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Abstract

We use a low-dimensional linear model to describe the
user rating matrix in a recommendation system. A
non-negativity constraint is enforcedin the linear model
to ensurethat ead user'srating prole can be repre-
serted as an additive linear combination of canonical
coordinates. In order to learn sud a constrained linear
model from an incomplete rating matrix, we introduce
two variations on Non-negative Matrix Factorization
(NMF): one based on the Expectation-Maximization
(EM) procedure and the other a Weighted Non-
negative Matrix Factorization (WNMF). Based on
our experiments, the EM procedure corverges well
empirically and is lesssusceptibleto the initial starting
conditions than WNMF, but the latter is much more
computationally ecient. Taking into accourt the
advantages of both algorithms, a hybrid approadc is
preseried and shown to be e ective in real data sets.
Overall, the NMF-based algorithms obtain the best
prediction performance compared with other popular
collaborative ltering algorithms in our experimernts;
the resulting linear models also contain useful patterns
and features corresponding to user communities.
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1 Intro duction

Collaborative Filtering (CF) algorithms are currently
quite popular in recommendation systems. Generally,
they can be divided into two categories: memory based
algorithms [1, 6, 16, 17] and model basedalgorithms [2,
3,5,7,11, 15, 18, 19, 20]. Marlin's thesis[12] compares
a number of algorithms from these two categoriesfor
accuracy on available data sets.

It is shaowvn in [3] that a low-dimensional linear
model of user preferencess powerful, and why this ap-
proach has beenpopular for CF algorithms. Many CF
algorithms [2, 3, 19, 2(] alsoincorporate a noisegenera-
tion processsothat obsenedratings are combinations of
ratings from the linear model and Gaussiannoise (with

zero mean). If the rating matrix is complete, nding

the linear model that maximizes the log-likelihood of
the ratings is thus reduced to a low rank approxima-
tion problem, which can be solved by Singular Value
Decomposition (SVD). When the rating matrix is in-
complete, as is the casein real-world recommendation
systems, a better objective is to nd the linear model
that maximizes the log-likelihood of the obsened rat-
ings. Both [3] and [19] addressthis problem; they use
the Expectation-Maximization (EM) procedureto max-
imize this objective from di erent perspectives|[3] is
basedon factor analysis, and [19] is basedon weighted
low rank approximation.

In this work, we also assumethat ratings are gen-
erated from a low-dimensional linear model followed by
a noise generation process. Moreover, a hon-negativity
constraint is enforcedin the linear model so that eat
user's rating prole is an additive linear combination
of k canonical coordinates, and ead coordinate is in
the range of the normal rating space. Therefore, each
coordinate can be regarded as a represettativ e rating
prole from a user community or interest group, and
ead user'sratings can be modeled as an additive mix-
ture of rating proles from user communities or inter-
est groups. A user community can be thought of as
an expressionof a particular statistical pattern in the
opinions of users, and typically has somekind of real
world meaning. For example, a user community might
be characterized by giving high ratings to programming
books and low ratings to other books, and thus consti-
tute a \computer" group.® A user may have a large
anit y for the computer group based on his or her
work, a somewhatsmaller a nit y for a shing-centered
group basedon leisure interests, and negligible a nities
for the remainder. Introducing the non-negativity con-
straint brings us two bene ts. First, the result is easy

TNote that becauseuser communities are generated from sta-
tistical patterns, they do not necessarily have distinct conceptual
boundaries and may include multiple topics for which users ex-
press similar preferences.



to explain sinceit is natural to considerthat usershave
non-negative a nities for a certain set of usercommuni-
ties basedon their interests. Second,the features(e.g.
the top ranked items) of theseusercommunities are ex-
plicitly represened, making them easierto understand
intuitiv ely.

We will shaw (in Section 2) that Non-negative Ma-
trix Factorization (NMF) [8, 9] is a method for nding
the linear model with the non-negativity constraint that
maximizes the log-likelihood of the rating matrix if it
is complete. Becausea real rating matrix is typically
incomplete and sparse,we intro duce an EM-basedalgo-
rithm (Section 3.1) and Weighted Non-negative Matrix
Factorization (WNMF) (Section 3.2) as approaces for
obtaining the model that maximizes the log-likelihood
of obsened ratings. Experiments show that the pro-
posedNMF-based algorithms obtain the best prediction
results in real data setswhen comparedwith seweral ex-
isting CF algorithms (Section 4).

2 Our Mo del

In this section,we de ne our non-negativity constrained
linear model for collaborative ltering. Denote the rat-
ing matrix as A (n items-by-m users); then Al) (the
jth column of A) is userj's rating prole and A; rep-
reseris the rating given by userj on item i. Dene
matrix X (n-by-m and with rank at most k) as a low-
dimensional linear model that approximates the rating

the represenativ e rating pro les from k usercommuni-
ties sothat the rating given by the jth usercommunity
to item i is characterized as U;j . We assumethat user
j's rating prole X U) can be modeled as an additive
mixture of those k basic vectorsin U. More precisely
X0 = yv® | in which V) is a column vector that
represens the userj's anities for all user communi-
ties, and all the anities in V should take only non-
negative values. Furthermore, the matrix U should also
take only non-negative values,assuminguserratings are
in a non-negative range. In casethat original ratings
can take negative values, we can simply shift all ratings
into a non-negative range by subtracting the minimum
of the original range (and nally shift the obtained lin-
ear model bad to the original range)? Now the low
rank linear model can be represerted by the product of
thesetwo non-negative matrices, i.e., X = UV.

Taking into accourt possible noise in the rating
process,the rating matrix A can be represenied as the

ZNote that users often make the same shift themselves given
two dierent rating ranges; for example, they use rating O to
express a strong dislike on a 0{10 range and give rating -5 for
the same purp oseif the range is from -5 to 5.

linear model X plus a Gaussiandistributed noisematrix
Z (Zj areiid. N(0; 2)). If the rating matrix A is
fully obsenable, maximizing logPr(AjX) is equivalert
to minimizing the sum of the squareddi erence between
A and X . In other words, giventhe rating matrix A, the
model X can be obtained by nding the non-negative
matrix U (n-by-k) and the non-negative matrix V (k-
by-m) that minimize KA UVk2, wherek ke represerts
the Frobenius norm. This is the objective function of
non-negative matrix factorization [8, 9]. The problem
setting of NMF was preserted in [13, 14).

Using the technique of Lagrange multipliers with
non-negative constraints on U and V gives us the
updating formulas for U; and Vj :
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In order to standardize while keepingthe factorization
unique, the resulting U is normalized such that the norm
of eat column vector is equal to one. More precisely
S
Uj e
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i J

3 Learning From Incomplete Ratings

In this section, we shawv how to nd the desired model
when the rating matrix is incomplete, asis typically the
casein real-world systems. A better objective function
for a rating matrix A with missing entries is to nd
the linear model X that maximizesthe log-likelihood of
the obsened data (denoted as A°), i.e., logPr(A°jX).
We intro ducetwo algorithms to maximize this objective
function: one is basedon the EM procedure and the
other usesWeighted Non-negative Matrix Factorization
(WNMF).

After X is obtained, Xj is the best prediction for
userj's rating on item i, this is becauseA; is assumed
to be from a Gaussiandistribution with Xj asits mean,
and given X , Pr(A;j jXj ) obtains its maximum when
Aj isequalto Xj .

3.1 EM procedure The EM algorithm [4] is a gen-
eral method for nding the maximum likelihood pa-
rameters of a model when data are incomplete. The
goal of the Expectation step in the tth iteration of the
EM procedureis to compute the expected expression
of the complete-data log-likelihood with respect to the
unknown data (denoted asA") given the obsened data
A° and the current parameter estimate X (¢ 1 that is,

Q(X; X D) = HlogPr(A% A'jX)jA% X D]:

Then in a subsequen Maximization step, the goalis to
nd the updated model parameter X () that maximizes



the most recertly computed expectation Q(X ; X (t 1),
that is,
X ® = arg, maxQ(X;X ¢ Vy:

We start by computing Q(X; X (¢ 1), basedon the
obsened Aj; :
S 1
BlogPr(A; X)JA% X" PT= S5 (A X;)°+ C:

In this and subsequeh equations,C is a constart. If Aj
is unknown, then since Aj; N(Xj; 2), the expected
expressionof Ajj given the current parameter estimate

Xét Y is equal to that estimate. Therefore, we have
HA; iX{ P1= x{* ¥ and
Hlog Pr(A; )IA%X ¢ 1= Lxt P X )2+ C
By combining thesetwo cases,it follows that

QUGX® ) = HlogPr(A% A%jX)jA% X ¥]
= ziz( (Aj

Ajj 2A°

X )?

+ XY xp)H+c
Ajj 2AU

If we denote A° asa matrix in which obsened ertries in
A are unchangedand unknown erntries are replacedwith
corresponding ertries in the current model estimate,
therpmaximizing Q(X; X (* ) is equivalent to minimiz-
ing  ; (A (UV);)? with non-negativity constraints
on U and V. The latter objective, as we have shavn
above, can be solved by performing NMF on A°.

In summary, in ead iteration the missingertries are
replaced with the corresponding values in the current
model estimate in the expectation step and the updated
model parameter is obtained by performing NMF on
that lled-in matrix in the maximization step.

3.2 WNMF As an alternative to the above, we
introduce a second approach: weighted non-negative
matrix factorization. We note that this method has
previously been applied in [10] to deal with missing
values in a matrix of network distances. The log-

likelihood of obsened data can be expressedas follows:
X

52 (Aj

Ajj 2A°

log Pr(A°jX) = Xi )2+ C:

Therefore, maximizing the log-likelihogd of obsered
data is equivalent to minimizing i Wi (Aj
(UV); )2, where Wj is equal to one if Ajj is the ob-
sened ertry and zero otherwise. Wj can be taken as
the weight of the entry Aj .

If we repeat the Lagrange multiplier on this ob-
jective function and usethe non-negativity part of the

Kuhn-T ucker condition, we obtain the following updat-
ing formulas for WNMF:

(t+1) _ (1) (W A)VT)ij
B3 = Ui w ovyvy,
34) v = yo UTW A);
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where denoteselemen-wise multiplication. Equation
(2.2) can be usedto standardize U and V after WNMF
is conducted.

Like the NMF algorithm, the WNMF algorithm
is also guararteed to corverge, but may not lead to
a global optimum. As we will shav in Section 4, the
actual performance of the WNMF algorithm is highly
dependent on the initial valuesof U and V. WNMF is
much simpler compared with the EM procedure: eah
round of WNMF only needsone update to U and V,
whereasead iteration of the EM procedure needsto
perform NMF once,which usually takesfrom hundreds
to thousands of rounds of updateson U and V.

4 EXp erimen ts

For our experimerts, we usea 1426-ky-2945 (items-by-
users)rating matrix from the MovieLensdata setand a
100-by-3000rating matrix from Jester. Available rating
ertries in ead data set wererandomly divided into v e
partitions for v efold cross-wlidation. Algorithms are
then performed on training casesto make predictions
for test cases.The two experimental measuresusedare
Normalized Mean Absolute Error (NMAE) and ROC-
4 area. The NMAE is the average of the absolute
values of the dierence between the real ratings and
the predicted ratings divided by the ratings range.
The ROC-4 area is the area underneath a Receiwer
Operating Characteristic (ROC) curve when ratings
of 4 and above are consideredsignal and those belowv
are considerednoise. In our experiments, ROC-4 area
averagedper-useris used.

41 EM procedure vs. WNMF We rst compare
the performance of the NMF-based EM approac with
that of the SVD-based EM approach. In both algo-
rithms, item averagesare usedasinitial valuesfor miss-
ing ertries in the rst iteration of the EM procedure.
In the SVD approad, the rating matrix is normalized
by calculating the z-scoresfor eat userpro le, assug-
gestedin [18]. The rank of the linear model k is chosen
as10in SVD and 20in NMF basedon the performance
of our preliminary experiments. Figure 1 displays the
results of thesetwo algorithms on MovielLens. Both al-
gorithms get almost the sameperformancein terms of
NMAE while NMF obtains a better result on ROC-4
area.
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Figure 1: NMAE and ROC-4 area of the SVD-based
and the NMF-based EM approacheson Movielens.
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Figure 2: NMAE and ROC-4 area of the WNMF
algorithm on MovieLens

Figure 2 displays the results of a trial on MovieLens
using the WNMF algorithm in which the initial values
of U and V arerandomly chosen. The gure shows that
both the NMAE result and the ROC-4 areaof this trial
eventually convergeto di erent valuesfrom thosein the
results obtained by the EM approach. Based on our
experiments, we obsene that it is highly likely that the
performance of the WNMF approad with randomized
initial valuesis worsethan the performance of the EM
procedure, which suggeststhat an approac basedon
running many trials with dierent randomized initial
valuesand picking the bestwill be unhelpful. Howeer,
we alsoobsene that if the initial valuesof U and V are
chosenasthe valuesobtained after seweral iterations of
the EM procedure, the performanceof WNMF is much
better.

Although the performanceof the WNMF approac
is dependert on the initial values used, it runs much
faster than the EM approac.® This motivates us to
a hybrid approad that combines these two algorithms
together. In our hybrid approadc, the EM procedureis
performed rst on the rating matrix for seweral itera-
tions to obtain a preliminary linear model (a pair of U
and V), and then this pair of U and V are taken asthe
initial valuesof the WNMF approad. Comparedwith a

SEach iteration in the EM approach takes 303.3s and each
updating round in WNMF takes 1.27s. The algorithms are
implemented in Matlab R14, and the experiment was performed
on a 2.8GHz Intel XEON machine with 4GB RAM.
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Figure 3: NMAE and ROC-4 area of the hybrid ap-

proach that combinesthe EM approac (with 1,3, and
5 iterations) and the WNMF approad.

Table 1: Performanceof CF algorithms on MovieLens.

Pearson| SVD EM | NMF EM | Hybrid NMF
NMAE | 0:1707 0:1629 0:1623 0:1634
ROC-4 | 0:7471 0:7682 0:7723 0:7691

randomized model, the preliminary model obtained af-
ter seweral iterations of the EM procedureis more likely
to be accurate, so that the WNMF approac is more
likely to obtain a good local (or global) optimum. In
short, such an approac not only has a high likelihood
of obtaining accurate predictions, but reducesthe com-
putational costaswell. The performanceof this hybrid
approad appearspromising basedon our experimernts.
Figure 3 shows the results of combining the EM ap-
proach (with 1, 3, and 5 iterations) and the WNMF
approad.

4.2 Results of the NMF based algorithms Ta-
ble 1 summarizesthe NMAE and ROC-4 area results
obtained using di erent CF algorithms on MovieLens.
The results show that the NMF-based EM approac
and the SVD-basedEM approac achievethe bestresult
in NMAE, and the NMF-based EM approac achieves
the best performancein ROC-4 area. The hybrid ap-
proach (with v e iterations of the EM procedure plus
the WNMF approac) also works very well. Table 2
shows the results obtained on Jester. Since the origi-
nal rating rangein Jesteris from -10to 10, we shift its
rangeto [0, 20] for the NMF algorithm.

One advantage of the NMF-based CF algorithms is
that the coordinates obtained via NMF directly re ect
the featuresof the usercommunities. By simply sorting
ead column in U, we get a characterization of eath
community in terms of the ranked list of preferences
it hason all items. As an example, Figure 4 displays
the ve top ranked movies for v e of the 20 user
communities extracted from MovieLens. Generally, the

Table 2: Performanceof CF algorithms on Jester.

Pearson| SVD EM | NMF EM | Hybrid NMF
NMAE | 0:1634 0:1605 0:1599 0:1599
ROC-4 | 0:7539 0:7588 0:7612 0:7608
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Interest Group 17 Interest Group 19
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(Comedy) (Action|Thriller) (Comedy) (Comedv | Romance) (Comedy |Musical |Romance)
Clerks Independence Day (ID4) Ace Ventura; Pet Detective Steel Magnolias Little Mermaid

(Comedy) (Action|Sci-Fi|War) (Comedy) (Drama) (fnimation|Children = |Comedy
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Figure 4: The top v e ranked moviesin v e of the 20 user communities extracted from MovieLens with NMF.
The genresof movies as given by MovieLens are in parertheses. Somemovies may have more than one genre.

top movies in a given user community are in the same
genre. For example, all the moviesin group 8 are action
movies, and all the movies in group 19 are musicals.
We also seemovies from the sameseriesin some user
groups|\Austin  Powers" in group 5 and \Ace Ventura"

in group 9. More surprisingly, someinteresting features
can be obsened among movies in the samegroup, e.g,

\Prett y Woman", \Notting Hill", \Steel Magnolias",

and \Erin Brockovich" in group 17 all feature Julia
Roberts. The patterns and features extracted by NMF

can be helpful in understanding sharedinterests of users
and similarities amongdi erent items.
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