Characteristigpolynomialsand pseudosgctra

LaurenceGRAMMONT
March 11, 2003

Abstract

In this paper, we study the "-lemniscate of the characteristic polynomial
in relation to the pseudospectrum of the assaiated matrix. It is natural
to investigate this question becausethese two sets can be seenas gener-
alizations of eigenvalues. The question of numerical determination of the
"-lemniscate raises the problem of computing the characteristic polyno-
mial p. We can expressthe coe cien ts of the characteristic polynomial
in the power basis: we use a formation of a Krylo v sequence.In order to
investigate the practical determination of the characteristic polynomial,
we proposea detailed study of its backward error.

keyw ords : pseudospectrum, characteristic polynomial, rounding error,
backward error, "-lemniscate.

1 Intro duction

Eigenvalues of a matrix A are theoretically de ned as the roots of its
characteristic polynomial. Zeros of polynomials are well known examples
of problems whoseanswers may be highly sensitive to perturbation. In [5]
or [18], the authors treat this problem asa condition number question. In
[14], it wastreated asa continuity question : Mosier de ned the notion of
root neighborhoods of a polynomial p asthe connected componerts of the
set of zerosof all polynomials obtained by coe cien twise perturbation of
p of sizelessthan ".

Z(p;")=1fz2 C: 992 Py; q(2) = Owith kp ok "g;

where k:k is metric on P, which measuresthe perturbation of the coef-
cients of p. P, is the set of monic polynomials of degreelessor equal
to n. In [16], this set is called "-pseudozeroset of p. The relevance of
such a set to the conditioning of the zero nding problem was discussed
in [14]. The "-pseudosgectrum - (A) is another set de ned as the set of
eigervalues of matrices A = A + E with KEk . In [16], they compared
the "-pseudozerosets of polynomials p with the pseudospectra ( - (A))
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of assaiated companion matrices. Their numerical experiments showed
that Z(p;kpk") and Ak~ (A) were generally quite closeto one another
when A was rst balanced. They also gave an algebraic characterization
of these "-pseudozerosets in terms of the level curves of a certain func-
tion involving the characteristic polynomial. They used the lemniscate
L(p;") = fz 2 C;jp(2)j "g to bound Z(p;") in order to determine
it numerically. Toh and Trefethen used all these sets in order to show
that it ought to be possibleto compute zeros of a polynomial stably via
eigervalues of its balanced assaiated companion matrix.

Our aim is dierent. If p is the characteristic polynomial of A, the
set L(p;") appears to be a generalization of the notion of eigervalues.
kak- (A) is also a natural extension of eigervalues problems (see [17]).
We think that it is theoretically interesting to compare these two gener-
alizations. In section 2, we state inclusions between these sets and we
conrm these theoretical results with numerical results.

Second,it is well known that the practical determination of the charac-
teristic polynomial is ill-conditionned. The oldest method for expanding
the characteristic polynomial of a matrix is the direct evaluation of princi-
pal minors. Then a method due to Leverrier (1840) has beenrediscovered
and somewhat elaborated in the fourties and fties. These methods are
basedupon Newton identities relating the coe cien ts of an equation with
sums of powers of the roots. In [12] Householder and Bauer showed that
numerous methods rest mathematically upon the formation of a Krylov
sequence.In [12], Wilkinson recalls the Krylo v method for computing the
coe cien ts of the characteristic polynomial of a matrix A. This method
is basedon the following property : Let A bein C" " and u 2 IR" such
that

the linear system

i:x1 1 )
then the characteristic polynomial is p(x) = aix' + x".

We would like to gain insight into the factolrso responsible for the bad
accuracy of the computation. In order to do do that, we study the e ects
of nite precision arithmetic on this numerical method. We obtain a
bound for the backward error. Then we derive a bound for the forward
error.

Finally , we usethe previous results to investigate the idea that the lem-
niscates L (p;") de ned by the computed characteristic polynomial could
be or not a tool to localize eigenvalues.

2 Generalization of eigenvalues involving
the characteristic polynomial

We begin this section by intro ducing some notations.



k:k, denotesthe spectral norm: kAk, = (A A)%, being the spec-
tral radius.

=

P ..

k:ke denotesthe Frobenius norm: kAke = (2, jaj j?)
P

the metric d on P, is de ned asfollows: d(p;0) = kpk = (

o jaif)t.

denotesthe spectrum.
(A)Y=f 1;:::; kgwith 16 .6 :::6 .
Pi denotesthe spectral projection assaiated with ;.
m; denotes 's algebraic multiplicit y and |; its index.

For all non singular matrix A, its condition number in the spectral
norm is de ned by k2(A) = kA tkokAk.

Mosier [14] studied the sensitivity of the roots to coe cien twise perturba-
tion of the coe cien ts of the assaiated polynomial. Totreat this question,
he de ned the notion of "-neighborhood of a polynomial p in P, as

N(p;") = fq2 Poid(pia) "o

We restrict the set P,: in the following it denotesthe set of monic poly-
nomials of degreen. He also de ned the notion of root neighborhood of
p as the connected componerts of the following set

Z(p;")=fz2 C:zisazeroof qfor someq2 N(p;")g:

Toh et Trefethen [16] called it the "-pseudozeroset. In order to study
matrices, the traditional tool was the study of eigervalues. But when the
matrix is not hermitian nor normal, the eigervalues do not give enough
information and the study of "-pseudospectra is useful (see[6], [10], [16] ,
[17] ). For any matrix A whoseorder is n, its pseudospectrum is de ned
as
“(A)=fz2 C;9E 2 C" ";kEk, ";z2 ( A+ E)g:

In [16] Toh et Trefethen compared pseudosgectra of compagnon matri-
ceswith the "-pseudozerosset of their characteristic polynomial . They
showed that thesetwo setswere generally quite close. It exists a setwhose
numerical determination is easierthan the computation of Z(p;") :

L(p")=fz2 C:jp(2)j "o
In [16], the authors called it "-lemniscate of p.

As this former setis a generalization of the spectrum, it isimportant to
compare it with the pseudospectrum. In this section, we presert theoret-
ical relationships betweenthese setsand numerical examplesto illustrate
them.

We obserwe that there are two levels in the perturbation analysis of
the eigervalues: There are changesin the coe cien ts of the characteristic
polynomial which correspond to small changesin the matrix and there
are changesin the roots of the characteristic polynomial corresponding
to changesin its coe cien ts. Roughly speaking, the pseudospectrum is
a tool to measure the magnitude of these two levels. But it seemsthat
Z(p;") and L(p;") re ect only the secondlevel. Therefore we rst propose
an inclusion's result from L(p;") into the pseudospectrum of A.



Lemma 2.1 Under the assumption
(H) A is an irr educible Hessenlerg matrix,

C is nonsingular and B = C ®AC is the companion matrix assaiated
with the characteristic polynomial of A.
Pr oof :: see[1], [11].

Theorem 2.2 Under the assumption
(H) A is an irr educible Hessenlerg matrix,
we have

L") Z(p") kz(c)" (A)

Proof :: In [16], it is proved that

@ L(p;")  Z(p")  ~(B)
with B the companion matrix assaiated with p. We have the result with
the lemma 2.1. |

The inclusion is far from being optimal. It can beobsened on the
numerical results.

Then we proposean inclusion result between -(A) and a"-leminiscate
of p.We presert two dierent relations based on di erent mathematical
technics. The rst inclusion is based on a result about eigenvalues con-
ditioning and the secondone usesa perturbation result of Eldelman and
Murak ami [3].

Theorem 2.3 With
M = maxfm; i=1;:::;kg,

m=minfm; i = 1;:::;kg,
r= minfTTj i=1::kg(r> 1),
(A) = maxfi i ;ji6]jg,
V; the Jordan basis ass@iated with ; , we have

“(A) L")
where "= Kmax( (A)"; (A)" M) "+ 0("") with
mj
K = maxf(ljka(V;)kPjk2) i ; j = 1;:::;kg
Proof :If z2 -(A), then 9E 2 C" " such that kKEk, " and z is
in the spectrum of A + E. According to a result concerning eigervalues

that
jz

i (ika(VHKP k") + O("Y ).

YK Y
Wehavep(z)= (z ™= )™ (@ ;)™.
j=1 isi



0 1

mj UL Y Rk . . m:
Sothat jp(z)j [(lik2(Vi)kPik2") T +O("™ " T )@ (z j+j i j)HMA.
j6i
Hencejp(2)i  (A)" ™ (Iika(Vi)kPiko) T " T + O("™ * T, m

The secondinclusion that we proposeis basedon a result of Edelman
and Murakami [3]. We recall it and we set a proof of it dierent from the
authors one.

D¢ 1
Lemma 2.4 The companion matrix B assaiated with p(x) = ax <+
k=0
x" is given by
0 1
0 ao
1
B = 2¢c" "
0
1 an 1

If E = (&) is a perturbation matrix and p the characteristic polyno-
mial assaiated with B + E,

we have
X 1
B(x) = dix*+ X" with
k=0
2 k ax
KEK! 0
(3)
Xk xo X 1 L KL
de  ax W o am € +m k 1 am € +m k 1 €j+m k 1.
’ m =0 j=k+2 n=k+1 j=1 j=1

Proof :: A= (aj)i denotesa matrix in C" ".
Its characteristic polynomial can be expressedas
1

X k
pa(X) = box“ + x"  with

k=0 X X Y
be=( 1" * () A
J2Ck 2S5, «(J) i23
with  Cy = f(ig;:i:in «); 11 <i2:::< iy k0

Sh k(J) the set of all permutations of J.
"( ) the signature of the permutation
The classicalimbeding from S, ¢ to S, implies

X Y
b= ( 1) () & o

23y 21

with Jy = f 2 S, for which 9Ly = (i1;:::;ik): (i) =18 2 Lx and 9l =

Applying this result to the matrix B + E, we have



1
B(x) = dix*+ x" with

k=0 X Y

de = (D" K () (b gt e o)) with B=(b)y andE =

23y 21
(e )ij -
Then X Y

n k " .
de . (D () b

292 izlgY
with J?  Jx and I such that b, ()60
i219

B is a companion matrix sothat b. (6 0, (iy=1i lor (i)=n.

this is possible only if
Iy = fk+ 1;:::;ngand is such that

(k+1)=n

=i 1 8i=k+ 2::::n
Then "( )= ( 1) * 1,

Asbn = a i1 andhbi 1= 1we obtain

de (D" ¥ )" ¥ I a) = ax. The rst property is proved.

We have 0 1
0K X X Y
de a1 ( )_ €o; (o) @. N b, i)A:
2Jk ig2lg i21ci6ig Y
Then by determining the setsl; Jx and the indicesio such that b, ()6
21
i6ip
0, we get the secondproperty. |

This lemma allows us to state the following theorem.

Theorem 2.5 Under the assumption
(H) A is an irr educible Hessenlerg matrix,

we have
~e(A) L) |
P—— 5 x K
with "" = n+ 1n%2ky(C)  kpk* .
k=1
Pr oof ::

It is clearthat ~~(A) ",(c)-(B); B beingde ned in the former lemma
and k2(C) = kCkzkC k.
22 ,0(B)) z2 ( B+ E)with kEka k2(C)", and

)4 1
according to a former lemma q(z) = 0 with q(z) p(z) = acz* with
k=0
X X X b
ax = am €i+m k am €i+m k atthe rst order.

m =0 i=k+2 m=k+1 i=1



I
x X h
Thusj axj jamj i€ at the rst order.

o, |
X 5 p____ X |
jamj n+1 i
mip i
kpk n+ 1n%2kEk;
kpk' n+ 1n%2k,(C)":
According to [11], as q(z) = O we have jzj kgk so that at the rst
order jzj  kpk.

K 1
Thusjp(z)j = ja(z) p(2)j j ajkpk"
k=0 p X 1
kpk  n+ 1n%2ks(C)  kpk*"
k=0 |

P——= 3= X k

=" n+ 1n%%k(C) kpk* "

k=1

Remark : The factor ko(C) is not the essetial factor in the inclusion's
results. If A is an Hesserberg matrix with a;; 1 = 1 8i then it exists
a matrix T, such that ko(T) = 1 and A = TBT 1. where B is the
companion matrix see[4] p 105.

Let usillustrate the relations beetweenthe sets:

Example : (Grcar matrix of size 10). It was intro duce by Grcar [8] and
was often studied in connexion with pseudospectra. To draw the pseu-
dospectra, we use the pseudospectra GUI, created by Wright and Tre-
fethen [19].
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Figure 1:
dashed-dotted curve is the pseudosgectra with " = 55 10 *
the solid curvesshows L(p;5:5 10 4) and L(p; 10 ©)



3 rounding error analysis

The previous section suggeststhat L(p;") could be atool to study eigen-
valuessensitivity. But we haveto know how accurate the determination of
this set can be, otherwise it doesnot give any good informations. There-
fore, we are interested in the computational error of the coe cien ts of the
characteristic polynomial. We shall perform a rounding error analysis.
To carry out rounding error analysis of the Krylo v method, we need
to make some assumptions about the accuracy of the basic arithmetic
operations : we work with the standard model of oating point arithmetic

[9]:
4 fi(xopy) = (xopy)d+ ) ji u

where u is the unit roundo, op= +; ; ;=and fl(x) or ® denotes the
computed value of x.

In the Krylo v method applied to an irreducible Hesserbberg matrix A of
order n, the coecien ts = (ao;:::;an) of the characteristic polynomial

(5) C =b; C=[e;::;A" 'ei]; b= Ae
mu
1 mu’

Theorem 3.1 Under the assumption (H), ”, the computed solution of
C = bis the exact solution of the linear system

Notations : a= kAky and n =

(C+ C)*=b+ b

with
" ; #
3 1 azn 2 5 4 1 a2n
+ 2 ————+n2a +
k Cke + k bko (nl)nala12 nanlazu
+0(u?)

Pr oof : The rounding error of is due to the computation of the matrix
C and the vector b and to the numerical resolution of the linear system.
fI(C) denotesthe computed matrix C and f I(b) the computed vector b.
According to Higham [9|é|y we have
Kfl(xk) xkka @+ n o)k 1 ak, with xc = A¥ey.
1

Hence,askf I(C) Ck2 = kfI(xk) xkk3 and f1(xo0) = Xo,

k=0

KFI(C) Cke (1+PA,)" ! 1a

Then, with the big O notation, we get
N ———n
1 a2n 2

i
6) KI(C) Cke a —g——— (n Hnfu+ O(u?) :

1 a2n2
1 az

and H )
|
@) kfl(b) bke a" nZu+ O(u?) :



A is the computed solution of the linear system f I(C)w = f I(b).
A is an irreducible Hessermberg matrix sothat C is upper triangular. So
the above linear system will be solved by substitution. According to [9] ,
A satis es

8) (FI(C)+ T)r=fl(b
9) i Ti WifI(C)j

We havethen C=C fI(C)+ T sothat
k Cke kC fI(C)ke + k Tke

and according to ( 6), ( 7) and (8),

r 1

2n 2
k Cke (0 1)n?a 1% u+ O(u?) + nkCke u + O(u?)
r—
1 a2n
As kCke T a2 e get the result. |

The quantity k Ckr + k bk, measuresthe backward error of Krylo v
method.

Now, with this error analysis result, we are able to derive aa a priori
bounds for the forward error of the Krylo v method.

Theorem 3.2 Under the assumption (H),
If p is the characteristic polynomial of A and p the characteristic polyno-
mial computed with the Krylov method, We have

kp pk KkC ko
r r !

5 3 1 a2n 2 1 a2n
nza' + (n 1)nza ————kpk+ n k~k
( ) 1 a? P a2 2
u+ O(u?)

Pr oof :
is the solution of C = bsothat

c( M= Cr+ b

Then
k  "kz kC 'ka(k Ckak”kz + k bka):

Applying the backward error bound and the property kik,  kike, we
have the bound. |

The term n%a”, with a = kAk, suggeststhat if a is greater than 1,
the backward error can be disastrous. Thus it can be important to deal
with a matrix A whose norm is lessthan one. This can be achieved by
applying a balancing processsuch as [7], [13], [15].



In the following example, we compute the relative forward error in
relation to the norm kAk, and draw its regressionline. It conrms that
the error is an increasing function of kAk;.
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Figure 2 : X022 function of kAk;

4 Conclusion

We can rewrite the results of the previous section as follows :

If pisthe characteristic polynomial of A and p the characteristic poly-
nomial computed by the Krylo v method applied to the balanced matrix,
then p2 N(p; ), a neighborhood of p, with

= kC 'k, a(n 1nzkpk+ o(n?) u+ O(u?)

In section 2, we set inclusions results betweenL (p;") and -(A). So
that L(p;") could be considered as a tool to localize eigervalues. It can
be numerically computed at little cost. But it is well known that the
accuracy to compute the characteristic polynomial is limited. Sothat we
can not determine the set L(p;") for small values of ". At least, " has
to be greater than the error . Finally that is a limitation that does not
exists for the pseudosgectra.
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