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Abstract

An overlay graph of a given graph G = (V, E) on a subset

S ⊆ V is a graph with vertex set S that preserves some

property of G. In particular, we consider variations of the

multi-level overlay graph used in [21] to speed up shortest-

path computations. In this work, we follow up and present

general vertex selection criteria and strategies of applying

these criteria to determine a subset S inducing an overlay

graph. The main contribution is a systematic experimental

study where we investigate the impact of selection criteria

and strategies on multi-level overlay graphs and the resulting

speed-up achieved for shortest-path queries. Depending

on selection strategy and graph type, a centrality index

criterion, a criterion based on planar separators, and vertex

degree turned out to be good selection criteria.

1 Introduction

Given a graph and a subset of distinguished vertices,
an overlay graph describes a topology defined on these
vertices, where edges correspond to paths in the under-
lying graph1. Consider, for example, as base graph the
Internet graph representing connections between hosts
and as overlay graph the topology of a peer-to-peer net-
work. Depending on the application, overlay graphs are
demanded to fulfill certain requirements such as high
connectivity and reliability in the case of peer-to-peer
networks.

In the course of this paper, we give several criteria
and strategies for selecting the vertices upon which an
overlay graph is to be built. Following the multi-level
graph approach introduced in [21], a speed-up technique
for exact single-source shortest-path computations, here
we focus on overlay graphs used for this kind of applica-
tion. With the multi-level approach, one or more levels
of overlay graphs inheriting shortest-path lengths from
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the base graph are constructed. Then a shortest-path
computation takes place in a graph consisting basically
of one of the overlay graphs and some additional edges.

We further refine this approach by introducing
shortest-path overlay graphs, which are overlay graphs
preserving the shortest-path property and additionally
have minimal number of edges. Besides providing a
procedure to construct such overlay graphs, we prove
their optimality.

In [20], it is shown that the multi-level approach
with one additional level is quite successful applied to
timetable information, and [21] provides a generaliza-
tion to multiple levels. In both studies, application-
specific information is used to determine the overlay
graphs.

In this work, however, we focus on getting along
without application-specific information. By the help
of extensive experiments we investigate the impact of
our general selection criteria on the quality of multi-
level graphs and measure speed-up when using them for
shortest-path search. To assure general applicability,
we consider different real-world and generated graphs.
It turns out that with global selection strategy, vertex
degree is a good criterion. The best results, however,
are achieved with recursive decomposition strategy and
either centrality index or planar-separator criterion.

The paper is organized as follows: In Section 2,
shortest-path overlay and multi-level graphs are intro-
duced and their application to speed up shortest-path
computation is presented in Section 3. Regular multi-
level graphs are theoretically analyzed in Section 4. Sec-
tion 5 provides an extensive experimental study.

1.1 Related Work There are numerous ap-
proaches to speed up single-pair shortest-path computa-
tions, most of them improving Dijkstra’s algorithm [5]
(see [24] for a survey): On the one hand there are speed-
up techniques that can be applied without any prepro-
cessed information, for example, goal-directed and bidi-
rectional search [1]. On the other hand, much better
speed-up factors can be reached when additional infor-
mation computed in a preprocessing step can be used.
Such techniques represent a trade-off between precom-
puting all-pairs shortest paths (requiring space and pre-
processing time at least quadratic in the number of ver-
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Figure 10: The average number of edges visited by
the multi-level graph approach with BET divided by
the average number of edges visited by the multi-level
graph approach with BAP, applied to a road graph with
49 625 vertices. The abscissa denotes ε. The horizontal
line indicates the same ratio comparing BET with the
standard Dijkstra’s algorithm.

represents the size of the search space of the shortest-
path algorithm and its running time. Figure 10 shows
the number of visited edges with exact betweenness
divided by the number of visited edges with approxi-
mated betweenness values for a road graph with 49 625
vertices. Hence, the smaller this ratio, the worse the
multi-level graph approach works. Under ε = 0 we show
the result for the exact betweenness values, so the ratio
equals 1.

We observed that, with increasing ε, the multi-
level approach with approximation gets worse only very
slowly but with ε ≥ 1, the ratio drops drastically, and
the multi-level approach does not speed up the shortest-
path search anymore. Due to this experiment, we chose
ε = 0.2 for the following ones. This choice of ε leads to
a drastically reduced preprocessing time of only about
0.5% of that needed to compute the exact betweenness
values. Further tests with other road graphs confirm
that the approximated betweenness values with ε = 0.2
are almost as good as the exact ones for the multi-level
approach.

5.3.2 Planar-Separator Algorithm The main
questions regarding application of our planar separator
algorithm to non-planar graphs are: (i) how many cross-
ings induce auxiliary vertices during the planarization
and (ii) whether the transformation from the planarized
auxiliary graph to the original graph does not enlarge
the set of separator vertices too much. We planarized

n m n∗ |S∗| |S| |Sopt|
1650 4574 645 22 38 16
2239 6452 1830 68 107 55
2348 8458 3458 154 132 58
4553 15866 11447 605 412 164l

r
a
i
l

6848 19276 3169 183 399 164
19463 49692 479 165 196 177
49625 125018 1060 336 410 382
99529 252390 2591 773 941 855

199739 501948 3754 2176 2636 2315r
o
a
d

299790 771418 8025 3399 4104 3628

Table 2: Applying the planar-separator algorithm to
non-planar graphs (lrail and road graphs): number of
vertices (n) and of edges (m); number of crossings yield-
ing new vertices (n∗); separator size of the planarized
graph (|S∗|), size of ‘retranslated’ separator (|S|) and
optimized separator size (|Sopt|).

rail and road graphs, applied our planar-separator al-
gorithm to obtain connected components of maximum
size 500 (rail) and 1000 (road), and transformed the
separator of the planarized graph back to the original
one. Finally, a straight-forward heuristic was applied to
remove redundant separator vertices.

The results are depicted in Table 2 and show that
for both real-world graph classes the decomposition
works very well: the resulting separators for the road
graphs consist of roughly 1 percent of the total num-
ber of vertices (the number of crossings is between 1.8
and 2.7 percent). Concerning the rail graphs, the sep-
arators are slightly larger (between 1 and 3.6 percent),
but these numbers are still small taking into account
the large number of crossings (between 39 and 251 per-
cent of the total number of vertices in the original rail
graphs).

An alternative to the planar-separator algorithm
is the graph partitioning tool MeTiS [14]. In [10]
our experiments revealed that separators obtained by
MeTiS are of almost the same quality (with respect to
size and balance) as the ones obtained by our planar-
separator algorithm. Preliminary experiments with
MeTiS indicate that this observation translates also to
the multi-level approach: MeTiS is indeed applicable,
but not as good as PLS. We observed, for example,
a speed-up of 13.3 with the road graph with 99 529
vertices (cf. the results for PLS below).

5.4 Multi-Level Graph Approach Concerning
the multi-level graph approach the most important mea-
surement is speed-up, i.e., the fraction of the number
edges visited by Dijkstra’s algorithm and the number




