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Figure 9: This graph shows the average ratio
A(Lp(F))/s(Lyn(F)) for the SST algorithm and the BSC
algorithm. The values for the SST algorithm are shown
after it has closed 2000, 10000 and 300000 bins. The
BSC algorithm uses 3 groups of 3 bins for a total of
9 open bins. The values for the BSC algorithms are
evaluated after closing 100000 bins. The item distrib-
utions shown are uniform distribution between 18 and
all values from 18 to 99.

bin-levels between 0 and 18. Sorting the bin-states is
crucial, the number of unsorted bin states with 100 bin
levels is 1,000,000 for 3 open bins, 100,000,000 for 4 open
bins and 10,000,000,000 for 5 open bins.

Since the number of possible bin-states is a bottle-
neck on how many bins we can keep open, using a small
set of bin-levels allows us to increase the number of open
bins. Using a smaller set of bin-levels will increase the
average waste incurred, but having more open bins will
decrease the average waste. Hence there is a tradeoff
between the size of the set of bin-levels we use and the
number of open bins.

4 Comparison with Sum Of Squares with
Threshold

The Sum-of-Squares algorithm (SS) is a well known
algorithm that performs well for on-line bin packing.
The SS algorithm keeps track of how many bins, n;,
have bin-level equal to ¢ in the current packing. When
a new item is packed, it is placed in a bin so as to
minimize Zi_ol n?, subject to the constraint that no bin
is overfilled. The SS-algorithm has EW 25 (F) = O(y/n)
for all perfect packing distributions F', so it performs
well on such distributions for the on-line bin cover
problem. However, if the distribution does not satisfy
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Figure 10: This graph shows how many bins the SST
algorithm is using after it has closed 2000, 10000 and
300000 bins. The values for the BSC algorithms are
evaluated after closing 100000 bins. Since the BSC
algorithm uses only 9 open bins, we only show values
between 0 and 500 for the SST algorithm.

the perfect packing property, then SS can fail miserably
since it never considers overfilling a bin, which is often
necessary for bin covering. Csirik, Johnson and Kenyon
[7] showed how to modify the SS algorithm to make it
useful for on-line bin covering with general distributions.
The version that they introduced and we will consider
here is called Sum-of-Squares with Threshold, SST,
where they allow the SS algorithm to fill a bin up to
a threshold T, where at each time interval, T' depends
on the number of bins closed so far and the sum of the
items seen so far.

The SST algorithm has a definite advantage over
our algorithm since it is not restricted by the bounded-
space condition. This means that there are no restric-
tions on how many bins SST can keep open at each time.
When the distribution is a perfect packing distribution,
the average waste of the algorithm will get arbitrarily
close to 0 as the number of items increases. To get a rel-
evant comparison between the BSC algorithm and SST,
we will run them both for a long time, and look at how
the average waste of both algorithms changes over time
and how many bins SST must keep open to achieve its
performance.

Figure 9 looks at the ratio of A(L,(F))/s(Ln(F))
for both the algorithms, while Figure 10 shows the
number of open bins that the SST algorithm is using.

Figures 9 and 10 indicate that using 9 open bins
for the BSC algorithm gives similar results to the
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Figure 11: The performance of the BSC algorithm with
item distribution N(100,15) for bin sizes from 200 to
800. This graph shows the performance for a single
group of 1,2,3 and 4 bins.

SST algorithm after closing 10,000 bins, while the SST
algorithm uses at least 4 times as many open bins and
up to 54 times as many. When the item distribution
is very difficult, the SST algorithm takes a long time
to reach a good average ratio. For item distributions
that are uniform between 18 and an upper limit larger
than 82, the item distribution no longer satisfies the
perfect packing property and is very difficult to pack.
In those cases, our algorithm actually performs better
than SST after 300,000 closed bins. In the long run,
the SST algorithm performs much better than the BSC
algorithm, but for environments where the number of
open bins must be relatively small and items cannot
wait in open bins indefinitely, the BSC algorithm has
definite advantages over the SST algorithm.

5 Results and experiments

We looked at the performance of the BSC algorithm
when faced with a number of different bin sizes. We
kept the item distribution fixed as normal distribution
with mean 100 and standard deviation 15. We chose the
normal distribution since the distribution of items in a
practical setting, e.g. in the food industry, is often quite
close to the normal distribution. We look at bin sizes
between 200 and 800, and for each bin size we create a
special subset of the bin levels that we use. To speed
up the performance, we try to keep the number of bin
levels in each such subset no more than 100. Figure 11
shows the performance of using only a single group of
1,2,3 and 4 open bins. Figure 12 shows the results if
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Figure 12: The performance of the BSC algorithm with
item distribution N(100,15) for bin sizes from 200 to
800. This graph shows the performance of three groups
of 1,2,3 and 4 bins, for a total of 3,6,9 and 12 bins,
and the performance of Sum of Squares with Threshold
algorithm after closing 100,000 bins.

we use three groups of 1,2,3 and 4 bins. The graph in
Figure 13 shows the performance of 1,2,3 and 4 groups
of 3 bins, with a total number of open bins as 3,6,9 and
12.

Small average waste using very few open bins. By
using only 9 open bins we get the average waste below
2 for bin sizes from 600 to 800 using item distribution
N(100,15). With only 12 open bins, we can get an
average waste well below 1 for bin sizes from 600 to
800, and less than 0.5 for the largest bin sizes. The
ratio A(L,(F))/s(L,(F)) for bin size 800 and average
waste 802 is around 0.9975, and for bin size 600 and
average waste 602, the ratio is .9967. Hence, by using
only 9 open bins, we consistently get a ratio above 0.996
for bin sizes above 600. With 12 open bins, this ratio is
greater than 0.998 for bin sizes above 600.

Using 12 bins gives results that are comparable
to SST for small bin sizes When the bin sizes are
small, it is often difficult to get small average waste,
since we can only fit a few items into each bin. We
ran the SST algorithm as comparison with the BSC
algorithm, allowing SST to close 100,000 bins. For small
bin sizes, between 200 and 500, we got very similar
results from the BSC algorithm with 3 groups of 4 bins
as the SST algorithm got after closing 100,000 bins. The
SST algorithm used from 100 to 14,000 open bins, while
the BSC algorithm used only 12. When the bin sizes
were above 600, the BSC algorithm was much better
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Figure 13: The performance of the BSC algorithm with
item distribution N(100,15) for bin sizes from 200 to
800. This graph shows the performance of 1,2,3 and 4
groups where each groups consists of three bins.

than the SST algorithm since the SST algorithm did not
converge fast enough when the bin sizes grew larger.
Running time for packing items is small. We
ran the instances shown in Figures 11,12 and 13 on a
laptop with a 1.7GHz Pentium-M processor and 512MB
memory. Running time for BSC when there are 3 bins
in a group is around 5 seconds for the smaller instances
to 20 seconds for the largest instances. This is the time
that it takes to calculate bin-state-cost for all bin-states
and fill 100,000 bins. When there are 4 bins in a group,
the running time is around 2 minutes for the smaller
problem up to 10 minutes for the largest instances. The
running time is dominated by the time it takes to set
up and calculate the bin-state-cost for all the bin-states.
Once the expected bin-state-cost is calculated, packing
the items is very fast.

6 Conclusions

Markov chains can be a powerful tool when dealing with
algorithms that have a closed and finite search space.
By formulating the problem in terms of a Markov chain
we can get new insights and ideas on how to solve it
or for algorithm design. We showed how ideas from
Markov chains helped us design an algorithm for the
on-line bounded-space bin covering problem. This
algorithm was called BSC-algorithm. We showed that
the BSC algorithm performs very well with various
item distributions and bin sizes, while using only very
few open bins. In experiments designed to simulate
practical settings, the BSC algorithm performed much

better than the Sum-of-Squares with Threshold algo-
rithm. The BSC algorithm has some very nice qualities
and should perform well in a practical setting.
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