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1 Introduction

The past few years have witnessed a growing interest in clustering algorithms that
are suitable for data-mining problems [15, 14, 9]. Clustering algorithms for data-
mining problems must be extremely scalable. In addition, several data mining ap-
plications demand that the clusters obtained be balanced, i.e., be of approximately
the same size or importance. There are several notable approaches that address
the scalability issue. Some approaches try to build the clusters dynamically by
maintaining sufficient statistics and other summarized information in main mem-
ory while minimizing the number of database scans involved. For example, Bradley
et al. [4, 5] propose out-of-core methods that scan the database once to form a
summarized model (for instance, the size, sum and sum-squared values of potential
cluster, and well as a small number of unallocated data-points) in main memory.
Subsequent refinement based on this summarized information is then restricted to
main memory operations without resorting to further disk scans. Another method
with a similar flavor [24] compresses the data objects into many small subclusters
using modified index trees and performs clustering with these subclusters. A differ-
ent approach is to subsample the original data before applying the actual clustering
algorithms [6, 12]. Ways of effectively sampling large datasets have also been pro-
posed [20]. A recent work [8] suggests using less number of points in each step
of an iterative relocation optimization algorithm like k-means as long as the model
produced does not differ significantly from the one that would be obtained with full
data.

Several of these methods are linear in the number of data-points N as well
as the number of clusters & and hence scale very well. However their “sequential
cluster building” nature prevents a global view of the emergent clustering that is
needed for obtaining well-formed as well as reasonably balanced clusters. Even the
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venerable k-means does not have any explicit way to guarantee that there is at least
a certain minimum number of points per cluster, though it has been shown that
k-means has an implicit way of preventing highly skewed clusters [17]. Experiments
with k-means show that it quite often generates some clusters that are empty or
extremely small, specially when the data is in high dimensional (> 100) space. This
is undesirable in a lot of practical scenarios where clusters should be of compara-
ble sizes to be actually useful and actionable. For example, a direct marketing
campaign often starts with segmenting customers into groups of roughly equal size
or equal estimated revenue generation, (based on, say, market basket analysis, or
purchasing behavior at a web site), so that the same number of sales teams (or
marketing dollars) can be allocated to each segment. In large retail chains, one
often desires product categories/groupings of comparable importance, since subse-
quent procedures such as shelf/floor space allocation and product placement are
influenced by the objective of allocating resources proportional to revenue or gross
margins associated with the product groups. In clustering of a large corpus of doc-
uments to generate topic hierarchies, by avoiding the generation of hierarchies that
are highly skewed, with uneven depth in different parts of the hierarchy “tree” or
having widely varying number of documents at the leaf nodes, balancing greatly
facilitates navigation.

There are a few existing approaches for obtaining balanced clusters. First,
an agglomerative clustering method can be readily adapted so that once a cluster
reaches a certain size in the bottom-up agglomeration process, it can be removed
from further consideration. However, this may significantly impact cluster quality.
Moreover, agglomerative clustering methods have O(N?) complexity and hence does
not scale well. A recent approach to obtain balanced clusters is to convert the
clustering problem into a graph partitioning problem [22]. A weighted graph is
constructed whose vertices are the data-points. An edge connecting any two vertices
has a weight equal to a suitable similarity measure between the corresponding data-
points. The choice of the similarity measure quite often depends on the problem
domain, e.g., Jaccard coefficient for market-baskets, normalized dot products for
text, etc. The resultant graph can be partitioned by efficient “min-cut” algorithms
that also incorporate a soft balancing constraint [16]. Though this approach gives
very good results, O(NN?) computation is required to compute the similarity matrix.
Another recent approach is to iterate over k-means but do the cluster assignment
by solving a minimum cost flow problem satisfying constraints [3] on the cluster
sizes. This approach is O(N?) and thus has even poorer scaling properties.

In this paper, we address the issue of developing scalable clustering algorithms
that satisfy balancing constraints on the cluster sizes. A O(kN log N) scheme is
presented for clustering N data-points into k clusters so that each cluster has at
least m points for some given m < % The proposed scheme can be broken down
into three steps - sampling, soft-balanced clustering and populating the clusters
while keeping the balance. We address each of the steps separately and show that
the three-step process gives a very general methodology for scaling up balanced
clustering algorithms. The rest of the paper is organized as follows. A brief overview
of the three steps is presented in section 2. The detailed algorithms and analysis of
the three steps are provided in section 3. In section 4 we present experimental results



on high-dimensional text clustering problems. The paper concludes in section 5 with
a discussion on the proposed scheme and future work.

2 Overview

First, we present the basic model and assumptions based on which the algorithms
will be proposed. Let X = {z1, 22, - ,zn} be a set of data-points that needs to be
clustered. We assume that there are k£ underlying clusters and & has approximately
equal number of data points from each cluster. To be more precise, the number of
points from each cluster is assumed to be at least m for some m < % The three
steps in the proposed scheme are as follows:

Step 1 Sampling of the given data: The problem with sampling is that one may end
up sampling all the points from the same cluster so that the sampled data is
not suitable for clustering. We show that this kind of a scenario is less likely
under our balancing assumptions and compute the number of samples we
must must draw from the original data in order to get a good representation
of each of the clusters in the sampled set with high probability.

Step 2 Clustering of the sampled data: Any known balanced clustering algorithm
that fits the problem domain can be used in this stage. The algorithm is
to be run on the sampled set. Since the size of the sampled set is much
less than that of the original data, one can use slightly involved algorithms
as well, without much blow-up in complexity. We propose a simple soft-
balanced variant of the k-means algorithm for this stage that computes the
clusters by iterative relocation but softly takes into account the balancing
constraints. A more rigorous balancing requirement can be fulfilled by a
graph-based algorithm [16, 3].

Step 3 Populating the clusters: The clusters generated in the second step is to
be populated with the data-points that were not sampled in the first step.
For this step, we propose a less greedy approach motivated by the stable
marriage problem [13] that takes into account the balancing constraints,
followed by some re-adjustments. Note that this technique of populating
the clusters can be applied irrespective of what clustering algorithm was
used in the second step, as long as there is a way to represent the clusters.

This is a very general framework for scaling up balanced clustering algorithms,
irrespective of the domain from which the data has been drawn and the clustering
algorithm that is used as long as they satisfy the assumptions.

3 Algorithms and Analysis

For the basic analysis, we assume that the data-points are d-dimensional vectors
and there exists a function f : R? x R? — R that gives the “distance” between
two points in R?. In this section, we present and analyze the three steps of our
methodology in detail.



3.1 Sampling

First, we examine the question - given the set X having k underlying clusters of
equal size, what is the number n of samples that need to be drawn from X" so that
there are at least s points from each of the k clusters with high probability. Let
X be a random variable for the number of samples to be drawn from X to get at
least s points from each cluster. E[X] can be computed by an analysis using the
theory of recurrent events and renewals [10] - a simpler version of this analysis can
be found in the so-called Coupon Collector’s problem [19], or, equivalently in the
computation of the cover time of a random walk on a complete graph. With a
similar analysis in this case, we get

E[X] < sklnk + O(sk) (1)

Motivated by this result, we present the following theorem that shows that if we
draw n = csklnk ~ cE[X] samples from X, then we we will get at least s samples
from each cluster with high probability.

Theorem 1 Given a set X of N data-points having k underlying clusters of equal
size, the probability of getting at least s samples from each cluster is more than
(1- kl—d) if we draw csklnk samples uniformly at random from X, given ¢ > ﬁ

and ke= >4clnk.

This result can be proved using the union bound and Poisson approximations. The
proof is not presented due to lack of space. To help understand the result, consider
the case where k = 10 and we want at least s = 50 points from each of the clusters.
Table 1 shows the total number of points that need to be sampled for different levels
of confidence. Also note that if the k underlying point clusters are of equal size and

d 1 2 3 4 5
Confidence, 100(1 — 27)% [| 90.000 | 99.000 | 99.900 | 99.990 | 99.999
Number of Samples, n 1160 1200 1239 1277 1315

Table 1. Number of samples required to achieve a given confidence level
for k=10 and s=50

csklnk points are sampled uniformly at random, the expected number of points
from each cluster is ¢sIn k. Thus the underlying cluster structure is expected to be
preserved in this smaller sampled set and the chances of wide variations from this
behavior is very small. For example, for the 99.99% confidence level in Table 1, the
average number of samples per cluster is 127, which is only 2.5 times the minimum
cluster size we can get. The above analysis holds good when the size of all the
underlying clusters in the full dataset are equal and given by % In this perfectly
balanced case, the size of the smallest clusters m is actually % A similar analysis
continues to hold good for m less than but of the same order of % However, for
m < %, more involved density-biased sampling [20] should be used for getting
approximately equal number of samples from each of the clusters.



