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Figure 1. Sequence of events A,B and C observed during ,; seconds.
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Figure 2. Subsequences sA,sB and sC of sequence s of events shown on
Figure 1. Event C follows event B within two seconds lag.
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Definition 1 (Event set decomposition). : The set of event types E ��

��
���
into pairwise disjoint sets E1, . . . , Em with E 8

⋃m
i=1 Ei and � i �8 j, Ei � Ej 8 � if

for all s � � E:

µE"s# 8
m∏
i=1

µEi
"s+Ei/#. "<#

That is, the probability of observing a sequence s is the product of the marginal
probabilities of observing the projected sequences s+Ei/.
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 A
��� B ��
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µ{A,B}"s# 8 µA"sA#� µB"sB#, � s � � {A,B}. ".#
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Assumption 1 (Stationary Process). The observed process is a �����
����
process, i.e., it is shift-independent:

µE"S# 8 µE"S+τ#, � τ � Z, � S 
 � E "=#

where S+τ 8 � f+τ "t#�� f � S, � .� . � t � Z ?f+τ "t# 8 f "t D τ#� .
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Assumption 2 (Ergodic Process). The observed process is an ���
��
 process,
i.e., statistics that do not depend on the time are constant. That is, such statistics
do not depend on the realization of the process.
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@��X"f, u# ���
�� ��� ���� ������� 
� ��� �����
���� �����$���
� f � � E "�������
�#�

X"f, u# 8 ���
T→∞

"5/T#
∫ T

−T

f "u D t#dt. ">#
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� �������� �� ���� ���������� �� ��� ��

��� �� ���
��
� ���� X �� ��� ����
�
� ��� f � ����� X"f, u#� EX � ��� �
� � �����
���� ��

��� 	� ����

EX 8 E+X"f, u#/ 8 ���
T→∞

"5/T#
∫ T

−T

E+f "u D t#/dt 8 Ef "5;#

	���� Ef � Ef "t# 8 E+f "t#/� �
 ��� ����
��� ����� �� ����� �
���� Ef � �� ����� �
 ���
���� ������� EX �
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Assumption 3 (Quasi-Markovian Process). The observed process is ������
����
���� in the sense that local distributions are completely determined by the
process values in some finite neighborhood, i.e.

p"Zt � D�Zt′ , t
′ �8 t# 8 p"Zt � D�Zt′ , t

′ �8 t, �t 	 t′� � � # "55#

where D 
 � ; ,5� |E|
and � is some predefined positive constant, which is called

������� ��� .
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{ ∑T −m

n=1 s1"n#s2"n D m# m � ;
c21"	 m# m < ;

, 	� � m � � . "5,#
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Problem 1 (Pairs Distribution). Assume we observe , � independent binary
random variables s1"t#, s2"t# for t 8 5 , . . . , � , with P "s1"t# 8 5# 8 p1 and P "s2"t# 8
5# 8 p2 for all t 8 5 , . . . , � . Let c12 be defined by Equation 12. The questions are:

� What is the distribution of c12";#?
� What is the exact from of P "� m � +A,B/, a � c12"m# � b# for some given

� A,B, a, b� ?
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P "c12";# 8 k#�
νke−ν

kJ
, ν 8 � � p12. "53#
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Problem 2 (Pairs Distribution, Non-Uniform density). Let η1, η2 be a
positive constants and let � "t# ?� 5, . . . , � � 
 +;, 1

max(η1,η2)
/ be a function with

integral one, i.e.,
∑T

t=1 � "t# 8 5. We observe , � independent binary random
variables s1"t#, s2"t# for t 8 5 , . . . , � , such that P "s1"t# 8 5# 8 η1� "t# and
P "s2"t# 8 5# 8 η2� "t# for all t 8 5 , . . . , � . Let c12 be defined by Equation 12.
The questions are:

� What is the distribution of c12"m#?
� How to estimate P "� m � +A,B/, a � c12"m#� b# for some � A,B, a, b� ?
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Figure 3. (a)Two independent streams of events and their cross correla-
tion. The probability of observing 3 or more pairs in the analyzed lag interval is
3<L . (b)Two independent streams of events following the same joint density and
their cross correlation. The probability of observing 5; or more pairs in the analyzed
lag interval is only ; .5>L for a uniform model, but it is 5=L considering the burst
regions only.
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Figure 4. Pairwise dependencies for the first ten most frequent events
of telecommunication alarms data. Error probability threshold is one percent
(δ 8 ; .;5 ). (a) Without the use of burst information. (b) Using only the yes/no
burst information. Dashed lines show weaker dependencies. Demanding greater
confidence (smaller δ) renders these events independent.

Table 1. Experimental results with synthetic data. Found dependencies
shown for each pairwise dependency detection method.

Event dependence analysis Uniform density Burst-like density
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