


























methods, a third method implemented by Hachen-
berger based on Nef polyhedra embedded on the
sphere [21], and a fourth method implemented by
Weibel [37], based on an output sensitive algorithm
designed by Fukuda [18].

The Nef-based method is not specialized for
Minkowski sums. It can compute the overlay of two
arbitrary Nef polyhedra embedded on the sphere,
which can have open and closed boundaries, facets
with holes, and lower dimensional features. The
overlay is computed by two separate hemisphere-
sweeps.

Fukuda’s algorithm relies on linear program-
ming. Its complexity is O(§LP(3,0)V), where § =
01+ is the sum of the maximal degrees of vertices,
01 and 2, in the two input polytopes respectively, V'
is the number of vertices of the resulting Minkowski
sum, and LP(d,m) is the time required to solve a
linear programming in d variables and m inequali-
ties. Note, that Fukuda’s algorithm is more general,
as it can be used to compute the Minkowski sum of
polytopes in an arbitrary dimension d, and as far
as we know, it has not been optimized specifically
for d = 3.

The results listed in Table 4, produced by
experiments conducted on a Pentium PC clocked
at 1.7 GHz, show that our method is much more
efficient in all cases, and more than three hundred
times faster than the convex-hull method in one
case. The last column of the table indicates the
ratio %, where F; and Fy are the number of
facets of the input polytopes respectively, and F
is the number of facets of the Minkowski sum.
As this ratio increases, the relative performance
of the output-sensitive algorithms compared to the
convex-hull method, increases as expected.
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A Software Components,
Libraries and Packages

We have developed the Cubical_gaussian map_3
data structure, which can be used to construct
and maintain cubical Gaussian-maps, and compute
Minkowski sums of pairs of polytopes represented
by the Cubical_ gaussianmap_3 data structure.”
We have developed two interactive 3D applications;
a player of 3D objects stored in an extended VRML
format, and an interactive application that detects
collisions and answers proximity queries for poly-
topes that undergo translation and rotation. The
format was extended with two geometry nodes:
the ExactPolyhedron node represents models us-
ing the CGAL Polyhedron_3 data structure, and
the CubicalGaussianMap node represents models
using the Cubical_gaussian map_3 data structure.
Inability to provide exact coordinates impairs the
entire process. To this end, the format was further
extended with a node called ExactCoordinate that
represents exact coordinates. It has a field mem-
ber called ratPoint that specifies triple rational-
coordinates, where each coordinates is specified by
two integers, the numerator and the denominator
of a coordinate in R3. Both applications are linked
with (i) CaAL, (ii) a library that provides the ex-
act rational number-type, and (iii) internal libraries
that construct and maintain 3D scene-graphs, writ-
ten in C++, and built on top of OpenGL. We ex-
perimented with two different exact number types:
one provided by LEDA 4.4.1, namely leda_rat, and
one by GMP 4.1.2, namely Gmpq. The former does
not normalize the rational numbers automatically.
Therefore, we had to initiate normalization opera-
tions to contain their bit-length growth. We chose
to do it right after the central projections of the
facet-normals are calculated, and before the chains
of segments, which are the mapping of facet-edges,
are inserted into the planar maps. Our experience
shows that indiscriminate normalization consider-
ably slows down the planar-map construction, and
the choice of number type may have a drastic im-
pact on the performance of the code overall. The in-
ternal code was divided into three libraries; (i) SGAL
— The main 3D scene-graph library, (ii) SCGAL —
Extensions that depend on CGAL, and (iii) SGLUT
— Miscellaneous windowing and main-event loop
utilities that depend on the glut library.

The 3D programs, source code, data sets,
and documentation can be downloaded from
http://www.cs.tau.ac.il/~efif/CD/3d.

We intend to introduce a package by the same name,
Cubical_gaussian map_3, to a prospective future-release of

CGAL.

Unfortunately, compiling and executing the
programs require an unpublished fairly recent
version of CGAL. Thus, until the upcoming public
release of CGAL (version 3.2) becomes available, the
programs are useful only for those who have access
to the internal release. Precompiled executables,
compiled with g++ 3.3.2 on Linux Debian, are
available as well.

B Additional Models

See next page.
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Figure 8: (a) An octahedron, (d) a dioctagonal pyramid, (g) the Minkowski sum of two approximately
orthogonal dioctagonal pyramids, (j) the Minkowski sum of a Pentagonal Hexecontahedron and a Truncated
Icosidodecahedron, (b,e,h,k) the CaM of the respective polytope, and (c,f,i,l) the CaM unfolded.
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