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1 Introduction

The past few years have witnessed a growing interest in clustering algorithms that
are suitable for data-mining problems [15, 14, 9]. Clustering algorithms for data-
mining problems must be extremely scalable. In addition, several data mining ap-
plications demand that the clusters obtained be balanced, i.e., be of approximately
the same size or importance. There are several notable approaches that address
the scalability issue. Some approaches try to build the clusters dynamically by
maintaining sufficient statistics and other summarized information in main mem-
ory while minimizing the number of database scans involved. For example, Bradley
et al. [4, 5] propose out-of-core methods that scan the database once to form a
summarized model (for instance, the size, sum and sum-squared values of potential
cluster, and well as a small number of unallocated data-points) in main memory.
Subsequent refinement based on this summarized information is then restricted to
main memory operations without resorting to further disk scans. Another method
with a similar flavor [24] compresses the data objects into many small subclusters
using modified index trees and performs clustering with these subclusters. A differ-
ent approach is to subsample the original data before applying the actual clustering
algorithms [6, 12]. Ways of effectively sampling large datasets have also been pro-
posed [20]. A recent work [8] suggests using less number of points in each step
of an iterative relocation optimization algorithm like k-means as long as the model
produced does not differ significantly from the one that would be obtained with full
data.

Several of these methods are linear in the number of data-points N as well
as the number of clusters & and hence scale very well. However their “sequential
cluster building” nature prevents a global view of the emergent clustering that is
needed for obtaining well-formed as well as reasonably balanced clusters. Even the
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venerable k-means does not have any explicit way to guarantee that there is at least
a certain minimum number of points per cluster, though it has been shown that
k-means has an implicit way of preventing highly skewed clusters [17]. Experiments
with k-means show that it quite often generates some clusters that are empty or
extremely small, specially when the data is in high dimensional (> 100) space. This
is undesirable in a lot of practical scenarios where clusters should be of compara-
ble sizes to be actually useful and actionable. For example, a direct marketing
campaign often starts with segmenting customers into groups of roughly equal size
or equal estimated revenue generation, (based on, say, market basket analysis, or
purchasing behavior at a web site), so that the same number of sales teams (or
marketing dollars) can be allocated to each segment. In large retail chains, one
often desires product categories/groupings of comparable importance, since subse-
quent procedures such as shelf/floor space allocation and product placement are
influenced by the objective of allocating resources proportional to revenue or gross
margins associated with the product groups. In clustering of a large corpus of doc-
uments to generate topic hierarchies, by avoiding the generation of hierarchies that
are highly skewed, with uneven depth in different parts of the hierarchy “tree” or
having widely varying number of documents at the leaf nodes, balancing greatly
facilitates navigation.

There are a few existing approaches for obtaining balanced clusters. First,
an agglomerative clustering method can be readily adapted so that once a cluster
reaches a certain size in the bottom-up agglomeration process, it can be removed
from further consideration. However, this may significantly impact cluster quality.
Moreover, agglomerative clustering methods have O(N?) complexity and hence does
not scale well. A recent approach to obtain balanced clusters is to convert the
clustering problem into a graph partitioning problem [22]. A weighted graph is
constructed whose vertices are the data-points. An edge connecting any two vertices
has a weight equal to a suitable similarity measure between the corresponding data-
points. The choice of the similarity measure quite often depends on the problem
domain, e.g., Jaccard coefficient for market-baskets, normalized dot products for
text, etc. The resultant graph can be partitioned by efficient “min-cut” algorithms
that also incorporate a soft balancing constraint [16]. Though this approach gives
very good results, O(NN?) computation is required to compute the similarity matrix.
Another recent approach is to iterate over k-means but do the cluster assignment
by solving a minimum cost flow problem satisfying constraints [3] on the cluster
sizes. This approach is O(N?) and thus has even poorer scaling properties.

In this paper, we address the issue of developing scalable clustering algorithms
that satisfy balancing constraints on the cluster sizes. A O(kN log N) scheme is
presented for clustering N data-points into k clusters so that each cluster has at
least m points for some given m < % The proposed scheme can be broken down
into three steps - sampling, soft-balanced clustering and populating the clusters
while keeping the balance. We address each of the steps separately and show that
the three-step process gives a very general methodology for scaling up balanced
clustering algorithms. The rest of the paper is organized as follows. A brief overview
of the three steps is presented in section 2. The detailed algorithms and analysis of
the three steps are provided in section 3. In section 4 we present experimental results



on high-dimensional text clustering problems. The paper concludes in section 5 with
a discussion on the proposed scheme and future work.

2 Overview

First, we present the basic model and assumptions based on which the algorithms
will be proposed. Let X = {z1, 22, - ,zn} be a set of data-points that needs to be
clustered. We assume that there are k£ underlying clusters and & has approximately
equal number of data points from each cluster. To be more precise, the number of
points from each cluster is assumed to be at least m for some m < % The three
steps in the proposed scheme are as follows:

Step 1 Sampling of the given data: The problem with sampling is that one may end
up sampling all the points from the same cluster so that the sampled data is
not suitable for clustering. We show that this kind of a scenario is less likely
under our balancing assumptions and compute the number of samples we
must must draw from the original data in order to get a good representation
of each of the clusters in the sampled set with high probability.

Step 2 Clustering of the sampled data: Any known balanced clustering algorithm
that fits the problem domain can be used in this stage. The algorithm is
to be run on the sampled set. Since the size of the sampled set is much
less than that of the original data, one can use slightly involved algorithms
as well, without much blow-up in complexity. We propose a simple soft-
balanced variant of the k-means algorithm for this stage that computes the
clusters by iterative relocation but softly takes into account the balancing
constraints. A more rigorous balancing requirement can be fulfilled by a
graph-based algorithm [16, 3].

Step 3 Populating the clusters: The clusters generated in the second step is to
be populated with the data-points that were not sampled in the first step.
For this step, we propose a less greedy approach motivated by the stable
marriage problem [13] that takes into account the balancing constraints,
followed by some re-adjustments. Note that this technique of populating
the clusters can be applied irrespective of what clustering algorithm was
used in the second step, as long as there is a way to represent the clusters.

This is a very general framework for scaling up balanced clustering algorithms,
irrespective of the domain from which the data has been drawn and the clustering
algorithm that is used as long as they satisfy the assumptions.

3 Algorithms and Analysis

For the basic analysis, we assume that the data-points are d-dimensional vectors
and there exists a function f : R? x R? — R that gives the “distance” between
two points in R?. In this section, we present and analyze the three steps of our
methodology in detail.



3.1 Sampling

First, we examine the question - given the set X having k underlying clusters of
equal size, what is the number n of samples that need to be drawn from X" so that
there are at least s points from each of the k clusters with high probability. Let
X be a random variable for the number of samples to be drawn from X to get at
least s points from each cluster. E[X] can be computed by an analysis using the
theory of recurrent events and renewals [10] - a simpler version of this analysis can
be found in the so-called Coupon Collector’s problem [19], or, equivalently in the
computation of the cover time of a random walk on a complete graph. With a
similar analysis in this case, we get

E[X] < sklnk + O(sk) (1)

Motivated by this result, we present the following theorem that shows that if we
draw n = csklnk ~ cE[X] samples from X, then we we will get at least s samples
from each cluster with high probability.

Theorem 1 Given a set X of N data-points having k underlying clusters of equal
size, the probability of getting at least s samples from each cluster is more than
(1- kl—d) if we draw csklnk samples uniformly at random from X, given ¢ > ﬁ

and ke= >4clnk.

This result can be proved using the union bound and Poisson approximations. The
proof is not presented due to lack of space. To help understand the result, consider
the case where k = 10 and we want at least s = 50 points from each of the clusters.
Table 1 shows the total number of points that need to be sampled for different levels
of confidence. Also note that if the k underlying point clusters are of equal size and

d 1 2 3 4 5
Confidence, 100(1 — 27)% [| 90.000 | 99.000 | 99.900 | 99.990 | 99.999
Number of Samples, n 1160 1200 1239 1277 1315

Table 1. Number of samples required to achieve a given confidence level
for k=10 and s=50

csklnk points are sampled uniformly at random, the expected number of points
from each cluster is ¢sIn k. Thus the underlying cluster structure is expected to be
preserved in this smaller sampled set and the chances of wide variations from this
behavior is very small. For example, for the 99.99% confidence level in Table 1, the
average number of samples per cluster is 127, which is only 2.5 times the minimum
cluster size we can get. The above analysis holds good when the size of all the
underlying clusters in the full dataset are equal and given by % In this perfectly
balanced case, the size of the smallest clusters m is actually % A similar analysis
continues to hold good for m less than but of the same order of % However, for
m < %, more involved density-biased sampling [20] should be used for getting
approximately equal number of samples from each of the clusters.



3.2 Balanced Clustering

This step involves clustering the set of n sampled points, X, in a balanced fashion.
Though it has been shown [17] that the well known k-means algorithm has some
implicit balancing properties, it may give skewed clusters at times. We propose
a small modification to the standard k-means algorithm that takes into account
balancing as an explicit soft constraint. The suggested change is motivated by
the ideas behind frequency sensitive competitive learning (FSCL) [21, 1], an online
algorithm where the distance of a point from a particular cluster at any point
during the execution of the algorithm is weighted by the number of points already
assigned to that cluster. Thus, the effective distance to a cluster having more
number of points increases, making the allocation of future points to such a cluster
less likely. Convergence properties of FSCL has been studied in detail [11] and the
results support the use of FSCL for applications such as clustering, design of radial
basis functions, vector-quantization codebooks generation etc. In what follows, we
introduce the proposed modification from a theoretical perspective and then give
an algorithm fsk-means (frequency sensitive k-means) for performing the clustering
that can be considered as a principled variant of FSCL.

First, we take a closer look at exactly what objective the k-means algorithm
(locally) minimizes [18, 17]. Let us assume that the points have been generated from
one of a mixture of k£ Gaussians with unknown parameters © = {6y, : (pup, 2p), h =
1,--- ,k}. Then, the probability of occurrence of a particular data-point z due to the
h-th Gaussian is given by pp (2|6r) = Pr(z|N(un, X)). The basic idea is to estimate
the parameters, under certain assumptions, so that the modeling uncertainty of the
data in terms of which Gaussian generated which of the data points is minimized.
For k-means, it is assumed that X, = I, the identity matrix, and all the Gaussians
have equal priors. Then, the clustering algorithm tries to minimize the modeling
uncertainty in terms of the entropy of the data-points given by

Ho(X,) = Bucx, [~ 108 () (#l6o())] = Frex, log ((2m) 26 eree)I)]

= a1 Eeex, [z = powl’] + e 2)

where C'(z) € {1,--- ,k} is the cluster label assigned to the data-point z and ¢, co
are constants. So, the objective function of k-means is J = Ei=1 Yeec, 1T —nnll*.
The change we propose is to set ¥j, = nLlI, where ny, is the number of points assigned
to the h-th cluster at any point in the algorithm. So, the generating Gaussians are
still isotropic but with diminishing width as more points are assigned to it. Hence,
the likelihood of a point belonging to a cluster to which a large number of points
have already been assigned is less in this setup than to another cluster whose mean
is at the same Euclidean distance but has less number of points. This frequency
sensitive stretching of the mixture components result in clusters that are more
balanced.! Next, we present the objective function for this setup. Following Eqn. 2

Lunless the inherent structure of the data is wildly skewed.



and incorporating the modification of the covariance, we get

_ 1
He(X;) = Eqex, [log((%)d”no}f exp( 5ne@)ll(@ - pe@)1*)]
= c1Beex, [no@) |z — po@)ll* —log(nem))] + 2 3)

where c¢;,co are constants. So, the objective function for the frequency sensitive
k-means is given by

k
T =3 (nulle— pall® —log(na) ) (4)

h=1z€Cp

Finally, we present the algorithm fsk-means that attempts to minimize the above
objective using the standard iterative relocation approach.

Algorithm fsk-means
Input: A set X; of n data-points and the number of clusters k.
Output: A disjoint partitioning of X, into k subsets Cp,h =1,--- , k that
attempts to minimize the objective in Eqn. 4.
Method: 1.Set iteration count ¢ <+ 0. Choose k points (not necessarily in S) as
the cluster means uslo) and set nglo) —5h=1- k.
2.Repeat until convergence
2a. Assign each data-point x to the cluster C,(f*) where
h* = arg min (nnllz — pul* —log(ns) )

2b. Assign ngtﬂ) +— |C’,(1t)|.

2c.  Assign ,uELt'H) = ﬁ ZEECS) x.

2d. Sett«+ (t+1).
It is to be noted that the above method provably gives the local minima of the
objective in Eqn. 4 under very strong assumptions. However, as we shall see, this
method performs extremely well in practice and also gives a good optimization
of the k-means objective. A plausible reason for this is that the balancing effort
prevents it from converging to a bad local minima and it behaves very similar to
traditional simulated annealing algorithms. Moreover, it shares FSCL’s property of
being less sensitive to initial conditions [1] as compared to k-means.

3.3 Populating the Clusters

After clustering an n point sample from the original data-set X, the remaining (N —
n) points need to be assigned to the clusters, satisfying the balancing constraint.
In this section, an algorithm for doing this is presented.

Let py, pa,- - , g be the means of the k clusters C1,C5,--- ,Cy and let ny,
be the number of points in cluster C}, after the completion of fsk-means. Clearly
Zﬁzl np =n. Let wvy,va, -+ ,uN_pn be the (N — n) points that were not sampled
and hence still need to be assigned to the clusters. Now, if the assignment of points
is to be done under perfect balancing constraints, a set of exactly (% — ny) points



needs to be assigned to cluster C}, so that each cluster finally has exactly % points.
A more practical scenario is to ensure that each cluster has at least m = b- % points,
where 0 < b < 1 is the balancing fraction. In this case, at least (b - % — ny) points
need to be assigned to cluster C,. We shall present the algorithm for this practical
fractional balancing case. In fact, the exact balancing constraint is a special case of
the fractional balancing when the balancing fraction b = 1.

Ideally, each point should be assigned to the nearest mean so that Vv;,

Fi o) < f(vi, un),Vh # C(v;) where C(v;) € {1,2,---,k} represents the
cluster to which v; is assigned. However, this need not satisfy the balancing con-
straints. If Sy, = {v;|C(v;) = h} be the set of points that were assigned to Cp,
then balancing requires |Sp| > (b- % —np). Our scheme for populating the clusters
has two parts. First, each cluster is given the best possible (b - % — nyp) points
from the entire collection of (N — n) points; after the completion of this part,
Zszl(b- % —np) = bN — n points get assigned to clusters. Then, in the second
part, the remaining (N — (bN —n) —n) = N(1 — b) points are assigned to their
nearest clusters greedily followed by some re-adjustments, satisfying the balancing
constraints all along.

The first part gives the following guarantee after completion: |Sp| = (b- % -
np), and Yv; that has been assigned to a cluster, either f(vi, po(v;)) < f(vi, pn), Vh #
C(vi)a or, if thlf(viJMC(Ui)) > f(Uj,th), then Vv; € Sh’;f(vi’alu’h') < f('l)z,/l/;b)
Any assignment that satisfies the above conditions is said to be a stable assign-
ment. Thus, if a point cannot get into a cluster whose mean is nearer to it than the
mean of its own cluster, then that other cluster must have already got its required
- % — ny) points, each of which is nearer to that mean than the point under
consideration. The algorithm we present is motivated by the proposal algorithm
for the stable marriage problem [13, 19]. It is in fact a polygamous version of the
classical stable marriage problem [2] and will be called the poly-stable algorithm.

Polygamous Stable Marriage

In this subsection, we give an outline of the poly-stable algorithm. First, the
distance f(v;, un) between every unassigned point v;,4s = 1,--- , (N — n) and every
cluster Cp,h =1,--- , k is computed. For each cluster C}, all the (N —n) points are
sorted in increasing order of their distance with py. Let the ordered list of points
for cluster C, be denoted by II"). Let mj denote the number of points yet to be
assigned to cluster C} at any stage of the algorithm. Initially mp = (b- % —np)-
This part of the algorithm will terminate when m; = 0,Vh. The basic idea behind
the algorithm is “cluster proposes, point disposes”. In the first step, each of the
k clusters proposes to its nearest (b- & — nj) points. Every point which has been
proposed, gets temporarily assigned to the nearest among its proposing clusters
and rejects the proposal of all its other proposing clusters. Note that if a point has
received only one proposal, it gets temporarily assigned to the only cluster which
proposed it and there is no rejection involved. For each cluster my is computed.
Next, the following process is repeated for h = 1---k until my, = 0,Vh. If my # 0,
cluster Cj, proposes the next my, points from its list II(®) that have not already



rejected its proposal. Each of the proposed points accepts the proposal either if it
is currently unassigned or if the proposing cluster is nearer than the cluster Cj: to
which it is currently assigned. In the later case, the point rejects its old cluster Cp:
and the cluster Cj: loses a point so that my goes up by 1. This process is repeated
until my, = 0,Vh and the algorithm terminates.

Now we show that this algorithm indeed satisfies all the required conditions
and hence ends up in a stable assignment. Before giving the actual proof, we
take a closer look at what exactly happens when an assignment is unstable. Let
(v; = Cy) denote the fact that the point v; has been assigned to the cluster C}.
An assignment is unstable if there exist at least two assignments (v;; — Cp,) and
(viy = Ch,), h1 # ha, such that v;, is nearer to C, than Cj, and C}, is nearer to
vp, than vp,. The point-cluster pair (v;,, Ch,) is said to be dissatisfied under such
an assignment. An assignment in which there are no dissatisfied point-cluster pairs
is a stable assignment and satisfies the constraints. Next, we show that there will
no dissatisfied point-cluster pair after the algorithm terminates.

Claim 1 poly-stable gives a stable assignment.

Proof. If possible, let (v;; = Cp,) and (v;, = Cj,) be two assignments such that
(viy, Ch,) is a dissatisfied point-cluster pair. In this case, since v;, is nearer to Ch,
than v;,, Cj, must have proposed v;, before v;,. Since v;, is not assigned to Cl,, vi,
must have either rejected the proposal of C},, meaning it was currently assigned to
a cluster which was nearer than C},,, or accepted the proposal initially only to reject
it later meaning it got a proposal from a cluster nearer than C},. Since a point only
improves its assignments over time, the cluster C}, to which v;, is finally assigned
must be nearer to it than the cluster Cj, which it rejected. Hence v;; cannot be
dissatisfied which contradicts the initial assumption. So, the final assignment is
indeed stable. ]

Next we look at the total number of proposals that are made before the algo-
rithm terminates. After a cluster proposes a point for the first time, there are three
possible ways this particular point-cluster pair can behave during the rest of the
algorithm: (i) the point immediately rejects the proposal in which case the cluster
never proposes it again; (ii) the point accepts it temporarily and rejects it later -
the cluster obviously does not propose it during the acceptance period and never
proposes it after the rejection; (iii) the point accepts the proposal and stays in that
cluster till the algorithm terminates - obviously the cluster does not propose it again
during this time. Hence, each cluster proposes each point at most once and so the
maximum number of proposals possible is & x (bN — n). So, the complexity from
the proposal part is O(k(bN — n)). Before starting the proposals, the sorted lists
of distances of all the points from each of the clusters have to be computed, which
has a complexity of O(k(N — n)log(N — n)). So, the total complexity of this part
is O(k((N — n)(log(N — n) + b) — n(1 — b))).



Free Point Assignment

The remaining N(1 — b) still unassigned points can now be greedily allocated to
their nearest means. However, a closer look at the assignment process tells us
that a slight re-adjustment of points after the greedy assignment actually gives
a better clustering. After the stable assignment, each cluster C} will have a set
Uy, of unhappy points each of which was nearer to some other cluster but got
stuck in Cj in order to satisfy the balancing constraints. From the v € Uy, a
sorted list Ly in increasing order according to (f (v, pun) — f(v, pur)), where ' =
arg mginf(v,ug), is generated. Clearly h' # h, f(v, un) < f(v,un), and Cp is the

cluster v wants to be in. Now the N(1 — b) still unassigned points are greedily
assigned to their nearest clusters. We compute |S|,Vh and note that (|Sp|—b- & +
np) points from Uy, can be re-assigned to their desired clusters without violating the
balancing constraint. This results in a much less number of unhappy points. Next,
we go one step further and allow the re-adjustments to ripple - in the sense that
the re-assigned points are also allowed to release some unhappy points from their
destination cluster until no further points can be re-assigned. This is similar in flavor
to the random heuristic for the pivot movement problem in [23]. Following this idea,
one can recompute the means and carry on the re-adjustment rippling while always
satisfying the balancing constraints (see [23]). This iterative re-adjustment rippling
is not done in the current work and experimental results are presented based only
on the re-adjustments rippling due to the newly assigned points.

3.4 Overall Complexity

Finally, we present a brief discussion on the complexity of the above mentioned
scheme. First, the sampling of the n points has a complexity of O(n). The
fsk-means algorithm has a complexity of O(tkn) where t is the number of itera-
tions. As shown earlier, the poly-stable algorithm has a complexity of O(k((N —
n)(log(N — n) + b) — n(l —b))). The number of re-adjustments due to rippling
can at most be equal to the number of unhappy points that is upper-bounded by
(bN —n). Note that the sorting of the unhappy points for re-adjustments really does
not need a separate sorting operation since the sorting results obtained before run-
ning poly-stable can be used along with some selection operations. Hence, the free
point assignment part has a complexity of O(bN —n). So, the total complexity of the
scheme is O(n+tkn+k((N—n)(log(N —n)+b)—n(1-b))+(bN —n)) = O(kN log N).
Note that this is better than the O(N?) complexity of graph-based algorithms that
can provide some balancing. It is worse than the O(kN) complexity of the iterative
greedy relocation algorithms such as k-means, but such algorithms cannot guarantee
the satisfaction of the balancing constraints.

3.5 Database Considerations

In this subsection, we briefly discuss out-of-core related computational issues that
are important when the data is stored in a database residing in secondary memory.
First, the sampling of n points uniformly at random is an expensive operation



in such situations. However, one can perform cluster sampling, wherein uniform
sampling is done only within each page. Since the pages are accessed sequentially
from disk and not revisited, the sample of size n is obtained over a single database
scan. For step 2, there is no problem since even for very high confidence levels, the
values of n obtained from Theorem 1 are very small as compared to the typical main
memory size. Note that fsk-means requires only O(k + n) storage. In fact, even if
we needed n? storage for this step in order to store the similarity matrix for a more
involved graph-based balanced clustering, there should be no problem. The third
step may force out-of-core operations if N is so large that it is not possible to retain
the distances of each of the unassigned data points to each of the cluster centers in
main memory. However, one can simply load the remaining data in batches of size
M at a time into main memory (where M is small enough to be accommodated
into main memory), allocating each batch to the clusters in a balanced way before
loading the next batch. Note that this still needs only one database scan, and the
computation requirements is reduced to O(kNlogM). The compromise in quality is
expected to be small, but needs to be quantified via extensive simulation. One can
of course instead do a greedy assignment of the remaining points to their nearest
clusters, reflecting a further computation-quality tradeoff.

4 Experimental Results

In this section, experimental results on the proposed ideas are presented. First we
present results on two high-dimensional text datasets. We used the 20-newsgroups
dataset? and the Yahoo news dataset3(K1) for the empirical performance analy-
sis. The 20-newsgroup dataset is a collection of 20,000 messages, collected from
20 different usenet newsgroups. One thousand messages from each of the twenty
newsgroups were chosen at random and partitioned by newsgroup name. The head-
ers for each of the messages were chopped off so that they do not bias the results.
The toolkit MC [7] was used for creating the vector space model for the text docu-
ments and a total of 26099 words were used. Thus, each message is represented as
a (sparse) vector in a 26099 dimensional space. The Yahoo news K-series dataset
is a collection of 2340 Yahoo news articles belonging one of 20 different Yahoo cat-
egories. The K1 set actually gives the vector space model having 21839 words and
hence the data-points reside in a 21839 dimensional space.

First, we take a look at the performance of the fsk-means algorithm as com-
pared to the standard k-means, without any sampling. For a particular value of
number of clusters k, we run both the algorithms on a data-set. Note that spherical
versions of both the algorithms were used since the spherical version tends to per-
form much better for large document collections [7]. In the spherical versions, each
document is normalized to a unit vector and so are the representative means after
each iteration. The objective functions were modified appropriately. The spherical

2http:/ /www-2.cs.cmu.edu/afs/cs.cmu.edu/project /theo-20/www/data,/news20.html
3ftp://ftp.cs.umn.edu/users/boley/PDDPdata/



k-means objective [7] is given by

k
jk—means = % Z Z mT,U/h; (5)

h=1zeC}

and represents the average cosine similarity of every document with its cluster
representative. The cosine of the angle between two document vectors is a popular
measure of similarity between text documents in the IR community. For fsk-means,
the spherical objective is given by

k
1
J fsk-means = N § § (nhl'T,U/h + IOg nh) (6)
h=1z€Ch

where 7, = 7;—/:“ Effectively, the scaled up distances ny||z— pup||? have been replaced

by scaled down similarities of the form n—lha:Tuh with some appropriate normaliza-
tions. Since the spherical versions maximize similarity, as opposed to minimizing
distances, the aim to maximize the objective function and the plots are to be read
accordingly. The initial £ means for both the algorithms were generated by comput-
ing the mean of the entire data and making k£ small random perturbations to this
mean [7]. In Fig. 1(a) the objective function value given by Eqn. 5 for both the algo-
rithms [after the convergence on their individual objectives] on the 20-newsgroups
data is presented. The results are averaged over 10 runs on each value of k. It
is interesting to note that both the approaches give approximately the same value
for the objective J x.means Upto around k = 15 after which fsk-means performs
significantly better than normal k-means. Similar results on the Yahoo dataset is
presented in Fig. 1(b). In Fig. 1(c), the variance of the number of documents per
cluster on the 20-newsgroups data is presented for both the algorithms. Again, for
lower values of k, there is not much difference between their performance; as k be-
comes larger, fsk-means performs better than k-means in the sense that there is less
variation in the cluster sizes. Similar results on the Yahoo dataset are presented
in Fig. 1(d). As a special and interesting case, we compare both the algorithms
based on the smallest sized cluster they generate in different runs [Fig. 1(e)] on the
20-newsgroups data. The results are plotted as a ratio of the smallest cluster size
to the expected cluster size. Note that the minimum cluster size that is plotted in
Fig. 1(e) is the mean of the smallest cluster sizes over the 10 runs. k-means starts
misbehaving again from around k¥ = 15 and for £ > 25 it seems to always gener-
ate some empty clusters. This is a well known property of the k-means algorithm,
specially in very high dimensional spaces. The fsk-means algorithm does not suf-
fer from this due to its frequency sensitivity. Again, similar results on the Yahoo
dataset are presented in Fig. 1(f). Thus, fsk-means gives better clusters as well as
better balanced clusters than the normal k-means even when evaluated using the
latter’s objective [Eqn. 5. Having said that, we repeat that any good soft-balanced
clustering algorithm [16, 22, 3] should suffice for this stage of the methodology. Note
that fsk-means seems to perform better for the 20-newsgroups data. The primary
reason for this is that the natural clusters in the Yahoo dataset does not satisfy



the balancing assumptions and the cluster sizes actually range from 9 to 494. Even
with this amount of skew, fsk-means gives comparable and at times significantly
better results than k-means.

Next, we present results of running the whole scheme with sampling on the
entire dataset. All these sampling experiments that we present have been performed
on the 20-newsgroups data just because it has a larger number of data-points In
Fig. 2, we compare the performance of three different versions of our scheme on
the 20-newsgroups data. The versions differ in the way the clusters are populated
after running fsk-means on the sampled data. The first version, called greedy
fsk-means or gfsk-means, populates the cluster greedily so that each un-sampled
point goes to its nearest cluster. Clearly, this version cannot respect the balancing
constraints. The second version, called normal fsk-means or nfsk-means, first
runs poly-stable for satisfying the balancing constraints followed by greedy as-
signment of the remaining N(1 — b) points. The third version, called rippling
fsk-means or rfsk-means, runs similar to nfsk-means upto the greedy assignment
part after which a rippling of the re-adjustments is done as described in subsec-
tion 3.3. All results are presented for £ = 20 clusters. Fig. 2 shows the objective
function values obtained for (a) 1000, (b) 2000, (c) 5000, and (d) 10000 initial
samples. For lower values of the balancing fraction b, all the three schemes perform
similarly. For larger values of b a difference starts to show up. Since the performance
gfsk-means does not depend on b at all, its achieves similar objective function val-
ues for the entire range of b. However, performance of the the other two schemes
starts degrading for higher values of b since they have to satisfy the balancing con-
straints. There are three things that needs to be noted. First, the performance
does not degrade much if the number of points that were initially sampled is large -
for example, all the three schemes perform comparably when initially 10000 points
were sampled [Fig 2(d)]. Secondly, rfsk-means performs better than nfsk-means.
The reason for this is intuitively clear - since rfsk-means reduces the number of
unhappy points significantly by re-adjustment rippling, the clusters are much more
compact for this scheme, resulting in a better value of the objective. Lastly, the
objective values achieved by our scheme for number of samples n > 2000 and mod-
erate values of b is comparable to the performance of both k-means and fsk-means
run on the whole data (see objective for k=20, Fig. 1(a)). Figs. 2(e) and 2(f) show
the standard deviation of the cluster sizes for 2000 and 5000 initial number of sam-
ples respectively. This shows that since gfsk-means cannot respect the balancing
constraints, the cluster sizes produced by this scheme are widely skewed. The other
two schemes have steadily decreasing cluster size variation that becomes zero when
the balancing fraction is one (perfect balancing). Note that the variation of cluster
sizes for rfsk-means is more than that of nfsk-means even though both of them
satisfy the balancing requirements. This is again due to the re-adjustment rippling
done by rfsk-means that results in a better objective value. To summarize, the
rfsk-means scheme gives a pretty good balance between objective optimization and
constraint satisfaction over a wide range of balancing fractions and initial sample
values.

To experiment with artificial data, for a given dimension d, and number of
clusters k, we generated k centroids uniformly at random from [—0.5,0.5]?. Cen-



troids that were very close to other centroids were rejected and replaced by new
ones, till cluster centers had some minimum separation. Then, around each cen-
troid, N/k points were obtained from a zero-mean Gaussian with covariance s x I 4,
where I; is the d-dimensional identity matrix, § is the Euclidean distance to the
nearest centroid, and s is a fraction that controls the amount of overlap between
the nearest clusters. Note that such data should be very favorable to (regular)
k-means since the generating function follows assumptions behind the k-means ob-
jective function. When clusters were very well separated (s small), our method
produced virtually identical results on cluster quality, and occasionally better re-
sults on balance, even for fairly drastic sampling rates. Essentially such problems
are easy, and results bootstrapped from a small data sample are hardly different
from those obtained from the full data. For higher levels of overlap, our methods
shows superior balancing properties than k-means. Result plots are not shown for
lack of space.

5 Concluding Remarks

The proposed framework for scaling up balanced clustering algorithms is fairly broad
in that it accommodates a wide range of balanced clustering algorithms for grouping
the sampled data, as well as a range of increasingly sophisticated but more compu-
tationally demanding for the final step of populating the initial clusters. Moreover,
the guarantees provided by sampling, as stated in Theorem 1 and exemplified in
Table 1, are independent of the size of the original population, so the computational
demands for the first and second stages are not affected by the size of the database.
In terms of results, fsk-means performs better than k-means, for both regular and
spherical versions, even when the algorithms are evaluated using the k-means cost
function. In addition, it provides better balancing and less sensitivity to initial
conditions. More interestingly, for the Yahoo! data, where the natural clusters are
quite imbalanced, fsk-means is still able to provide a better result even though it
is forcing a balancing condition on the data. For the overall scheme, at the end of
step 3 we obtain fairly balanced clusters with little extra effort, and the method
seems quite robust.

A clustering algorithm that works best for all types of data is yet to be found,
and it will be extremely naive to expect that our method is the exception. Ex-
perimentation on a wider variety of data sets need to be done to identify weak-
nesses. In particular, if the natural clusters are highly imbalanced, the method may
break. This may be alleviated by applying more involved density-biased sampling
techniques [20] during step 1, so that the assumptions and requirements on step
2 remain unchanged. More sophisticated graph-based balanced partitioning algo-
rithms may be used for step 2 [22]. Since this step applies only to the sampled set,
the complexity of this stage really does not show up as a big factor in the overall
complexity. In contrast, for the final step, more involved techniques such as linear
assignment are not attractive, since we want this step to be near linearly scalable.
We are currently experimenting on a larger variety of artificial and real data sets
to get a better understanding of the performance-runtime trade-offs in this step.
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Figure 1. Comparison of k-means and fsk-means (without sampling):
(a) the normalized spherical k-means objective function values, (c) the variance in
cluster sizes, and (e) the minimum cluster size for the 20-newsgroups data, computed
over 10 runs of each algorithm. The corresponding plots on the Yahoo news(K1)
dataset are in (b), (d), (f) respectively.
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Figure 2. Comparisons of the variants on fsk-means in terms of objective

function values for k = 20, and n = (a) 1000, (b) 2000, (c) 5000, and (d) 10000,
over a range of values of b. Comparisons of the variations in cluster sizes for n =
Corresponding results of k-means and
fsk-means on the full data are also marked on the plots.

(e) 2000, and (f) 5000, are also shown.
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