a minimal separator that is an
almost clique in a graph G when such a separator
exists. Thus, Theorem 3.1 gives our first new method
to preprocess the graph with safe separators. We also
can establish safeness of some separators of small size.

Corollary 3.2. Every separator of size 1 is safe for
treewidth. Every minimal separator of size 2 is safe for
treewidth.

Proof. A vertex set of size 1 is a clique; a vertex set of
size 2 is a clique or almost clique.

We now consider separators of size three. We first
need the following lemma.

Lemma 3.2. Let S be a minimum separator of G with
|S| = 3, and let W be the vertex set of a connected
component of G − S with |W | ≥ 2. Then G[W ∪ S]
contains a clique on S as labelled minor.

Proof. (The following short proof of this lemma is due to
Gasper Fijavz.) First, we show that G[W ∪ S] contains
a cycle C. Suppose G[W ∪ S] is a forest. The vertices
in W cannot have degree less than three, as G does not
have separators of size one or two. Thus forest G[W ∪S]
has at least two vertices of degree at least three, so has
at least four leaves. As only the vertices in S can be a
leaf and |S| = 3, this is a contradiction.

Now, consider cycle C, and take three arbitrary
vertices w, x, y on C. As the minimum separators in G
have size three, there are three vertices disjoint paths in
G from w, x, y to S, by the Menger theorem [18]. As
S is a separator in G, these paths belong to G[W ∪ S].
We can now contract all edges on each of these three
paths, and edges on C until we obtain a clique on S.
So, a clique on S is a labelled minor of G[W ∪ S]. See
Figure 1.

w

x

y

S S

Figure 1: Illustration to the proof of Lemma 3.2

Theorem 3.2. Let S be a minimum separator of size
three in G. Suppose G − S has two connected compo-
nents, each with at least two vertices. Then S is safe
for treewidth.

Proof. The theorem directly follows from Lemma 3.2
and Corollary 3.1.

Other safe separators of size three are implied by
the following lemma when k = 3.

Lemma 3.3. Let S be a minimal separator in G of size
k, such that G−S has at least k connected components.
Then S is safe for treewidth.

Proof. Consider a component Z of G − S. Let
Z1, . . . , Zk−1 be the components in (G − Z) − S, and
let S = {v1, . . . , vk}. Since S is a minimal separator,
for each i, 1 ≤ i ≤ k − 1, vi is adjacent to a vertex in
Zi, we can contract Zi to the vertex vi. The result will
be a clique on S, as for each i, j, 1 ≤ i < j ≤ k, vj
is adjacent to a vertex in Zi, hence vi is adjacent to vj
after the contraction of Zi to vi. Safeness now follows
by Lemma 3.1.

Together with the almost clique separators, these
results are quite powerful. The only case where a
separator of size three is not necessarily safe is when
it is the neighbourhood of a vertex of degree three, it
splits the graph into two components, and the vertices
in the separator are not adjacent. For separators of size
four, we can derive some cases where they are safe as
well, but in this case, the result become less powerful.

Lemma 3.4. Let G have no separator of size at most
two, S = {v, w, x, y} be a separator of size four, with
v adjacent to w, x, and y. Suppose that G has no
separator of size three that contains v, and suppose that
every connected component of G − S has at least two
vertices. Then S is safe for treewidth.



Proof. Consider G−v. {w, x, y} is a separator in G−v,
andG−v has no separator of size 1 or 2. Hence, with the
proof of Theorem 3.2, we have that for every connected
component Z of G− S = G− v − {w, x, y}, a clique on
{w, x, y} is a labelled minor of G[{w, x, y} ∪Z]. As v is
adjacent to w, x, and y, we hence have that a clique on
S is a labelled minor of G[Z ∪ S]. Hence, S is safe.

4 Finding Safe separators

We now discuss how to find safe separators for several
types of separators discussed above. Some types of sep-
arators are easy to handle. Using safe separators of size
zero means splitting the graph into its connected compo-
nents. The use of separators of size one corresponds to
splitting the graph into its biconnected components; this
can be done in O(n +m) time using depth first search
[21]. Splitting a graph into its triconnected components,
and finding the separators of size two can also be done in
linear time [13]. Clique separators are well studied and
can be found in O(nm) time, see [22, 17, 5, 19]. The
other types of safe separators require somewhat more
discussion here. We first look to the minimal almost
clique separators.

Lemma 4.1. Suppose G = (V,E) does not contain a
clique separator. For every v ∈ V , S ⊆ V − {v}, S is
a minimal clique separator in G − {v}, if and only if
S ∪ {v} is a minimal almost clique separator in G.

Proof. Clearly S is a clique separator in G−{v}, if and
only if S ∪{v} is an almost clique separator in G. Now,
suppose W ⊂ S ∪ {v} and S ∪ {v} are two different
almost clique separator in G. If v ∈ W , then W − {v}
is a separator in G − {v}, and thus S is not a minimal
separator in G. If v 6∈ W , then W is a clique, and hence
G contains a clique separator, contradiction.

Suppose X ⊂ S and S are two different clique
separators in G−{v}. Then X ∪{v} is an almost clique
separator in G, and hence S ∪ {v} is not a minimal
separator in G.

The lemma tells us that we can find the set of
minimal almost clique separators of G = (V,E) by
finding the minimal clique separators in G − {v} for
all v ∈ V .

Corollary 4.1. The set of all minimal almost clique
separators of a graph G = (V,E) can be found in
O(n2m) time.

After we have split a graph in the collection on a
minimal almost clique separator we should check the
resulting graphs again for having a minimal almost
clique separator. Consider the graph in Figure 2. For

vertex v, there is no separator S such that S − {v} is
a clique. However, after the graph has been split on
separator {w, x, y} with {w, x, y} turned into a clique,
then the component with v contains a minimal separator
S′ = {v, w, x} with S′ − {v} a clique.

We now look to algorithms to find the safe separa-
tors of size three, indicated by Theorem 3.2. There is an
O(n2) algorithm to split a graph into its four-connected
components and finding all separators of size three [14].
We conjecture that this may lead to an O(n2) time algo-
rithm to make a safe separator decomposition of a given
graph that is final with respect to safe separators of size
one, of size two, and minimum separators of size three
whose components each contain at least two vertices.

In our experiments, we have used a simpler method,
based on the vertex connectivity algorithm, described in
[12, Section 6.2]. We also just find one safe separator,
and repeat the procedure all over again on the new
graphs in the collection. Using flow techniques, we can
find for a pair of vertices v, w if there is a separator of
size at most k that separates v from w in O((n +m)k)
time. This can be used to check whether there is a
separator S that separates v from w of size k such
that both v and w belong to a component of G − S
with at least two vertices in O((n + m)k3) time as
follows. Of course, when v and w are adjacent, then
no separator between v and w exists. Suppose both v
and w have degree at most k. Then we look to all O(k2)
graphs obtained by contracting v to a neighbour, and
contracting w to a neighbour, for all pairs of neighbours,
excluding contractions to a vertex that is adjacent to
both v and w. One can see that the required separator
in G exists, if and only if there is a separator of size
≤ k in one of these graphs obtained by contraction: if S
separates v from w in the graph obtained by contracting
v to x and contractingw to y, then inG, S also separates
v from w, and x belongs to the same component as v in
G−S, and w and y also belong to the same component in
G−S. Thus, we look to allO(k2) graphs obtained by the
contractions for separators between v and w of size at
most k. (Actually, when the separators are found using
an application of the Ford-Fulkerson flow algorithm, we
can see that it is not necessary to do the contractions to
w; we omit here the technical details.) When both v and
w have degree at least k+ 1, then for every separator S
of size at most k that separates v from w, both v and w
have a neighbour that does not belong to S and hence
belong to a component of G − S of size at least two.
So, in this case, we just look for a separator of size at
most k between v and w. If one of v or w has degree
at most k and the other has not, then we look to the
O(k) graphs, obtained by contracting the small degree
vertex to one of its neighbours. Thus in O((n +m)k3)
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Figure 2: New minimal almost clique separators can be formed

time, we can determine if the desired separator between
v and w exists, and if so, find one. We will apply this
procedure for the case that k = 3.

So far, we required the separator to separate a
specific pair of vertices. To look for any separator in
the graph, we use the scheme of [12, p. 129]. Take an
arbitrary vertex v. For all vertices w, look if there is a
separator of size at most k, with v and w in different
components of size at least two. If we find such a
separator, we are done. If not, when the degree of v
is at most k, check if the neighbours of v split G into
at least three components with two of them have size
at least two. Otherwise, we know that v must belong
to any separator of size at most k that splits G with
at least two components of size at least two. Remove v
from G, and look for a separator of size at most k − 1
in G − v with at least two components of size at least
two. This procedure takes O(nmk4) time; we apply it
with k = 3, so we have an O(nm) procedure to check if
G has a safe separator, indicated by Theorem 3.2.

Minimum separators that split the graph into at
least three components are also safe (Lemma 3.3.) Most
of these are already found by the procedure above;
the remaining case is when there are two vertices of
degree three with the same set of neighbours. We can
determine in O(n) time if there are two vertices of degree
three with the same neighbourhood: assume some order
on the vertices. Then, list all vertices of degree three
with their neighbours in sorted order, and then radix
sort this list (see e.g., [10, Section 9.3]). Vertices with
the same neighbourhood will be on consecutive places
in this list.

Thus, in O(nm) time, we find for a given graph G
if it has a safe separator of size three of the types, given
in Theorem 3.2 or Lemma 3.3. Repeating this on newly
formed graphs in the collection gives a (conservative)
time bound of O(n2m) to find all safe separators of size
three.

5 Experiments

In this section, we report on computational experiments
that illustrate the significance of safe separators for
treewidth. On the one hand, we show that safe sep-
arators indeed decompose graphs. On the other hand,
we show that the computation times for algorithms to
compute small widths are reduced significantly this way.
All algorithms have been implemented in C++. Com-
putations have been carried out on a Linux-operated PC
with a 2.53 GHz Intel Pentium 4 processor.

The safe separators are tested on two sets of in-
stances. The first set consists of the moralised graphs for
probabilistic networks. The second set is taken from the
CALMA project on frequency assignment problems [1].
In total, 15 graphs from probabilistic networks and 25
from frequency assignment are considered in this study.
Before applying the safe separators the graphs are pre-
processed by the graph reduction rules presented in [8].
In this way, we avoid the detection of trivial separators,
i.e., separators that can also be interpreted as one of the
graph reduction rules. Such separators generate lots of
small graphs that can be neglected anyway.

Our first experiment concerns the decomposition
by clique separators. Table 1 shows the results for
those graphs that contain clique separators. The 15



instance Size Sizes of output graphs CPU
|V | |E| #CS #vertices (# subgraphs) time

munin2-pp 167 455 6 95(1), 18(2), 17(2), 8(2) 0.05
munin3-pp 96 313 2 82(1), 9(2) 0.02
munin4-pp 217 646 2 177(1), 23(2) 0.07
munin-kgo-pp 16 41 1 9(2) 0.00
celar01-pp 157 804 1 110(1), 47(1) 0.03
celar03-pp 81 413 5 63(1), 10(1), 7(1), 5(1), 4(1), 2(1) 0.03
celar07-pp 92 521 3 71(1), 16(1), 8(1), 3(1) 0.03
celar08-pp 189 1016 3 120(1), 53(1), 16(1), 8(1) 0.07
celar09-pp 133 646 1 120(1), 16(1) 0.05
celar10-pp 133 646 1 120(1), 16(1) 0.05
celar11-pp 96 470 1 80(1), 19(1) 0.03

Table 1: The effect of clique separators

graphs not reported on do not contain clique separators.
The column “#CS” reports on the number of clique
separators applied whereas “Sizes of output graphs”
reports on the number of vertices in the graphs obtained
by the decomposition with in parentheses the number
of graphs of that size. For example, the graph munin3-
pp is decomposed in one graph of 82 vertices and 2 of
9 vertices. Note that by each decomposition the total
number of vertices (over all graphs) increases by at least
one, as some vertices belong to more than one output
graph. Table 1 shows that sometimes large components
are decomposed from the rest of the graph; by that
reducing the size of the largest component significantly.
The computation times (in seconds) for this separation
are very small.

In our second experiment we extended the compu-
tation with the minimal almost-clique separators and
the safe separators of size three (in this order). In Ta-
ble 2 we report on all instances, regardless whether the
separators decompose the graph or not. The columns
“#ACS” and “#S3” report respectively on the number
of found almost clique separators and separators of size
three.

Table 2 shows that both the almost-clique separa-
tors and safe separators of size three are effective in
preprocessing the graph. In particular, the minimal al-
most clique separators turn out the be very effective.
Separators of size 3 are found rarely but in some cases
they indeed exist. For some instances (pathfinder-pp,
celar06-pp) the largest output graph is a clique, and
by this the treewidth is found. On the other hand, on
four instances the safe separators did not sort out any
effect. Except for the instance pignet2-pp, the compu-
tation times are reasonable.

Our last experiment orients towards the approxima-
tion of treewidth for those instances that are not solved

by safe separator decomposition. For this purpose we
implemented the maximum cardinality search-minimal
algorithm [4] which can be used to generate an upper
bound for the treewidth. In Table 3 we compare the
values and computation times of this heuristic for the
original graphs, the graphs preprocessed by the graph
reduction rules, and the graphs decomposed by safe sep-
arators. Moreover, we report on the lower bound pro-
vided by the graph reduction rules [8] and the one that
results from the safe separator decomposition, given by
the largest output graph that forms a clique.

The results show that an additional significant time
reduction can be achieved by the safe separators. In
addition, better widths and better lower bounds are
derived occasionally. Most remarkable in this context is
the instance diabetes, where the width is reduced from
35 via 20 to 4, the treewidth for this instance.

6 Conclusions

In this paper, we introduced the notion of separators
that are safe for treewidth. It was known that clique
separators are safe, in our terminology. We have estab-
lished a number of sufficient conditions for separators
to be safe. Experiments show that such safe separators
can be efficiently found, and help to reduce the problem
size when we want to compute the treewidth and opti-
mal tree decompositions for many graphs coming from
practical applications. Thus, safe separators are a useful
tool when preprocessing graphs for treewidth.

In an earlier paper, graph reduction was used for
preprocessing [8]. A closer look to the reduction rules
shows that most can be obtained as a special case
of applying safe separators. Safe separators thus are
a more powerful tool, as there are many graphs that
cannot be reduced with the reduction rules, but contain



instance Size Output Sizes of output graphs CPU
|V | |E| #CS #ACS #S3 #vertices (# subgraphs) time

barley-pp 26 78 0 7 0 16(1), 6(3), 5(3), 4(1) 0.06
diabetes-pp 116 276 0 85 0 8(1), 6(1), 5(84) 5.37
link-pp 308 1158 0 0 0 36.60
munin1-pp 66 188 0 2 0 63(1), 5(2) 0.80
munin2-pp 167 455 6 13 4 18(2), 17(4), 16(4), 6(2), 5(10), 4(2) 0.54
munin3-pp 96 313 2 2 2 79(1), 7(2), 5(4) 1.17
munin4-pp 217 646 3 4 0 55(2), 38(2), 23(2), 5(2) 1.65
munin-kgo-pp 16 41 1 0 2 7(2), 5(2) 0.01
oesoca+-pp 14 75 0 0 0 0.01
oow-trad-pp 23 54 0 0 1 21(1), 5(1) 0.07
oow-solo-pp 27 63 0 0 1 16(1), 14(1) 0.07
pathfinder-pp 12 43 0 5 0 7(5), 6(1) 0.01
pignet2-pp 1024 3774 0 0 0 3824.53
pigs-pp 48 137 0 1 0 47(1), 6(1) 0.39
ship-ship-pp 30 77 0 0 2 24(1), 6(2) 0.18
water-pp 22 96 0 1 0 21(1), 7(1) 0.08
celar01-pp 157 804 2 19 1 58(1), 47(1), 19(1), 9(1), 8(3), 7(5), 6(2),

5(6), 4(3)
5.84

celar02-pp 19 115 0 0 0 0.03
celar03-pp 81 413 5 17 0 38(1), 11(1), 10(2), 9(2), 8(1), 7(1), 6(2),

5(7), 4(4), 3(1), 2(1)
0.74

celar04-pp 114 524 0 22 1 62(1), 16(1), 9(2), 8(3), 7(1), 6(4), 5(7), 4(4),
3(1)

6.92

celar05-pp 80 426 0 13 0 47(1), 19(1), 9(1), 8(1), 6(2), 5(4), 4(4) 1.18
celar06-pp 16 101 0 1 0 12(2) 0.01
celar07-pp 92 521 4 12 0 45(1), 16(1), 12(2), 7(2), 6(6), 5(2), 4(1),

3(2)
1.10

celar08-pp 189 1016 4 32 1 76(1), 39(1), 16(1), 12(3), 10(2), 8(2), 7(1),
6(2), 5(19), 4(6)

6.02

celar09-pp 133 646 2 24 1 76(1), 16(1), 12(2), 6(1), 5(17), 4(6) 5.22
celar10-pp 133 646 2 24 1 76(1), 16(1), 12(2), 6(1), 5(17), 4(6) 5.22
celar11-pp 96 470 1 8 1 48(1), 19(1), 16(1), 13(1), 5(3), 4(4) 3.11
graph01-pp 89 332 0 4 0 85(1), 10(4) 5.68
graph02-pp 179 659 0 3 0 176(1), 8(3) 71.63
graph03-pp 79 293 0 8 0 71(1), 7(8) 5.63
graph04-pp 179 678 0 6 0 173(1), 8(6) 92.53
graph05-pp 91 394 0 4 0 87(1), 10(4) 6.56
graph06-pp 180 790 0 3 0 177(1), 10(3) 63.62
graph07-pp 180 790 0 3 0 177(1), 10(3) 63.54
graph08-pp 314 1173 0 18 0 296(1), 9(18) 1960.48
graph09-pp 405 1525 0 7 0 398(1), 10(7) 1942.06
graph10-pp 328 1253 0 22 0 306(1), 8(11), 7(5), 6(6) 1859.36
graph11-pp 307 1338 0 18 0 289(1), 9(18) 1896.00
graph12-pp 312 1177 0 64 0 248(1), 7(64) 3619.29
graph13-pp 420 1772 0 44 0 376(1), 8(44) 12381.94
graph14-pp 395 1325 0 0 0 410.75

Table 2: Clique, almost clique, and size three separators for preprocessed instances



safe separators. However, the algorithms for applying
graph reduction are much faster than those for finding
safe separators, and thus the best practice seems to be
to first apply graph reduction until this is not possible,
and then look for safe separators in the graph.

An open problem is to obtain faster algorithms to
find the safe separators, especially the minimal almost
clique separators and/or safe separators of size three (or
four), and to find safe separator decompositions that are
final for the given types of safe separators.
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instance Original with Graph Red. with Safe Sep.
width CPU time low width CPU time low width CPU time

barley 7 0.16 4 7 0.04 5 7 0.01
diabetes 35 182.77 4 20 5.00 4 4 0.00
link 37 857.43 4 36 117.83 4 36 117.83
munin1 15 8.27 4 13 0.89 4 13 0.83
munin2 16 444.31 4 8 4.29 4 7 0.13
munin3 15 662.03 4 13 2.49 4 13 1.60
munin4 28 431.79 4 15 12.05 4 11 1.13
munin-kgo 13 335.74 5 5 0.01 5 5 0.00
oesoca+ 11 0.31 9 11 0.01 9 11 0.01
oow-trad 6 0.07 4 6 0.04 4 6 0.03
oow-solo 6 0.12 4 6 0.05 4 6 0.02
pathfinder 6 0.43 5 6 0.00 6 - -
pignet2 239 77479.39 4 230 9758.43 4 230 9758.43
pigs 18 50.88 4 11 0.28 5 11 0.26
ship-ship 9 0.18 4 9 0.08 4 9 0.04
water 10 0.06 5 10 0.04 6 10 0.03
celar01 17 71.73 6 17 7.31 8 16 1.12
celar02 10 1.00 6 10 0.01 6 10 0.01
celar03 16 9.11 8 16 1.15 10 16 0.20
celar04 16 41.65 6 16 4.04 8 16 0.88
celar05 15 8.78 6 15 1.44 8 16 0.40
celar06 11 1.16 9 11 0.01 11 - -
celar07 18 10.21 9 18 1.91 11 18 0.37
celar08 19 81.76 9 19 11.31 11 18 1.76
celar09 18 48.23 9 19 6.34 11 18 1.55
celar10 18 49.35 9 19 6.34 11 18 1.55
celar11 16 40.29 7 16 2.26 7 16 0.45
graph01 27 4.12 8 27 3.17 9 27 2.84
graph02 57 43.76 6 55 34.92 7 56 34.12
graph03 24 3.72 5 25 2.26 6 23 1.66
graph04 61 45.17 6 59 35.94 7 58 33.45
graph05 28 4.42 8 29 3.60 9 30 3.21
graph06 60 47.06 8 58 37.72 9 58 36.60
graph07 60 47.21 8 58 37.71 9 58 36.90
graph08 104 276.65 7 103 234.95 8 103 203.66
graph09 128 706.53 8 128 551.76 9 125 530.38
graph10 105 292.78 4 105 274.94 7 105 231.02
graph11 106 295.77 7 104 239.45 8 104 206.22
graph12 99 267.72 5 99 227.94 6 94 131.22
graph13 146 817.39 6 143 681.38 7 140 523.76
graph14 145 770.40 4 139 547.31 4 139 547.31

Table 3: Maximum Cardinality Search-Minimal for instances


