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Figure 2: Scatter plots for selected benchmark series



Table 1: Results for mz-aug2 series

nauty nauty -can bliss bliss -can

graph nodes time nodes time nodes time nodes time

mz-aug2-4 133–133 0–0 133–141 0–0 92–92 0–0 92–116 0–0

mz-aug2-6 599–599 0–0 599–631 0–0 310–310 0–0 311–403 0–0

mz-aug2-8 2777–2777 0–0 2777–2905 0–0 1112–1112 0–0 1120–1591 0–0

mz-aug2-10 12931–12931 0–0 12931–13443 0–0 4226–4226 0–0 4234–6105 0–0

mz-aug2-12 61621–61621 1–1 61621–61621 3–3 16564–16564 0–0 16700–24711 0–0

mz-aug2-14 270575–270575 5–5 270575–278767 22–22 65774–65774 1–1 66442–93147 1–2

mz-aug2-16 1212721–1212721 30–30 1212721–1245489 131–133 262448–262448 6–6 269280–390154 7–11

mz-aug2-18 5374331–5374331 147–166 ?–? t.o.–t.o. 1048954–1048954 27–33 1060666–1437802 33–47

mz-aug2-20 ?–? t.o.–t.o. ?–? t.o.–t.o. 4194764–4194764 126–129 4217180–6290680 148–229

mz-aug2-22 ?–? t.o.–t.o. ?–? t.o.–t.o. 16777766–? 532–t.o. ?–? t.o.–t.o.

Table 2: Results for rnd-3-reg series

nauty saucy bliss

graph nodes time nodes time nodes time

rnd-3-reg-1000-1 1001–1001 9.00–9.08 1001–1001 1.11–1.18 1001–1001 0.06–0.07

rnd-3-reg-2000-1 2001–2001 117.13–120.74 2001–2001 8.57–8.63 2001–2001 0.27–0.30

rnd-3-reg-3000-1 ?–? t.o.–t.o. 3001–3001 28.34–28.44 3001–3001 0.64–0.71

rnd-3-reg-4000-1 ?–? t.o.–t.o. 4001–4001 62.22–64.50 4001–4001 1.09–1.20

rnd-3-reg-5000-1 ?–? t.o.–t.o. 5001–5001 122.23–129.40 5001–5001 1.70–1.93

rnd-3-reg-6000-1 ?–? t.o.–t.o. 6001–6001 208.65–215.22 6001–6001 2.65–2.98

rnd-3-reg-7000-1 ?–? t.o.–t.o. 7001–7001 335.10–365.94 7001–7001 3.61–4.04

rnd-3-reg-8000-1 ?–? t.o.–t.o. 8001–8001 499.67–508.16 8001–8001 4.87–5.49

rnd-3-reg-9000-1 ?–? t.o.–t.o. ?–? t.o.–t.o. 9001–9001 7.43–8.28

rnd-3-reg-10000-1 ?–? t.o.–t.o. ?–? t.o.–t.o. 10001–10001 7.90–8.74

To illustrate exponential scaling, Table 1 displays
results for the series mz-aug2. Displayed in the table
are both the number of traversed nodes and the running
times for bliss and nauty, with both settings of the
canonical labeling option. Each row in the table
corresponds to one input graph; the interval in each
column consists of the minimum and maximum values
over the 11 random relabelings for each graph. A
time out is indicated by “t.o.” in the table. As
can be seen from the table, the number of nodes
traversed for both tools grows roughly exponentially in
n, which is explained by the fact that the cell selector
is systematically misled into making “bad” choices in
the top levels of the search tree (see [32] for a detailed
combinatorial analysis).

To illustrate scaling on large and sparse graphs,
Table 2 displays partial results for the series rnd-3-reg.
Displayed in the table are both the number of traversed
nodes and the running times for bliss, nauty, and saucy.
As can be seen from the table, all tools traverse the same
number of nodes, but bliss alone handles random 3-
regular graphs up to 10000 vertices within the allocated
time. Furthermore, it appears that the running time
of bliss grows roughly as a quadratic function in the
number of vertices, whereas the running time of saucy

is grows roughly as a cubic function in the number of
vertices. The poor performance of nauty is apparently
largely explained by the incidence matrix representation
for the input graph, which becomes cumbersome for
large and sparse graphs. The difference in running
times between bliss and saucy is apparently explained

by differences in implementation of the data structures
and subroutines that traverse the search tree.

For more extensive data on the experiments, com-
plete tables and scatter plots covering all the benchmark
families are available at [46].

8 Conclusions.

The objective of the present paper has been to improve
the practical performance of canonical labeling algo-
rithms relying on the individualization and refinement
scheme, especially in the context of large and sparse
graphs. The main contributions of the present paper are
(a) novel data structures to accommodate large graphs
and to facilitate fast traversal of the search tree, (b)
amortization of work from the leaves towards the root
of the search tree, and (c) improvement of heuristics for
pruning the search.

Experiments indicate that the present tool in most
cases clearly outperforms existing public tools on large
and sparse graphs, and exhibits comparable or better
performance also on dense and highly regular graphs of
combinatorial origin. In summary, we believe that the
present tool is one of the fastest general-purpose tools
for canonical labeling of graphs currently in existence.

It is, however, necessary to emphasize that the
aforementioned claim concerns only general-purpose
tools. Indeed, it is immediate that many restricted
families of graphs admit more efficient techniques both
in theory and in practice. Furthermore, whenever one
considers a specific family of graphs, the basic algorithm
design can typically be optimized for performance by



applying tailored isomorphism invariants during the
refinement process and by tailoring the cell selector
function. Thus, in this respect one can view the present
contribution as providing an improved template for the
construction of tailored algorithms.

Although this is not analyzed in detail in the
reported experiments, to arrive at a balanced algorithm
with stable performance on a broad range of graphs, our
general observation during the present engineering effort
has been that it is necessary to incorporate all of the
heuristics discussed in this paper into the algorithm. If
a heuristic is omitted, then performance will in general
suffer on some benchmark families. This is also why the
present algorithm design quite closely parallels nauty in
terms of the heuristics employed; in our experience, the
heuristics in nauty are very well balanced for practical
performance. If one aims for a tailored algorithm,
however, then a careful consideration should be given as
to which heuristics to include and which to leave out.

In addition to the algorithm engineering effort, we
have also made available an electronic catalogue of
graphs to provide a testbed for canonical labeling tools.
Many of the benchmark families are arguably among the
most difficult families of graphs currently known in the
context of canonical labeling and practical performance.
Keeping this in mind, it is interesting to observe that the
augmented Miyazaki construction provides currently
the only family with clear exponential scaling as the
size parameter is increased. Further contributions to
the catalogue are encouraged.

We conclude the paper with the general observa-
tion that there is an apparent gap between theory and
practice in the context of canonical labeling. In partic-
ular, there is a notable absence of actual implementa-
tions of the algorithms with the best theoretical running
time bounds, even in many cases where polynomial-
time algorithms are known, such as for bounded-degree
graphs [6]. From the perspective of practical perfor-
mance, it appears that the individualization and refine-
ment scheme remains uncontested.
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