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Abstract

A geometric random graph, Gd(n; r ), is formed as
follows: place n nodes uniformly at random onto the
surface of the d-dimensional unit torus and connect
nodeswhich are within a distance r of each other. The
Gd(n; r ) has beenof great interest due to its successas
a model for ad-hoc wirelessnetworks. It is well known
that the connectivity of Gd(n; r ) exhibits a threshold
property: there exists a constant ®d such that for
any ² > 0, for r d < ®d(1 ¡ ²) logn=n the Gd(n; r )
is not connected with high probabilit y1 and for r d >
®d(1 + ²) logn=n the Gd(n; r ) is connected w.h.p.. In
this paper, we study mixing properties of random walks
on Gd(n; r ) for r d(n) = ! (log n=n). Speci¯cally, we
study the scaling of mixing times of the fastest-mixing
reversible random walk, and the natural random walk.
We ¯nd that the mixing time of both of these random
walks have the samescaling laws and scaleproportional
to r ¡ 2 (for all d). Theseresults hold for Gd(n; r ) when
distance is de¯ned using any L p norm. Though the
results of this paper are not sosurprising, they are non-
trivial and require new methods.

To obtain the scaling law for the fastest-mixing
reversible random walk, we ¯rst explicitly characterize
the fastest-mixing reversible random walk on a regular
(grid-t ype) graph in d dimensions. We subsequently
usethis to bound the mixing time of the fastest-mixing
random walk on Gd(n; r ). In the courseof our analysis,
we obtain a tight relation between the mixing time
of the fastest-mixing symmetric random walk and the
fastest-mixing reversible random walk with a speci¯ed
equilibrium distribution on an arbitrary graph.
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1 In this paper, with high probabilit y (w.h.p. ) means with
probabilit y at least 1 ¡ 1=n2 .

To study the natural random walk, we ¯rst gener-
alize a method of [DS91] to bound eigenvaluesbasedon
Poincare's inequality and then apply it to the Gd(n; r )
graph.

We note that the methods utilized in this paper are
novel and generalenoughto be useful in the context of
other graphs.

1 In tro duction

A d-dimensionalgeometricrandom graph is obtained by
placing n nodesuniformly at random on the surfaceof a
d-dimensional unit torus, and connecting nodes within
Euclidean distance r of each other. Such a graph is
denoted by Gd(n; r )[Pen03]. Geometric random graphs
have been used successfullyin applications where the
existenceof an edgebetweentwo nodesdependson the
distancebetweenthe nodes. Classically, they have been
very useful in percolation, statistical physics,hypothesis
testing, cluster analysis, etc. [Pen03]. More recently ,
the G2(n; r ) graph has beenusedto model the network
connectivity graph for wireless ad-hoc networks and
sensornetworks [GK00].

In this paper, we study the mixing times of random
walks on Gd(n; r ). In addition to being of theoretical in-
terest, the mixing time on a graph is directly related to
the convergencetime of iterativ e averaging algorithms
on that graph, as shown recently in [BGPS04]. In par-
ticular, the mixing time of a random walk on Gd(n; r )
is connectedto the averaging time on a wirelesssensor
network (modeledasGd(n; r )). This strongly motivates
the study of mixing times of random walks on Gd(n; r ).
As noted in [BGPS04], the natural random walk cor-
responds to a very simple distributed averaging algo-
rithm. The goal is to compare the performanceof this
algorithm with the optimal averaging algorithm. This
is equivalent to comparing the mixing time of the natu-
ral random walk and the fastest-mixing reversible ran-
dom walk with a uniform stationary distribution. Thus,



in this paper, we study the mixing time of the natural
random walk and fastest-mixing reversiblerandom walk
with uniform stationary distribution.

For completeness,we ¯rst state the following de¯-
nition:

Definition 1. (Reversible random walk) A ran-
dom walk on a connected graph with n nodes is de¯ned
by the n£ n transition matrix P = [Pij ], where Pij is the
probability of going from node i to node j . Let ¦ = [¦ i ]
be the stationary distribution, that is, ¦ P = ¦ . The
random walk is called reversible i® ¦ i Pij = Pj i ¦ j for
all i; j .

Definition 2. (Mixing time) The mixing time of
such a random walk is de¯ned as follows: for any node
i de¯ne ¢ i (t) = 1

2

P n
j =1 jP t

ij ¡ ¦ j j. Then, the mixing
time is

Tmix (²) = sup
i

inf f t : ¢ i (t0) · ² for all t0 ¸ tg:(1.1)

It is well-known that the mixing time of a reversible
random walk is related to the secondlargest eigenvalue
in absolute value of P; the following result quanti¯es
this relationship (seesurvey [Gur00])2.

Lemma 1.1. The mixing time of a random walk with
transition matrix P is bounded as follows:

¸ max (P) log(2²)¡ 1

2(1 ¡ ¸ max (P))
· Tmix (²) ·

logn + log² ¡ 1

1 ¡ ¸ max (P)
;(1.2)

where ¸ max (P) is de¯ned as follows: let 1 = ¸ 1(P) ¸
¢¢¢̧ n (P) ¸ ¡ 1 be ordered eigenvaluesof reversible
matrix P, then ¸ max (P) = maxf ¸ 2(P); ¡ ¸ n (P)g.

Later in the paper, we will sometimesrefer to ¸ max as
the mixing rate of the random walk and 1 ¡ ¸ max (P)
as the spectral gap of P. The fastest-mixing or optimal
(reversible) random walk for a given stationary distri-
bution is the one which has the smallest ¸ max of all re-
versible random walks with that stationary distribution
[BDX04].

Throughout this paper, when we state results for
the mixing time Tmix , wewill meanTmix (²) for ² = 1=n®,
® > 0.

In order to discussmixing time of a random walk
with unique stationary distribution, it is necessarythat
the graph Gd(n; r ) beconnected.The following is a well-
known result about connectivity of Gd(n; r ) [GK00]:

2For clarit y we have stated the result for a uniform stationary
distribution; since we are working with the order notation, the
results do not change for the stationary distributions we encounter
in this paper.

Theorem 1.1. Let r c(d) be suchthat nr c(d)d = 4logn.
Then Gd(n; r ) is connected with high probability if r ¸
r c(d), and it is not connected with positive probability if
r = o(r c(d)) .

For connectedGd(n; r ), for r = £( r c(d)), the graph
does not have a regular structure, making it hard to
study the mixing propertiesof random walks. Hence,we
study mixing times of random walks for r = ! (r c(d));
for such r , the structure of the graph becomesregular, as
shown in Lemma 2.1. Throughout this paper, we only
are interested in random walks which are reversible3,
and have uniform stationary distribution. Also, to
remove edge e®ects, we consider Gd(n; r ) on the d-
dimensional unit torus. The results of this paper also
hold if Gd(n; r ) is de¯ned on a squareor a sphere. The
following is the main result of this paper:

Theorem 1.2. For Gd(n; r ) with r = ! (r c(d)) , with
high probability,

(a) the mixing time of the fastest mixing reversible
random walk with uniform stationary distribution
is £

¡
r ¡ 2 logn

¢
, and

(b) the mixing time of the modi¯ed natural random
walk, where a node jumps to any of its neighbors
(other than itself ) with equal probability, and has a
self loop of probability 1=2, is also £

¡
r ¡ 2 logn

¢
.

The rest of the paper is organized as follows: In
Section 2 we obtain the regularity property of Gd(n; r )
for r = ! (r c(d)) (Lemma 2.1). We prove Theorem
1.2(a) in Section 3 and Theorem 1.2(b) in Section 4.
Within Section 3, we ¯rst prove the results for d = 1
and then extend them to d ¸ 2. To prove Theorem
1.2(a), given Theorem 1.2(b), we only need to show a
lower bound of ­

¡
r ¡ 2 logn

¢
.

1.1 Related W ork There is a large body of litera-
ture on propertiesof random geometricgraphs. Connec-
tivit y properties for the G(n; r ) werederived in [GK00],
where the G2(n; r ) graph was used to model wireless
ad-hoc networks as well as sensor networks. The re-
cent book by Penrose[Pen03] contains comprehensive
discussionsabout connectivity, vertex degreedistribu-
tions, percolation, and many other graph properties for
the G(n; r ) graph. Recently , sharp thresholds for mono-
tone properties of G(n; r ) graphs have beenobtained in

3Let P = [Pij ] be the transition matrix corresponding to
a random walk and ¦ = [¦ i ] be the corresponding stationary
distribution. Then P is reversible i® ¦ i Pij = ¦ j Pj i ; 8i; j .



[GRK04]. For someresults on covering algorithms for
thesegraphs, see[BBFM03].

Another popular kind of random graph is the
Bernoulli random graph G(n; p), which is a graph on n
nodes formed by placing a edgebetween two nodes in-
dependently with probabilit y p. Such graphs have been
studied extensively; [Bol01] contains a comprehensive
treatment of this subject.

2 Regularit y of Gd(n; r )

In this section, we state a (possibly known) relatively
straightforward regularity property of Gd(n; r ), which
makesthe analysis of the mixing time of random walks
tractable.

Lemma 2.1. For Gd(n; r ) with r = ! (r c(d)) , the degree
of every node is ®dnr d(1 + o(1)) w.h.p., where ®d =

¼d= 2

¡(1+ d=2) .

Proof. Let nodesbe numbered i = 1; ¢¢¢; n. Consider a
particular node, say 1. Let random variable X j be 1 if
node j is within distance r of node 1 and 0 otherwise.
The X j s are I ID Bernoulli with probabilit y pd = ®dr d

of success(the volume of a d¡ dimensional spherewith
radius r is ®dr d). The degreeof node 1 is

d1 =
nX

j =2

X j :(2.3)

By application of the Cherno®bound we obtain :

P(j
P n

j =2 X j ¡ (n ¡ 1)pd j ¸ ±(n ¡ 1)pd) ·

2exp(¡ ±2 (n ¡ 1)pd

2 ):
(2.4)

If we choose ± =
q

8 log n
pd (n ¡ 1) , then the right-hand

side in (2.4) becomes2exp(¡ 4 logn) = 2=n4. So, for
pd = ! (log n=n)), node 1 has degree

d1 = (n ¡ 1)pd §
p

8(n ¡ 1)pd logn
' npd(1 § o(1)) ; w:p: ¸ 1 ¡ 2

n 4 :
(2.5)

Using the union bound, we seethat

P(any node has degree6= npd(1 § o(1))) · n 2
n 4

= 2
n 3 :

(2.6)
So for large n, w.h.p., all nodes in the Gd(n; r ) have
degreenpd(1 § o(1)).

3 Fastest mixing random walk on Gd(n; r )

In this section, we characterize the scaling of the
fastest mixing random walk on Gd(n; r ) with uniform

stationary distribution. We ¯rst consider the caseof
d = 1, i.e. G1(n; r ). This is much easier than the
higher dimensional Gd(n; r ) with d ¸ 2. We completely
characterize G1(n; r ) with the help of one-dimensional
regular graphs. For Gd(n; r ) with d ¸ 2, we obtain
a lower bound on the fastest-mixing reversible random
walk. Note that since we are interested in reversible
random walks with uniform stationary distribution, the
transition matrix corresponding to the random walk
must be symmetric. (The upper bound of the same
order is implied by the natural random walk as in
Theorem 2(b).) The remainder of the section is a proof
of Theorem 2(a).

3.1 Fastest mixing random walk on G1(n; r ) Let
Gk denotethe regular graph on n nodeswith every node
of degree2k: place the n nodeson the circumferenceof
a circle, and connect every node to k neighbors on the
left, and k on the right. From the regularity lemma,
we have that w.h.p., every node in G1(n; r ) has degree
2nr (1§ o(1)). Also, observe that the sametechnique can
be usedto show that w.h.p. the number of neighbors to
the right (ditto left) is nr (1 § o(1)). Hence, w.h.p.the
G1(n; r ) is a subgraph of Gk for k = 4nr , since for
any mapping of the nodes of G1(n; r ) to Gk , an edge
betweennodesi and j in G1(n; r ) is also present in Gk .
Similarly, G1(n; r ) also contains Gl , for l = (1=2)nr .
Given this, we can now study the problem of ¯nding
the optimal random walk on Gk with uniform stationary
distribution. We have the following lemma:

Lemma 3.1. For k, n such that k · n=4, the mixing
rate of the fastest-mixing symmetric random walk on
Gk cannot be smaller than cos(2¼k=n).

Proof. It can be shown using symmetry arguments
[PXBD03] that the fastest mixing random walk on
Gk with uniform stationary distribution will have a
symmetric and circulant transition matrix. (For this
simple graph, this can be easily seenusing convexity of
the secondeigenvalue). Sowe can restrict our attention
to the (circulant symmetric) transition matrices

P =

2

6
6
6
6
6
6
4

p0 p1 : : : pk 0 0 : : : 0 pk : : : p2 p1

p1 p0 p1 : : : pk 0 : : : 0 0 pk : : : p2
...

...
...

...
p1 : : : pk 0 0 : : : 0 pk : : : p2 p1 p0

3

7
7
7
7
7
7
5

(3.7)



The eigenvaluesof this matrix are

¹ m =
kX

j =0

pj e¡ 2¼ij m=n +
kX

j =1

pj e¡ 2¼i (n ¡ j )m=n )

= p0 + 2
kX

j =1

pj cos(2¼j m=n); m = 0; : : : ; n ¡ 1:

For m = 0, ¹ m = 1, which is the largest eigenvalue. Let
p = (p0; p1; : : : ; pk ; pk ; : : : ; p1). We are interested in the
smallest possible secondlargest eigenvalue in absolute
value, i.e.,

minp maxm = f 1;::: ;n ¡ 1g j¹ m j
subject to 1T p = 1;

p º 0:
(3.8)

We can obtain a lower bound for the optimal value of
(3.8). Now,

¹ 2 · maxm = f 1;::: ;n ¡ 1g j(¹ m )j
) minp ¹ 2 · minp maxm = f 1;::: ;n ¡ 1g j(¹ m )j:

(3.9)

The right hand sideis the solution of the following linear
program with a single total sum constraint:

minp p0 + 2
P k

j =1 pj cos(2¼j =n)
s.t. 1T p = 1

p º 0:
(3.10)

For k such that each of the coe±cients cos(2¼j =n) is
positive, i.e., for k · n=4, the smallest coe±cient is
cos(2¼k=n), and so for all such k and n, the minimum
value is cos(2¼k=n), obtained at pk = 1=2, pj = 0
for all other j . 4 So the fastest mixing random walk
on this graph cannot have a mixing rate smaller than
cos(2¼k=n).

The above result was proved for all k · n=4;
however, we will be interestedonly in thosecaseswhere
k = o(n), i.e., the graph is not too well connected. For
such k, the following lemma allows us to ¯nd a 'nearly
optimal' transition matrix:

Lemma 3.2. For k = o(n), there is a random walk on
Gk for which the mixing rate is ¸ max = cos(2¼k=n) +
£( k4=n4).

The proof of the lemma is included in the Appendix.

4Note that this is only a lower bound: for this p , if k divides
n, the second largest eigenvalue is also 1, attained at m = n=k.

3.2 Fastest mixing random walk on G2(n; r ) We
present the lower bound on the fastest-mixing reversible
random walk on G2(n; r ) in this section. The same
method can be easily extended to d ¸ 3. First we
characterize the fastest-mixing reversible random walk
on a two-dimensional regular graph, Gkk , de¯ned as
follows: form a lattice on the unit torus, where lattice
points are located at (i=

p
n; j =

p
n), ¡

p
n=2 · i; j ·

+
p

n=2, and placethe n nodesat thesepoints. An edge
betweentwo vertices exists if the L 1 distance between
them is at most k=

p
n. For such Gkk the fastest-mixing

time scalesas follows:

Lemma 3.3. The mixing rate of the fastest-mixing
reversible random walk on Gkk is no smaller than
cos2(2¼k=

p
n), that is, the mixing time of the fastest-

mixing random walk is such that Tmix = ­( n logn=k2).

Proof. As in the one-dimensional case, by symmetry,
the optimal transition probabilit y betweennodes i and
j will depend only on the distance between these
nodes. Using this, we can write the transition matrix
corresponding to such a symmetric random walk on Gkk

as the Kronecker (or tensor) product Pk ­ Pk , where
Pk 2 R n £ n is as in (3.7). This is not di±cult to
visualize: for i; j = 0; : : : ; n ¡ 1, a;b = 1; : : : ; n,

(P ­ P)ni + a;nj + b = Pi +1 ;j +1 Pab:(3.11)

Now the eigenvalues of A ­ B are all products of
eigenvaluesof A and B , so that for 0 · i; j · n ¡ 1,

¸ ij (P ­ P) = ¸ i (P)¸ j (P)

= (p0 + 2
kX

m =1

pm cos(2¼
im
p

n
)

¢ (p0 + 2
kX

m =1

pm cos(2¼
j m
p

n
):

The eigenvalue 1 is obtained by setting i = j = 0; all
other eigenvalues will have absolute value lessequal 1.
We want to ¯nd a lower bound for the secondlargest
eigenvalue in absolute value, call it ¸ ?

max .

As before, choosei = j = 1. Then

¸ 11 · max
i;j 6=0

j¸ ij j

) min
p

¸ 11 · min
p

max
i;j 6=0

j¸ ij j;

so that minp ¸ 11 is a lower bound for ¸ ?
max . Making

the assumption again that k ·
p

n=4, the minimizing



p is the one with pk = 1=2 and pi = 0; i 6= k (which
correspondsto transition probabilities of 1=4 for each of
the 4 farthest diagonal nodes, and 0 everywhere else).
The value of ¸ 11 corresponding to this distribution
is cos2(2¼ kp

n ). This is of order 1 ¡ £( k 2

n ), since

cos2(2¼ kp
n ) = 1

2 + 1
2 cos(22¼kp

n ) = 1 ¡ £( k 2

n ).

Thus, (1 ¡ ¸ max ) = O(k2=n). Henceby Lemma 1.1,
the corresponding mixing time Tmix = ­( n logn=k2). 5

The Gkk graph was constructed using the L 1

distance betweenvertices. Therefore, the graph formed
by placing edges between vertices based on distance
measuredin any L p norm (for the samek) is a subgraph
of Gkk , and has a mixing time lower bounded by the
mixing time of Gkk . Thus our bounds will be valid
for the G(n; r ) graph constructed according to any L p

norm.

Now we'll use the bound on the fastest mixing
walk on G11 to obtain a bound for G2(n; r ). First we
create a new graph ~G2(n; r ) as follows: place a square
grid with squaresof side r on the unit torus. Using
arguments similar to that used in the proof of Lemma
2.1, each squareof area r 2 contains nr 2(1 + o(1)) nodes
for r = ! (r c(d)). For each of these r ¡ 2 squares do
the following: connect every node in a square to all
the nodes in the neighboring 8 squares,as well as the
nodesin the samesquare. Thus, each node is connected
to 9nr 2(1 + o(1)) nodes in ~G2(n; r ). By de¯nition, all
edgesin G2(n; r ) are present in ~G2(n; r ) and therefore,
the fastest-mixing random walk on ~G2(n; r ) is at least
as fast as that of G2(n; r ). Thus, lower-bounding the
fastest-mixing random walk on ~G2(n; r ) is su±cient to
obtain lower bound on the fastest mixing random walk
on G2(n; r ).

Now, construct a graph G of r ¡ 2 nodes as follows:
for each square in the square grid used in ~G2(n; r ),
create a node in G. Thus, G has r ¡ 2 nodes. Two
nodesareconnectedin G if the corresponding squaresin
the grid are adjacent. Thus, each node is connectedto
8 other nodes. Thus, G is a regular graph G11 with
r ¡ 2 nodes. In order to use the lower bound on the
fastest mixing random walk on G11 of r ¡ 2 nodes(i.e.G)
as a lower bound on ~G2(n; r ), we need to show that
the fastest-mixing symmetric random walk on ~G2(n; r )
inducesa time-homogeneousreversible random walk on
G. This will be implied by the following Lemma.

Lemma 3.4. There exists a fastest-mixing symmetric
random walk on ~G2(n; r ), whose transition matrix P

5 It is easy to see that a result similar to Lemma 3.2 can be
obtained for d ¸ 2 using the same metho d.

has the following property: for any two nodes i and j
belonging to the same square, Pik = Pj k for k 6= i; j ,
and Pii = Pj j .

Proof. We prove this by contradiction. Suppose the
claimed statement is not true, i.e., there is no transition
matrix achieving the smallest ¸ max with the above
property. Since the optimal value of ¸ max must be
attained ([BDX04]), consider such an optimizing P1,
and let i and j be two nodes in the same square for
which the above property is not true.

Let A be the permutation matrix with A ij = A j i =
1; A ii = A j j = 0, and all other diagonal entries 1 and all
other non-diagonalentries 0. Note that A is a symmetric
permutation matrix, and therefore A ¡ 1 = AT = A.
Consider the matrix P2 = AP1A; since A = A ¡ 1, P1

and P2 are similar, and so have the sameeigenvalues.
Note that sincei and j belong to the samesquarein ~G,
they have exactly the sameneighbors, and therefore P2

also respects the graph structure (i.e., P2ab 6= 0 only if
a and b have an edgebetweenthem).

Now, ¸ max (P) is a convex function of P for sym-
metric stochastic P ([BDX04]), so

¸ max (
P1 + P2

2
) ·

1
2

¸ max (P1) +
1
2

¸ max (P2) = ¸ max (P1):

(3.12)
But P = (P2 + P1)=2 has the property claimed in the
lemma for nodes i and j : Pik = Pj k for all k 6= i; j ,
Pii = Pj j = (P1ii + P1j j )=2, and ¸ max (P) · ¸ max (P1).
We can apply the above procedurerecursively (even for
multiple rows) to construct a matrix P ¤ with smallest
¸ max and the property claimed in the Lemma. This
contradicts our assumption and completesthe proof.

From Lemma 3.4, we seethat under the fastest mixing
random walk, the probabilit y of transiting from a node
in a square,say S1, to someneighboring square,say S2,
is the samefor all nodesin S1 and S2. Thus, essentially
we can view the random walk evolving over squares.
That is, the fastest random walk on ~G2(n; r ) induces
a random walk on the graph G. By de¯nition of mix-
ing time, the mixing time for this induced random walk
on G (with induced equilibrium distribution) certainly
lower bounds the mixing time for the random walk on
~G2(n; r ). Further, the inducedrandom walk is reversible
as the random walk was symmetric on ~G2(n; r ). There-
fore, we obtain that the lower bound on mixing time for
the fastest-mixing random walk on G implies a lower
bound on the mixing time for the fastest-mixing ran-
dom walk on ~G2(n; r ). From Lemma 3.3 we have a
lower bound of ­( r ¡ 2 logn) on the mixing time of the
fastest-mixing symmetric random walk (i.e. with uni-
form stationary distribution). From Lemma 3.5 given



below, this in turn implies lower bound of ­( r ¡ 2 logn)
on mixing time of the fastest mixing reversible random
walk on G2(n; r ). This completesthe proof of 2(a) for
G2(n; r ). It is easyto seethat the arguments presented
above can be readily extended to the caseof d ¸ 3.

Lemma 3.5. Consider a connected graph G =
(f 1; : : : ; ng; E ). Let T ¤

mix (¼) be the mixing time
(with ² = 1=n® for some ® > 0 as in de¯nition 1) of
the fastest mixing reversible random walk on G with
stationary distribution ¼. Let ¯ (¼) = maxi;j

¼( i )
¼( j ) · C;

where C is a constant. Then,

T¤
mix (¼) = ­

µ
T¤

mix

µ
1
n

1
¶¶

;(3.13)

i.e., the fastestmixing time for ¼is no faster than that
of the uniform distribution.

Proof. Consider a reversible random walk with station-
ary distribution ¼ on G and let its transition matrix
be R. We will prove the following claim, which in turn
implies the statement of the Lemma.

Claim I. There exists a symmetric random walk on
graph G with transition matrix S such that

Tmix (S) = O(Tmix (R)) :

Pro of of Claim I. For a reversible matrix R, by
de¯nition,

¼(i )R(i; j ) = ¼(j )R(j ; i ); 8 i; j :

De¯ne matrix P = [P(i; j )], where for i 6= j ,

P(i; j ) =

(
R(i; j ) if ¼(i ) ¸ ¼(j )

¼(i )
¼( j ) R(j ; i ) if ¼(i ) < ¼(j )

and P(i; i ) = 1 ¡
P

j 6= i P(i; j ).

By de¯nition and reversibilit y of R, P is a sym-
metric doubly stochastic matrix. Further, for i 6= j ,
P(i; j ) > 0 if and only if R(i; j ) > 0. Hence,P can be
viewed as a transition matrix of a symmetric random
walk on G, whosestationary distribution is uniform.

De¯ne QR = [QR (i; j )], where

QR (i; j ) = ¼(i )R(i; j ) = ¼(j )R(j ; i ):

Similarly, de¯ne QP = 1
n P. Let Á : f 1; : : : ; ng ! R be

a non-constant function. De¯ne two quadratic forms,
ER and EP , of Á, as

ER (Á;Á) =
1
2

X

i;j

(Á(i ) ¡ Á(j )) 2QR (i; j );

EP (Á;Á) =
1
2

X

i;j

(Á(i ) ¡ Á(j )) 2QP (i; j ):

Let the variance of Á with respect to two di®erent
random walks be

V R (Á) =
1
2

X

i;j

(Á(i ) ¡ Á(j )) 2¼(i )¼(j );

V P (Á) =
1
2

X

i;j

(Á(i ) ¡ Á(j )) 2 1
n2 :

Let ¸ 2(P) and ¸ 2(R) denote the secondlargest eigen-
value of matrices P and R respectively. The minimax
characterization of eigenvalues([HJ85], page176), gives
a bound on the secondlargest eigenvalue of a reversible
matrix X (= P; R) as

(1 ¡ ¸ 2(X )) = inf f
EX (Á;Á)
V X (Á)

: Á non-constantg:(3.14)

For any ¼,
P

i ¼(i ) = 1, hence maxi ¼(i ) ¸ 1=n and
min j ¼(j ) · 1=n. Further, by the property of ¼,
maxi;j

¼( i )
¼( j ) = max i ¼(i )

min j ¼(j ) < C. Hence,for any k,

¼(k) ¸ min
i

¼(i ) ¸
maxi ¼(i )

C
¸

1
nC

; similarly,

¼(k) · max
i

¼(i ) · C min
j

¼(j ) ·
C
n

:

Thus, for any k,

¼(k)
1=n

2
µ

1
C

; C
¶

:

This implies that

ER (Á)
EP (Á)

2
µ

1
C2 ; C2

¶
;

V R (Á)
V P (Á)

2
µ

1
C2 ; C2

¶
:

Hence, from (3.14) we obtain (1 ¡ ¸ 2(P)) = £(1 ¡
¸ 2(R)) : Now, we are considering Tmix (²) for ² =
1=n®; ® > 0. Hence,from Lemma 1.1,

Tmix (R) = £
µ

logn
1 ¡ ¸ max (R)

¶
:

By de¯nition, (1 ¡ ¸ max (R)) · (1 ¡ ¸ 2(R)). Hence,

Tmix (R) = ­
µ

logn
1 ¡ ¸ 2(R)

¶
:

It is easy to see that random walk on G with
symmetric transition matrix S = (I + P)=2 has mixing
time given by

Tmix (S) = £
µ

logn
1 ¡ ¸ 2(P)

¶
:

Thus, Tmix (S) = O(Tmix (R)). This completesthe proof
of Claim I and the proof of Lemma 3.5.



Remark: In fact, a stronger result can be proved,
which is

T¤
mix (¼) = £

µ
T¤

mix

µ
1
n

1
¶ ¶

:

One part of this hasalready beenproved in the Lemma.
The reverse direction is obtained similarly, as follows.
Consider any symmetric random walk with transition
matrix P, and suppose a stationary distribution ¼ is
speci¯ed, satisfying ¯ (¼) = maxi;j

¼( i )
¼( j ) · C, where C is

someconstant. Then there is a reversible random walk
¹R with stationary distribution ¼, such that Tmix ( ¹R) =
O(Tmix (P)). ¹R is obtained as follows. Construct a
matrix R from P as:

R(i; j ) =

(
P(i; j ) if ¼(i ) · ¼(j )

¼(j )
¼( i ) P(i; j ) if ¼(i ) > ¼(j );

for i 6= j , and Rii = 1 ¡
P

j 6= i Rij . R is a stochastic
reversible matrix, with stationary distribution ¼, since
¼(i )R(i; j ) = ¼(j )R(j ; i ). Following the samesteps as
above, we can concludethat

1 ¡ ¸ 2(R) = £(1 ¡ ¸ 2(P)) :

The matrix ¹R = (I + R)=2 has the same stationary
distribution ¼ and the second largest eigenvalue is
(1 + ¸ 2(R))=2: Therefore, using Lemma 1.1,

Tmix ( ¹R) = £
µ

logn
1 ¡ ¸ 2(R)

¶
:

As before,

Tmix (P) = £
µ

logn
1 ¡ ¸ max (P)

¶

= ­
µ

logn
1 ¡ ¸ 2(P)

¶
:

Therefore, Tmix ( ¹R) = O(Tmix (P)), and we have the
stronger result as claimed in the Remark.

4 Natural random walk on Gd(n; r )

In this section, we study the mixing properties of the
natural random walk on Gd(n; r ). Recall that under the
natural random walk, the next node is equally likely to
be any of the neighboring nodes. It is well known that
under the stationary distribution, the probabilit y of the
walk being at node i is proportional to the degreeof
node i . By Lemma 2.1, all nodes have almost equal
degree. Hence the stationary distribution is almost
uniform (it is uniform asymptotically). The rest of this
section is the proof of Theorem 1.2(b).

Consider a symmetric random walk with transition
matrix P as follows: let d¤ be the maximum degreeof
any node in Gd(n; r ), then

Pij =

8
<

:

1=d¤ if i 6= j are connected
0 if i 6= j are not connected

1 ¡
P

j 6= i Pij if i = j :

By de¯nition, P is a doubly stochastic symmetric matrix
on Gd(n; r ). Further, d¤ = ®dnr d(1 + o(1)) w.h.p. It
will be clear to the reader at the end of this section,
that using the proof technique of this section, it follows
that Tmix (P) = O(r ¡ 2 logn). This will imply the upper
bound for the proof of Theorem 1.2(a).

4.1 Pro of of Theorem 1.2(b): We usea modi¯ca-
tion of a method developed by Diaconis-Stroock [DS91]
to obtain boundson the secondlargest eigenvalue using
the geometry of the Gd(n; r ).

Note that for d = 1, the proof is rather straightfor-
ward. The di±cult y arises in the caseof d ¸ 2. For
easeof exposition in the rest of the section, we consider
d = 2. Exactly the same argument can be used for
d > 2. We begin with someinitial setup and notation.

Square Grid: Divide the unit torus into a squaregrid
where each square is of area r 2=16, i.e. of side length
r =4. Consider a node in a square. By de¯nition of
G2(n; r ), this node is connectedto all nodesin the same
squareand all 8 neighboring squares.

Paths and Distribution: A path betweentwo nodes
i and j , denoted by ° ij , is a sequence of nodes
(i; v1; ¢¢¢; vl ¡ 1; j ); l ¸ 1; such that (i; v1); ¢¢¢; (vl ¡ 1; j )
are edgesin G2(n; r ). Let ° = (° ij )1· i 6= j · n denote a
collection of paths for all

¡ n
2

¢
node pairs. Let ¡ be the

collection of all possible ° . Consider the probabilit y
distribution induced on ¡ by selecting paths between
all node-pairs in the following manner:

² Paths are chosen independently for di®erent node
pairs.

² Considera particular node pair (i; j ). We select° ij

as follows: let i belong to squareC0 and j belong
to squareCl .

{ If C0 = Cl or i and j are in the neighboring
cells then the path betweeni and j is (i; j ).

{ Else, let C1; : : : ; Cl ¡ 1; l ¸ 2 be other squares
lying on the straight line joining i and j .
Select a node vk 2 Ck ; k = 1; : : : ; l ¡ 1
uniformly at random. Then the path between
i and j is (i; v1; : : : ; vl ¡ 1; j ).



Under the above setup, we claim the following lemma:

Lemma 4.1. Under the probability distribution on ¡ as
described above, the average number of paths passing
through an edge is O(1=r3) w.h.p., where r = ! (r c(d)) .

Proof. We will compute the average number of paths
passing through each square in the order notation.
Similar to the arguments of Lemma 2.1, it can be shown
that each of the 16=r2 squarescontains nr 2 (1+ o(1))

16 nodes
and each node has degree¼nr 2(1 + o(1)) w.h.p.. We
restrict our consideration to such instancesof G2(n; r ).

Now the total number of paths are£( n2) sincethere
are

¡ n
2

¢
node pairs. Each path contains O(1=r) edges,

asO(1=r) squarescan be lying on a straight line joining
two nodes. The total number of squares is £(1 =r2).
Hence,by symmetry and regularity, the number of paths
passing through each square is £( n2r ). Consider a
particular square C. For C, at least 1 ¡ £( r 2)(¼ 1)
fraction of paths passingthrough it haveendpoints lying
in squaresother than C. That is, most of the paths
passing through C have C as an intermediate square,
and not an originating square. Such paths are equally
likely to selectany of the nodesin C. Hencethe average
number of paths containing a node, say 1, in C, is
£( n2r =nr2) = £( n=r). The number of edgesbetween1
and neighboring squaresis £( nr 2). By symmetry, the
averageload on an edgeincident on 1 will be £(1 =r3).
This is true for all nodes. Hence, the average load on
an edgeis O(1=r3).

Next we will use this setup and Lemma 4.1 to
obtain a bound on the secondlargest eigenvalue using a
modi¯ed version of Poincare's inequality stated below.

Lemma 4.2. Consider a natural random walk on a
graph G = (f 1; : : : ; ng; E ) with ¡ as the set of all
possiblepaths on all node pairs. Let ° ¤ be the maximum
path length (among all paths and over all node pairs), d¤

be the maximum node degree, and jE j be total number
of edges. Let, according to someprobability distribution
on ¡ , the maximum average load on any of the edges
be b, i.e. on average no edge belongs to more than
b paths. Then, the second largest eigenvalue, ¸ 2, is
bounded above as

¸ 2 · 1 ¡
µ

2jE j
d2

¤° ¤b

¶
(4.15)

The proof of this Lemma can be found in the
Appendix.

From Lemmas 2.1, 4.1, 4.2 and the fact that all
paths are of length at most £(1 =r), we obtain that the

secondlargest eigenvalue corresponding to the natural
random walk on G2(n; r ) is bounded above as:

¸ 2 · 1 ¡ £
µ

n2r 2

n2r 4r ¡ 4

¶

= 1 ¡ £( r 2)(4.16)

We would like to note that, for mixing time, we
need to show that the smallest eigenvalue (which can
be negative), is also £( r 2) away from ¡ 1. One well-
known way to avoid this di±cult y is the following:
modify transition probabilities as Q = 1

2 (I + P). Q
and P have the same stationary distribution. By
de¯nition, Q has all non-negative eigenvalues, and
¸ 2(Q) = 1

2 (1 + ¸ 2(P)). Thus, the mixing time of the
random walk corresponding to Q is governed by ¸ 2(P),
and is therefore £( r ¡ 2 logn). This random walk Q is
the modi¯ed natural random walk in Theorem 1.2(b).

Thus, from Lemma 1.1 and (4.16), the proof of
Theorem 1.2(b) for G2(n; r ) follows. In general, the
above argument can be carried out similarly for d > 2
completing the proof of Theorem 1.2(b).

5 Conclusion

We studied the scaling of mixing times for the fastest
mixing reversible random walk and modi¯ed natural
random walks for Gd(n; r ). We found that both of them
have mixing time of the same order, £( r ¡ 2 logn) for
all d. In fact these scaling results apply not just for
Gd(n; r ) constructed with the Euclidean norm, but for
any L p norm.

The methods usedin this paper to compute mixing
times are novel and we strongly believe that they will
be useful in other contexts.
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6 App endix

Here we present the proofs of Lemma 3.2 and 4.2.

Lemma 6.1. For k = o(n), there is a random walk on
Gk for which the mixing rate is ¸ max = cos(2¼k=n) +
£( k4=n4).

Proof. For simplicit y let us assumethat 2k divides n;
it is not di±cult to obtain the sameresults when this is
not the case.

Consider the Markov chain with transition prob-
abilities p0 = 0, pi = ±; i = 1; : : : ; k ¡ 1, pk =
1=2 ¡ (k ¡ 1)±. We will show that for a certain ±, small
enough,¹ 1 is indeed¸ max , and is away from cos(2¼k=n)
by £( k4=n4).

For the transition matrix P ¤ corresponding to these
probabilities, the eigenvaluesare, for m = 0; : : : ; n ¡ 1,

¹ m = 2
P k ¡ 1

i =1 ±cos(2¼im
n ) + 2( 1

2 ¡ (k ¡ 1)±) cos( 2¼km
n )

= cos(2¼km
n ) + 2±

P k ¡ 1
i =1 (cos( 2¼im

n ) ¡ cos(2¼km
n ))

(6.17)
We want to ¯nd the smallest positive ± such that ¹ 1 is
¸ max (this is not true, for example,for ± = 0). However,
we need± to be small enoughso that the residual term,
2±

P k ¡ 1
i =1 (cos(2¼i=n) ¡ cos(2¼k=n)), is small compared

to cos(2¼k=n).

Sincek = o(n) and we hope that ± is small (o(1)),
we seethat the valuesof m for which j¹ m j is comparable
to ¹ 1 are those valuesof m for which j cos(2¼km=n)j =

1. This happens for m = n
2k ; n

k ; 3n
2k ; : : : ; n

2 . (We only
need consider values of m until n=2, since ¸ i = ¸ n ¡ i .)
At all odd multiples of n=2k, cos(2¼km=n) = ¡ 1, and
for the even multiples, cos(2¼km=n) = 1. For ± to
satisfy j¹ m j · ¹ 1, we must have for m an even multiple
of n=2k,

1 + 2±
P k ¡ 1

i =1 (cos( 2¼im
n ) ¡ 1) ·

cos(2¼k
n ) + 2±

P k ¡ 1
i =1 (cos 2¼i

n ¡ cos2¼k
n );

(6.18)

and for m an odd multiple of n=2k

j ¡ 1 + 2±
P k ¡ 1

i =1 (cos( 2¼im
n ) + 1)j · cos(2¼k

n ) +
2±

P k ¡ 1
i =1 (cos 2¼i

n ¡ cos2¼k
n );

) 1 ¡ 2±
P k ¡ 1

i =1 (cos( 2¼im
n ) + 1) · cos(2¼k

n ) +
2±

P k ¡ 1
i =1 (cos 2¼i

n ¡ cos2¼k
n ):

(6.19)

From (6.18), we seethat ± must satisfy

± ¸
1
2 (1 ¡ cos(2¼k

n )

(k ¡ 1)(1 ¡ cos( 2¼k
n )) +

P k ¡ 1
i =1 cos(2¼i

n ) + cos(2¼im
n )

(6.20)
for m an odd multiple of n=2k, and from (6.19),

± ¸
1
2 (1 ¡ cos(2¼k

n )

(k ¡ 1)(1 ¡ cos( 2¼k
n )) +

P k ¡ 1
i =1 cos(2¼i

n ) ¡ cos(2¼im
n ))

(6.21)
for m a multiple of n=k. So± can be only assmall asthe
maximum over the speci¯ed m of all of theseright-hand
sides.

Note that the only term dependent on m in each
of these expressionsis

P k ¡ 1
i =1 cos(2¼im=n). For m =

pn=2k, p odd,

k ¡ 1X

i =1

cos(2¼im=n) =
k ¡ 1X

i =1

cos(¼ip=k) = 0;(6.22)

sincecos(¼ip=k) = ¡ cos(¼(k ¡ i )p=k) for odd p, and if
k is even, cos(¼kp=2k) = 0 also. For m = qn=k,

k ¡ 1X

i =1

cos(2¼im=n) =
kX

i =1

cos(2¼iq=k) ¡ 1 = ¡ 1(6.23)

since
P k

i =1 cos(2¼iq=k) = 0 (sum of real parts of the
kth roots of unit y).

So ± = £( k=n2), and returning to (6.17), we see
that the residual term in ¹ 1 is of order (k=n2)(k3=n2),
i.e., k4=n4, while cos(2¼k=n) ¼ 1 ¡ 2¼2k2=n2. So the
di®erencebetween¸ max and cos(2¼k=n) is £( k4=n4).

Lemma 6.2. Consider a natural random walk on a
graph G = (f 1; : : : ; ng; E ) with ¡ as the set of all



possiblepaths on all node pairs. Let ° ¤ be the maximum
path length (among all paths and over all node pairs), d¤

be the maximum node degree, and jE j be total number
of edges. Let, according to someprobability distribution
on ¡ , the maximum average load on any of the edges
be b, i.e. on average no edge belongs to more than
b paths. Then, the second largest eigenvalue, ¸ 2, is
bounded above as

¸ 2 · 1 ¡
µ

2jE j
d2

¤° ¤b

¶
(6.24)

Proof. The proof follows from a modi¯cation of
Poincare's inequality (Proposition 1 [DS91]). Before
proceedingto the proof, we intro duce somenotation.

Let Á : f 1; : : : ; ng ! R be a real valued function
on the n nodes. Let ¼ = (¼(i )) f 1· i · n g denote the
equilibrium distribution of the random walk. Let di

be the degree of node i , then it is well known that
¼(i ) = di

2jE j · d¤
2jE j . For node pair (i; j ), let

Q(i; j ) = ¼(i )Pij = ¼(j )Pj i = 1=2jE j:

De¯ne the quadratic form of function Á as

E(Á;Á) =
1
2

X

i;j

(Á(i ) ¡ Á(j )) 2Q(i; j ):

Let the variance of Á with respect to ¼be

V(Á) =
1
2

X

i;j

(Á(i ) ¡ Á(j )) 2¼(i )¼(j ):

For a directed edge e from i ! j , de¯ne Á(e) =
Á(i ) ¡ Á(j ) and Q(e) = Q(i; j ). First, consider one
collection of path ° = (° ij ). De¯ne

j° ij jQ =
X

e2 ° ij

Q(e)¡ 1:

Then, under the natural random walk,

j° ij jQ = j° ij j(2jE j);(6.25)

where j° ij j is the length of the path ° ij .

V (Á) =
1
2

X

i;j

(Á(i ) ¡ Á(j )) 2¼(i )¼(j )

(a)
=

1
2

X

i;j

0

@
X

e2 ° ij

µ
Q(e)
Q(e)

¶ 1=2

Á(e)

1

A

2

¼(i )¼(j )

(b)
·

1
2

X

i;j

j° ij jQ ¼(i )¼(j )
X

e2 ° ij

Q(e)Á(e)2

·
µ

d¤

2jE j

¶ 2 1
2

X

e

Q(e)Á(e)2
X

° ij 3 e

j° ij jQ

(c)
=

µ
d2

¤

2jE j

¶
1
2

X

e

Q(e)Á(e)2
X

° ij 3 e

j° ij j

(d)
·

µ
d2

¤

2jE j

¶
° ¤

1
2

X

e

Q(e)Á(e)2b(° ; e);(6.26)

where b(° ; e) denotes the number of paths passing
through edge e under ° = (° ij ). (a) follows by using
¼(i ) ¼ 1=n for all i and adding as well as subtracting
valuesof Á on the nodesof path ° ij for all nodepair (i; j )
for a give path-set ° = (° ij ). (b) follows by Cauchy-
Schwartz inequality. (c) follows from (6.25), and (d)
follows from the fact that all path length are smaller
than ° ¤.

Note that in (6.26), b(° ; e) is the only path depen-
dent term. Henceunder a probabilit y distribution on ¡
(i.e. set of all paths), in (6.26), b(° ; e) can be replaced
by b(e) where

b(e) =
X

° 2 ¡

Pr( ° )b(° ; e):

Let b = maxe b(e). Then,

V (Á) ·
µ

d2
¤

2jE j

¶
° ¤

1
2

X

e

Q(e)Á(e)2b;(6.27)

=
µ

d2
¤° ¤b
2jE j

¶
E(Á;Á):(6.28)

The minimax characterization of eigenvalue ([HJ85],
page 176), gives a bound on the secondlargest eigen-
value as

¸ 2 = supf 1 ¡
E(Á;Á)
V (Á)

: Á a non-constantg:(6.29)

From (6.28) and (6.29), the statement of the Lemma
follows.


