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Abstract

We present the first attempt on implementing a highly
theoretical polynomial-time approximation scheme (PTAS)
with huge hidden constants, namely, the PTAS for Steiner
tree in planar graphs by Borradaile, Klein, and Mathieu
(SODA 2007, WADS 2007). Whereas this result, and
several other PTAS results of the recent years, are of high
theoretical importance, no practical applications or even
implementation attempts have been known to date, due to
the extremely large constants that are involved in them.
We describe techniques on how to circumvent the challenges
in implementing such a scheme. Our main contribution is
the engineering of several details of the original algorithm
to make it work in practice. With today’s limitations
on processing power and space, we still have to sacrifice
approximation guarantees for improved running times by
choosing some parameters empirically. But our experiments
show that with our choice of parameters, we do get the
desired approximation ratios, suggesting that a much tighter
analysis might be possible. Hence, we show that it is possible
to actually implement and run this algorithm, even on large
instances, already today — but under some compromises.
Further improvements, both in theory and practice, might
make these great theoretical works finally bear practical
fruits in the future.

First computational experiments with benchmark in-
stances from SteinLib and large artificial instances well ex-
ceeded our own expectations. We demonstrate that we are
able to handle instances with up to a million nodes and sev-
eral hundreds of terminals in 1.5 hours on a standard PC.
On the rectilinear preprocessed instances from SteinLib, we
observe a monotonous improvement for smaller values of ¢,
with an average gap below 1% for e = 0.1. We compare our
implementation against the well-known batched 1-Steiner
heuristic and observe that on very large instances, we are
able to produce comparable solutions much faster.
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1 Introduction

In the past few decades, a huge body of work has evolved
that shows the existence of polynomial-time approxima-
tion schemes (PTAS) for many hard optimization prob-
lems on various input classes. These algorithms are,
of course, of high theoretical importance, and many
of them are seminal results. But unfortunately, most
of these results are far from being applicable in prac-
tice; the problem is that, even though their theoreti-
cal running time is polynomial, often even near linear,
the constants hidden in the big-O notation turn out to
be much too large for an actual implementation, even
for large approximation factors. We present the first
attempt on implementing such a highly theoretical al-
gorithm, namely, a PTAS for the Steiner tree problem
in planar graphs, in practice, showing that it is possi-
ble to actually implement and run it, even on large in-
stances, already today — but under some compromises.
This suggests that some improvements, both in theory
and practice, might make these great theoretical works
finally bear practical fruits in the future. On a higher
level, we would like to stimulate the theoretical world to
further improve on the practical applicability of their re-
sults by showing that implementation attempts are not
necessarily as far fetched as is generally thought today.

The compromises we had to make are of the
following nature: even though we have implemented
the algorithm completely and correctly and substan-
tially accelerated it in several places, with today’s
processing power and space limitations, we are not
able to set all parameters as high as required by the
original algorithm; hence, we can not maintain an
a-priori guarantee on the approximation ratio. But our
experiments show that with our choice of parameters,
we do get the desired approximation ratios suggesting
that a much tighter analysis might be possible. Also,
there is a natural trade-off between running time and
solution quality.

The Steiner Tree Problem We consider the
Steiner tree problem, namely finding the shortest tree
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that connects a given set of terminals in an undirected
graph. It is one of the most fundamental problems in
computer science and serves as a testbed for many new
algorithmic ideas — both in theory and in practice. It is
well-known to be N'P-hard [1] and even AP X-hard [2].
The best-known non-approximability /approximability
results in general graphs are 1.01053 [3] by Chlebik and
Chlebikova and 1.55 + ¢ [4] by Robins and Zelikovsky,
respectively. The problem is fixed-parameter tractable
for a fixed number of terminals, as originally shown
by Dreyfus and Wagner [5] and later improved in [6,
7]. There is a well-known 2-approximation algorithm
for this problem [8, 9] and Mehlhorn [10] improved
the running time of this algorithm to O(m + nlogn).
Recently, the authors further improved the running time
of this algorithm to be O(n) on all proper minor-closed
graph classes (which include planar graphs), see [11].

In planar graphs, the problem is also N'P-hard [12]
but very recently a PTAS has been found by Borradaile
et al. [13, 14]. While the first version of the algo-
rithm [13] was triply exponential in a polynomial in
the inverse of the desired accuracy, the complexity has
been improved to a singly exponential algorithm in [14].
This was an important step in making an implementa-
tion attempt possible. Still the exponent is a polyno-
mial of ninth degree, which renders a direct implemen-
tation hopeless. Their result goes in line with several
other highly theoretical papers that showed the exis-
tence of PTASs for important hard optimization prob-
lems, see [15, 16, 17, 18, 19], to name a few. To the best
of our knowledge, no attempts on actually implementing
these algorithms have been made to date.

The Steiner tree problem is also a very important
problem in practice and has to be solved in many
industry applications, most prominently, in VLSI
design. Hence, numerous implementations exist that
are able to solve this problem, often very well, in
practice. The most important exact algorithms are
due to Zachariasen and Winter [20] for geometric
instances, Koch and Martin [21] using integer linear
programming techniques, and Polzin and Danesh-
mand [22, 23, 24] with the strongest results for general
graphs. Also, many powerful heuristics exist, see, for
example, [25, 26, 27, 28].

The Mortar Graph and Its Uses In [14],
Borradaile et al. introduce the concept of a mortar
graph, a grid-like subgraph of the input that has several
useful properties, the most important of which are that
it contains all the terminals, has bounded weight, and
that there exists a near optimal solution that crosses
each of its faces at most at a bounded number of ver-
tices (see Section 2.1). The parts of the original graph
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that are enclosed in the faces of the mortar graph are
called bricks. This mortar graph/brick-decomposition,
in a sense, replaces the need for a spanner and is the
centerpiece of the improved PTAS presented in [14].
Very recently, it has been shown that it can also be
used to approximate other problems; a PTAS for
the minimum 2-edge-connectivity survivable network
problem was given in [29] and the traveling salesman
problem (TSP) is shown to admit this methodology
in [30]. The latter work actually generalizes the concept
of a mortar graph to graphs of bounded genus and
gives an outlook on even further generalizations. In
the current work, we present the first implementation
of a mortar graph/brick-decomposition for planar
graphs and use it to obtain a PTAS for the Steiner
tree problem. We hope that this implementation will
prove useful for other problem domains, such as the
ones mentioned above, as well.

Relation to Bounded-Treewidth Algorithms
The main idea of the PTAS of Borradaile et al. is to
first find the mortar graph, then decompose it into
parts of bounded dual radius, called parcels, and then
apply dynamic programming to each of the parcels.
The decomposition into parcels is in the nature of
Baker’s work [31] and the dynamic programming
is very similar to algorithms on graphs of bounded
treewidth or branchwidth, see e.g. [32]. In fact, planar
graphs of bounded dual radius have bounded treewidth
(though the situation here is somewhat different, since
we also have to deal with the bricks). Implementations
of algorithms on graphs of bounded treewidth have
been studied several times in the literature, see e.g.
Alber et al. [33] and Koster et al. [34]. Recent surveys
are given by Hicks et al. [35] and Bodlaender and
Koster [32]. These algorithms depend exponentially on
the treewidth of the underlying tree decomposition and
hence, can only be applied if a tree decomposition of
small width is known for the input graph. However, in
our case, we only need to apply these algorithms to the
parcels, which are parts of the mortar graph, which in
turn can be (and usually are) much smaller than the
input graph. Hence, we are able to attack very large
problem instances, with up to 1 million vertices, see
Section 3.

Our Contribution and Outline In this work, we
make a first attempt to bridge the gap between the the-
oretical world of approximation schemes and practice.
Our aim is not to beat the current heuristics and ex-
act solvers for the Steiner tree problem but to present
a new approach based on deep theoretical results, dis-
cuss its current limitations, and give an outlook for its
possible future use. We had to apply several modifi-
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Figure 1: (a) An input graph G with mortar graph MG given by bold edges in (b).
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(¢) The set of bricks

corresponding to MG (d) A portal-connected graph, BT (MG, ). The portal edges are grey. (e) BT (MG,0)
with the bricks contracted, resulting in B¥(MG,0). The dark vertices are brick vertices. These pictures are

republished by courtesy of Glencora Borradaile [13].

cations and non-trivial implementation techniques to
make an implementation possible at all. These tech-
niques comprise a main part of our contribution and
are described in Section 2; they build the main focus of
this paper. In Section 3, we present first experimental
results, which well exceed our own expectations! In our
experiments on FST preprocessed instances from the
SteinLib library [36], we are on average only about 1%
away from optimum and on our randomly generated test
instances, we are able to handle instances with up to 1
million vertices. To see how our implementation of the
PTAS compares to one of the best heuristics, we also
implemented a version of the batched 1-Steiner heuris-
tic [26]. While this heuristic still beats our method on
many instances (within the range of parameters that we
chose for our tests), we observe that on large instances,
we are able to produce solutions that are nearly as good
in much less time. Also, we obtain additional slight im-
provements by combining these two methods.

2 The PTAS and Our Implementation

In this section, we first review the PTAS of Borradaile
et al. [14] and its most important implementation
challenges before we go on to explain our modifications
and implementation techniques.

2.1 Overview Let the input graph be G = (V, E),
having n vertices and m edges, and let R C V be the
given set of terminals. We denote the length of an
optimal Steiner tree of R in G by OPT. For a face
F of G, we denote the facial walk of F' by 0F. As
mentioned in the introduction, the centerpiece of the
PTAS of Borradaile et al. [14] is to construct a grid-like
subgraph of G called a mortar graph, and thereby to
obtain a mortar graph/brick-decomposition, as defined
below:

DEFINITION 2.1. Given a planar graph G and a set of
terminals R, consider a subgraph MG of G that spans
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R. For each face F of MG, we construct a brick B
of G by cutting G along the facial walk OF; B is the
subgraph of G embedded inside the face, including OF.
We denote this facial walk as the mortar boundary 0B
of B. We define the interior of B as B without the
edges of 9B. We call MG a mortar graph if it satisfies
the following for some constants a(c), B(¢), and 0(¢g):

(i) £(MG) < aOPT;

(ii) there exists a Steiner tree T for R in G, so that
¢(T) < (1+ 5)OPT; and

(iii) for each brick, the part of T in the interior of B
intersects MG at at most 6 vertices, called portals.

The most important theoretical result of [13] is a pow-
erful structure theorem that guarantees the existence
of a mortar graph for any planar graph. The mortar
graph and the bricks are illustrated in Figures 1(a), (b),
and (c). The construction of the mortar graph starts
with finding a 2-approximate Steiner tree and split it
open along its Euler tour in order to obtain a distin-
guished face H that contains all terminals. Afterwards,
a set of shortest paths are calculated to decompose the
graph into a number of strips. Inside each strip, an-
other set of shortest paths are computed that have a
natural ordering along the strip boundary and are called
columns. For a constant k(e), every sth column is con-
sidered a super-column. The mortar graph is defined
as the union of H, the strip boundaries, and the super-
columns. It is shown that by setting k = 4e=2(1+e71),
we have a@ < 9¢71. The constants § = o(¢~7-%) and
B = poly(0, k) are not specified exactly.

For the further description of the algorithm, two
operations, BT and B¥ are defined on subgraphs of
MG as follows: the operation brick copy, denoted by
BT, is defined as placing a copy of each brick inside
its mortar face and connecting the two copies of each
portal (one on the brick and one on its mortar boundary
in the considered subgraph of MG) by a zero-weight
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parameter parameter theoretical our could viol. typical
name usage (keywords) value strategy approx. values

Q@ weight of MG 9¢! actual value no 1-3
K super-columns O(e™3) Sect. 2.2 no 5-15
0 # portals o(e™") parameter yes 5-10
I} error by bricks poly(0, k) - - see total error
7 parcel decomposition O(e72) Sect 2.3 no 2-6
¥ error by parcel decomp. nale parameter no 2-3
£ cut size in DP 20n+1 actual value no 15-30
A table size of DP 0(4%) parameter yes 10000/¢
€ total error parameter - - 0.01-0.06

Table 1: The second columns specifies the part of the algorithm, in which the parameter is used; the fifth column
specifies if our strategy could theoretically violate the approximation guarantee; and in the last column we give
estimates on values that we typically observed or used in our experiments.

portal edge. The operation brick contraction, B~ first
applies BT and then contracts each brick to become a
single brick vertex of degree 0. The graphs BT (MG)
and B (MG@G) are illustrated in Figures 1(d) and (e),
respectively.

After MG is constructed, Borradaile et al. decom-
pose it in the nature of Baker’s approach [31] into a
number of parts, called parcels, with the property that
each parcel has bounded dual radius, namely, at most
equal to a parameter 7. The total weight of the par-
cel boundaries is bounded by %OPT < %OPT for a
constant v, if 7 is chosen to be aye~! = O(¢=2). This
way, in the end of the algorithm, one may add the parcel
boundaries to the solution without violating the approx-
imation guarantee. It is shown for each parcel P, that
B¥(P) also has bounded dual radius. A dynamic pro-
gramming (DP) algorithm is presented that works on
B¥(P) as follows: a rooted spanning tree T of B~ (P)
is considered that includes exactly one portal edge per
brick; each edge e = vw of T defines a subproblem T, of
DP that includes w and all its descendants in 7. The
bounded dual radius property of P ensures that T, is
separated from the rest of the graph by a cut of at most
& edges, where £ = 20n + 1 is a constant. By enumer-
ating over all partitions of this cut into sets that are to
be connected inside the subproblem, one can fill the en-
tries of the DP table; for every leaf of T that is a brick
vertex, optimal Steiner trees inside the corresponding
brick are calculated using the algorithm of Erickson et
al. [6]. Further details are given in Section 2.4. This
finishes the description of the algorithm.

The structure theorem of Borradaile et al. [13]
guarantees that the constructed solution has size at
most (1+¢) OPT.

Main Challenges The “official” running time of
the PTAS is O(nlogn), not specifying the hidden con-
stants. But in order to ensure that the solution is within
a factor of (1+¢) of the optimal solution, the constants
in the algorithm have to be chosen appropriately. Ta-
ble 1 gives an overview of the involved parameters and
constants of the algorithm and how they are/should be
chosen.

As one can see, the constants tend to get extremely
large for even fairly large values of €, such as 0.5; and
some of them are not even specified concisely. The most
dramatic problem occurs in the dynamic programming:
the table size is the number of non-crossing partitions
of at most & = 20n + 1 elements, which is by a Catalan
bound within O(4%) = 0(25_9'5). Now noticing that,
say, the 15th Catalan number is already around 10
million, the 20th around 6.5 billion, and that in order
to calculate the table entries for a node, each pair of
table entries of the child nodes have to be considered,
it is pretty much impossible to implement the PTAS
as it is specified in theory, even if these constants are
chosen to be extremely small. So, besides the challenge
of constructing the mortar graph and the decompo-
sitions efficiently, the most important challenge of an
implementation is to modify the algorithm and find
compromises so as to make the dynamic programming
work in practice.

Our Approach An important observation that we
made is that the constants specified in [14] are worst
case constants; for a given instance, one can compute
a lower bound on the solution value and choose the
constants according to this value. It turns out that
on all tested instances, the constants may be chosen
to be much smaller. The only constant that can not
be chosen easily according to this rule is 6, the number
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of portals on the brick boundaries. In fact, in order
to guarantee a (1 + €)-approximate solution, according
to the analysis given in [14], this constant has to be
chosen to be very large. We decided to choose this value
empirically; it turns out that even for very small values
of 0, like 5 or 10, the solution is well within the required
approximation bounds — in fact, oftentimes very close
to optimum (see Section 3)! The dynamic programming
tables still become very large. In order to get reasonable
running times, we decided to introduce a new parameter
A to set a bound on the maximum allowed size of the
DP-tables. We choose this parameter as a function of €
to reflect the need for larger table sizes as € grows. In
order to achieve good solutions, even with these bounds,
we employed several techniques that are described in
the following subsections. The running time of our
implementation is O(n? log n+nA?), where the first term
originates from the mortar graph construction and the
second term from the dynamic programming. But as
can be seen in Section 3, our practical running times of
the DP are usually well below “O(n\?)”.

2.2 Constructing the Mortar Graph

Main Data Structures We implemented the
program in C++4 using the STL library. Our main
data structure is called EmbeddedGraph; it has three
main vectors, one for the edges, vertices, and faces of
the graph, respectively. The input is undirected but
each edge is stored as a pair of directed edges, having
a pointer to each other. Fach directed edge knows
its head and tail vertices and the faces to its left and
right. A directed edge (vg,wp) has a pointer to its
next and previous vertex edges, (vo,ws) and (vg,w_1),
regarded in clockwise order, and also a pointer to its
next and previous face edges, (wo,v1) and (v_1,vp),
counted in counter-clockwise order, where an edge
is always associated with the face on its left. Each
vertex has only a pointer to its first outgoing edge
and its degree. Likewise, each face has only a pointer
to its first edge and its degree, i.e. the number of
edges on its (not-necessarily simple) face-cycle. The
input may be given “face-wise”, i.e. specifying the
face-cycles in counter-clockwise order, or “vertex-wise”,
i.e. specifying the adjacent edges of each vertex in
clockwise order. The data structure is then completed
in O(nlogn) time. Note that with this data structure,
we have access to the primal and dual of the graph
simultaneously, since we have defined them on the same
set of edges: a directed edge that connects two vertices
in the primal is the same edge that connects the face
to its left with the face to its right in the dual. We
also make use of an additional data structure named
FastGraph that simply stores a graph as an adjacency
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list using a vector of vectors. In the following, we
denote the weight of an optimal solution by OPT and
the weight of a lower-bound, by LB. We compute LB
as half the weight of a 2-approximation.

Creating a Splitted 2-Approximation The
first step of the mortar graph construction is to find a
2-approximate Steiner tree of the input. We accomplish
this task using Mehlhorn’s algorithm [10] in O(nlogn)
time. This tree has to be splitted along its Eulerian
cycle, in which each edge is traversed exactly once in
each direction, thus adding a new face to the graph,
which may be regarded as the outer-face of the graph.
We create a copy of the input and split the tree in this
copy in linear time (having a copy not only simplifies
restoring the original solution but is also important in
the next step). Note that the weight of the outer-face
is bounded by 40PT.

Decomposition into Strips A path is called
e-short if every subpath of it is not longer than (1 4+ ¢)
times the shortest between path between the endpoints
of the subpath. The goal of the strip decomposition is
to decompose the graph into a number of components,
called strips, so that the outer boundary of each strip
is e-short. We start with the whole graph and the
boundary of its outer-face, as described above; if
there exists a subpath of the current outer boundary
that is not e-short, we determine a smallest subpath
violating the condition, find a shortest path between
its endpoints, and separate it from the current graph,
storing it as a new strip. Klein [19] shows that the
total weight of the strip boundaries is bounded by
(1 + e 140PT. He describes an O(nlogn)-time
algorithm for the strip decomposition using dynamic
trees (see, e.g. [37]) and his multiple-source shortest
paths algorithm [38]. We decided to follow the main
parts of the algorithm as given in [19] but instead
of using dynamic trees, which cause a large constant
overhead, we used Dijkstra’s algorithm [39] once from
each relevant vertex, resulting in a quadratic time
algorithm. This implementation is fast enough for all of
our problem instances. An important implementation
detail is that the shortest paths that are used to
separate the strips might actually overlap with some
parts of the current outer boundary, thus creating
tree-like parts on the boundary; these parts have to
be handled appropriately in an implementation. Note
that since this algorithm separates the strips from
the graph, it gradually destroys it. We store the strip
boundaries in an array and throw away the splitted
copy of the graph after this step is finished.

Adding Super-Columns The next step is to
divide each strip into a number of bricks by adding
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so-called super-columns. By the previous step, each
strip-boundary is comprised of a shortest path, which
we call its north boundary, and an e-short path, which
we call its south boundary. The algorithm proceeds by
finding a shortest path from every vertex on the south
boundary to (any vertex on) the north boundary. This
can be done by a single shortest-paths computation in
O(nlogn) time [19]. Starting on the left-most vertex of
the south boundary and moving to the right by one edge
at a time, the algorithm extracts a set of columns as
follows: if at any point the current sum of edges that are
traversed so far is more than e times the distance of the
current node to the north boundary, this shortest path
to the north boundary is added to the set of columns
and the current sum of edges is reset to zero. Next, for a
parameter k and for each ¢ =0,...,x — 1, the columns
with indices 7 4+ ¢k, ¢ € N are considered and the set
with minimum weight is selected to be the set of super-
columns in this strip. This way, it is ensured that each
brick contains at most x columns, and furthermore, that
the total weight of the super-columns is at most s~}
times the total sum of all columns, which is in turn at
most 4k~ 1e" (1 +¢71) - OPT.

The effect of the parameter  is two-fold: on one
hand, the larger « is, the larger will be the bricks and
so, with a fixed number of portals, the best possible
solution in the portal-connected graph might become
worse; on the other hand, the smaller « is, the larger is
the sum of the weights of the super-columns, which are
added to the final solution in the theoretical analysis.
In [14], k is chosen as O(e73), so as to guarantee
that the sum of the weights of the super-columns is
at most O(eOPT). We choose k as follows: let Sc
be the total sum of all columns; we set kg = SLL%; in
each strip, we determine the smallest Kk < kg, so that
the sum of the weights of the resulting super-columns
is at most kg ! times the sum of the weights of the
columns in that strip. This way, we guarantee that
the sum of the weights of all super-columns is at
most /436150 < %OPT, while choosing the k for each
strip as small as possible. Additionally, we benefit
from the fact that we do not automatically add
the super-columns to the final solution and so, do not
necessarily have this extra-weight added to our solution.

Actually Constructing the Mortar Graph
and the Bricks We keep a boolean array that specifies
for each edge of G if it is included in the mortar graph
or not (this array is filled in the steps above). Then we
construct the mortar graph as a new EmbeddedGraph
“vertex-wise” by going over the vertices of the original
graph and adding their adjacent edges in clockwise
order, while keeping maps between original and mortar
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vertices and edges. Afterwards, we scan each face of
the mortar graph and determine if the corresponding
part in G includes some edge which is not a mortar
edge; in this case, we have found a new brick graph,
which we store as a FastGraph, since its embedding
is not needed later on. The theoretical algorithm
requires that the boundaries of the bricks are split, so
that each one forms a simple cycle that corresponds
one-to-one with its mortar face boundary and so
that all the portals lie on the outer boundary of the
brick. We found out that this step is not necessary in
practice and that it bears no disadvantage to store the
bricks without splitting their boundary and allowing
some portals to be placed inside the brick (which can
only happen if the corresponding mortar face has a
tree-like part that goes inside the brick, cf. Subsect. 2.4).

Designating Portals The original portal selec-
tions algorithm is fairly straightforward: for a brick
B, calculate the weight of the mortar boundary 0B;
start at some vertex on the boundary and choose it
as the first portal vg; then, walking along the mortar
boundary, whenever the weight of the current path
exceeds ((0B)/0, choose the current vertex as the
next portal and reset the current path to zero. Our
implementation differs in two aspects: first, we only
select such vertices as portals that are adjacent to at
least one non-mortar edge inside the brick; second, if
we are to select a vertex that is already chosen as a
portal for this brick, we skip it and reset the current
path length to zero — there is no benefit in selecting
a vertex as a portal twice. In the original algorithm,
6 has to be 10e~20(¢75%) but as we discussed above,
we choose the value of § empirically, usually between 5
and 10.

Adding Portal Edges In the original algorithm,
it is required to augment the mortar graph as follows:
for each face F' of MG that corresponds to a brick,
add a brick verter to F' and connect it to the portals
of F' via zero-weight edges. We do not perform this
step explicitly; we add these portal edges to the graph,
but do not incorporate them into our EmbeddedGraph
data structure. Instead, we store them in extra arrays
and treat them as special edges. These edges play an
important role in the dynamic programming part of the
algorithm.

2.3 Decomposition into Parcels The parcel-
decomposition algorithm is in the nature of Baker’s
decomposition [31] applied to the mortar graph:
perform breadth-first search (BFS) in the dual, and
consider every nth level to partition the edges into 7
sets; the set with the smallest total weight is selected
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Figure 2: A planar graph with black vertices and full lines and a breadth-first-search tree of the dual, represented
with white vertices and dashed lines; (a) the depth of the dual BFS-tree rooted at face f is 3; (b) if “crossing
vertices” is allowed, the depth of the tree becomes 2; (c¢) after splitting vertex v accordingly, the tree becomes a
valid dual tree of depth 2; note that, e.g., vertex w needs not be split.

as the set of parcel boundaries. Each part of MG that
lies between two consecutive parcel boundary levels is
called a parcel and is defined to include the boundaries.
Note that there might be several parcels lying between
the same two consecutive levels. The radius of the dual
of each parcel is by construction bounded by n. In [14],
n is defined to be 20¢ 2. In practice, we can not afford
1 to be more than about 5. The trick to achieve this
is as follows: whereas in theory, it does not matter at
which vertex to root the tree, in practice, we search for
a root-face that minimizes the depth of the resulting
BFS tree; furthermore, we are allowed to count faces
that only share a vertex together also as adjacent, see
the next paragraph and Figure 2. These two techniques
alone often result in a very small tree depth, so that no
parcel-decomposition is necessary at all. Additionally,
we apply the following: instead of first setting the value
of 1, we take the error factor v as a parameter and
calculate the maximum allowed parcel boundary size
PB as L8, Then, starting at the mid-level of the BFS
tree, we look in both directions for one level at a time,
and select the first level whose total edge-weight is not
more than PB. This way, we try to split the tree as
evenly as possible at some level that complies with the
given weight-bound, if such a level exists. Currently, we
have not implemented a strategy that tries to choose
more than one separating level for the parcels, since our
strategy is sufficient for our test cases and since we do
not expect it to be often possible to choose more than
one separating level while remaining within the given
bound PB. We store each parcel by storing the status
of each edge of MG in the parcel, without making an
explicit new copy of the graph.

About Vertex-Degrees The original algorithm
assumes that each vertex of G has maximum degree
3. This can be achieved easily by splitting vertices of
higher degree and creating zero-weight edges. We chose
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to not split the graph initially; we only split the vertices
when it is needed. On one hand, this considerably
accelerates the mortar graph construction. On the
other hand, it turns out to be very useful in the parcel
decomposition (cf. Figure 2): as already mentioned
above, when searching for a BFS-tree with minimum
depth, we are allowed to cross vertices, counting faces
that only meet at a vertex as adjacent. This results in
trees of considerably smaller depth. After the tree with
minimum depth is selected, we traverse the tree and
split the vertices at the points where they are crossed,
creating an actual zero-weight edge that makes the
corresponding faces adjacent. So, after these splittings,
our chosen tree becomes an actual BFS tree of the dual
graph. Similarly, after selecting the parcel boundary
levels, we split the vertices on these levels, too, to
ensure that the parcel boundaries become a simple
cycle. In the other parts of the algorithm, we also only
split vertices when it is really needed to have bounded
degree and mention it wherever applicable.

Constructing the Primal Trees and Prepar-
ing the Parcels It is a well-known fact in graph theory
that the set of edges not included in a spanning tree of
the dual of a planar graph builds a spanning tree in
the primal planar graph. We consider this primal tree
for each parcel P and add the first portal edge of each
brick to it to obtain a primal tree for B¥(P). We make
sure that every vertex of this tree has degree at most 3
and if the parcel contains a terminal, root the tree at a
terminal. We add an auxiliary root edge to the tree to
ensure the final solution of the parcel to be connected.
In the original PTAS; it is stated that the weight of the
parcel-boundaries has to be set to zero and an algorithm
is given to add some terminals to these boundaries, so
as to ensure that at the end, we get a connected solu-
tion by adding the parcel boundaries to the solution.
We do set the boundary weights to zero but decided to
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not add new terminals; we describe in the last part of
this section, how we create a connected solution while
trying to avoid including the whole parcel boundaries
as originally specified.

2.4 Dynamic Programming The dynamic pro-
gramming part of the PTAS is based on the following
observation: for a directed edge e = (v, w) of the primal
tree of a parcel, consider the subtree T, of the primal
tree, rooted at w; this subtree is separated from the
rest of the graph by a cut C. calculated as follows:
consider the faces F, and Fr to the left and right of e;
the path connecting F;, and Fg in the dual BFS-tree
is the desired cut and has at most 27 edges, since the
depth of the tree is 7. But each face may contain up
to 6 portal edges, so the total size of C,, including e
itself, is at most 20n + 1, which is a constant. Hence, in
theory, we may enumerate over all possible non-crossing
partitions of C, and calculate the optimal solution of
the partition via dynamic programming. The optimal
solution of a partition is a forest of minimum weight,
so that each terminal of T, is included in the forest and
each tree of the forest has at least one edge in C.. If
T. contains the first portal edge of a brick, that brick
has to be considered in the solution for T, too. The
value of a solution is twice the sum of the weights of
edges of the solution inside T, plus (once) the weight of
the edges selected from C,. At the end of the DP, the
final solution value will be divided by 2. The details of
the dynamic programming and its implementation are
given below.

Dealing with Partitions In the current state of
our program, we assume that the largest cut size that
we have to deal with is 64 (which is the case in all of
our test cases; in fact, sets of size more than 30 are
already very hard to deal with, since the number of
their partitions is extremely large). We store a subset
of edges as a bitset in an unsigned 64-bit long integer.
A partition is stored as a vector of such bitsets, where
the first set specifies which edges are included in total
in this partition. We call this first set, the inclusion
set of the partition. Each consecutive set specifies
one subset of the partition. Besides the first set, the
remaining sets are always sorted from large to small
according to their unsigned integer value.

The Base Case The base case of the dynamic
programming occurs at the leaves of the primal tree. If
aleaf is an edge e = (w, v) of MG, we simply enumerate
over all subsets of non-zero edges adjacent to v and store
the solution together with the zero-weight edges. If v
is a terminal, we make sure that all stored solution sets
are non-empty; otherwise, we make sure that an empty
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solution, without the zero-weight edges, is also stored.

If the edge e is a portal edge of a brick B, we
proceed as follows: first, for all subsets of portals of
B, we calculate the optimal solution via a dynamic
programming algorithm for Steiner tree in planar
graphs with all portals on one face by FErickson et
al. [6]. Our case is slightly different from [6] and
from [14], since we did not split the boundary of the
bricks and hence, not all portals lie on the outer face.
But this is no problem, since the non-boundary vertices
can be mixed in with via the general DP algorithm for
Steiner trees of Dreyfus and Wagner [5]. Our running
time lies between O(296?nlogn) of [6] and O(3%nlogn)
of [5], but much closer to the former, since the number
of non-boundary vertices is usually small, let alone the
fact that we always choose 6 to be very small. After
the solution for each subset is calculated, we look at
each non-crossing partition of the portals (which are
pre-computed and stored for each ¢ = 0,...,0) and
store its value as the sum of the values of the subsets
it contains. An important improvement in this stage
is that we only store the solutions of such partitions,
that are actually partitions, in that the solution sets
of their subsets do not intersect. This simple measure
sometimes reduces the number of stored solutions
considerably.

Solving the DP At a non-leaf edge e = (w,v),
the subproblem of T, contains one or two subproblems
Te, and T., corresponding to edges e; = (v,v1) and
es = (v,v2) of the primal tree. Let C be the set of edges
adjacent to v, C., and C., be the cuts corresponding
to T, and T,,, and C. be the cut corresponding to Te.
In order to construct the DP table for T, the original
algorithm tells that one has to take every subset Sy of
adjacent edges of v, every solution S from the solution
table of T,, and test them against every solution So
of T.,; if a specific triple (So,S1,S2) is consistent, as
defined below, then one calculates the merged partition
resulting from merging Sy, S1, and S and stores it along
with its value in the solution table of T.. A triple is
considered consistent if: (i) for each i,7 = 0,1,2, we
have that S;N(C;NC;) = S;N(C;NC}), i.e. the solutions
have the same set of edges interconnecting them; and
(ii) each subset in the merged partition of Sy, Si, and
S contains an edge from the outer cut C.. The latter
condition ensures that each subset reaches the outside
and will eventually be connected to the solution tree.

For an efficient implementation, we proceed as
follows: for each edge of the primal tree, we store
a vector partition table and a vector solution table.
For the base cases, these are filled as described, so
that the i’th entry of each, corresponds to each other.
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When solving an inner node T, we first collect the
cuts Ce,Co,Ce,, and C., and store them in a vector
called CutMap, so that each edge is stored exactly once.
We make sure that in the CutMap, the order of edges,
from right to left, is as follows: (1) the outer edges,
C.; (2) the remaining edges of C.,; (3) the remaining
edges of Ce,; (4) the remaining non-zero edges of Co;
(5) the remaining portal edges of Cy; (6) the remaining
zero-edges of Cy. Then we remap each partition in the
partition tables of the left and right child to correspond
to this CutMap. We sort the partition tables of each of
the children lexicographically (recall our Partition data
structure). Now, in order to find consistent triples, we
can first go over all possible choices of Sy as described
in the base case and remap it to the CutMap. We need
to find those entries of the partition table of the left
child, that include exactly the same edges as Sy in the
subset of edges that connect v with T,,; to do so, it
is sufficient to build the bitmask of the subset of these
edges that is included in Sy and search for the first entry
in the partition table of the left child, whose inclusion
set is not less than this bitmask. We can do this very
efficiently by binary search. The reason that it works, is
that these edges appear in the third place in the right-
to-left order in the CutMap and so, appear consecutively
in the sorted table. Similarly, we may find the matching
partitions of the right child with a simple binary search.
After a consistent triple has been found, their
subsets have to be merged to form a partition for T..
We implemented a simple bit-manipulating merging
algorithm to accomplish this. If the number of the
subsets is k and the number of edges of the CutMap
without C. is b, our implementation runs in time
O(min(k,b)k). Since both k and b are constants, this
is a constant running time (recall that we do not allow
the CutMap to have size more than 64 and that its real
size is usually much less).The value of the solution is
the sum of the values of the solutions chosen in the
triple. This way, each edge internal to T, is counted
twice and each edge in C, is counted once, as desired.

Managing the Partition Table As already
mentioned, we set the maximum allowed table size
to be A. At each node, we only store the A solutions
with the smallest value. In order to manage the table
efficiently, we use a balanced binary search tree (a
C++ STL-map) to store the set of partitions currently
found for this node. This way, when a new partition is
found, it can be easily checked if it is already contained
in our table, if its value needs to be updated, and
if it may be inserted into the table at all due to the
mentioned size constraints. We also keep a reverse
map, indexed by the solution values, so that the value
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of the largest solution can be found quickly. After a
node is completely processed, these maps are copied
into arrays and emptied to be reused for the next
node. Also, the partition tables of the children of the
current node may be freed at this point, in order to
save memory (but not the solution tables since they
are needed for reconstructing the solution).

Ensuring Good Solutions Keeping only the
A smallest solutions might not always result in very
good solutions. In fact, it might happen that at later
stages of the DP, no solution can be found at all. In
order to make sure that (good) solutions are found, we
always include the partition that corresponds to the
2-approximation in our partition table. In order to do
so efficiently, we first have to do some pre-processing:
we consider the intersection of the 2-approximation
with the current parcel and call this forest Tb; we
eliminate zero-weight cycles in the parcel, by deleting
zero-weight edges that are not part of 75 and then
augment T by all the zero-weight edges that are
connected to it. Note that since the parcel boundaries
have zero-weight, this step makes sure that T» becomes
a tree. We label the nodes of T in a post-order
traversal and additionally, store at each edge, the label
of the smallest node of its subtree. Using these labels,
we can easily decide in constant time whether two
nodes remain in the same partition of 75 if an edge of
T5 is removed. This information can be used, in turn,
to calculate the partition corresponding to 7o at each
node of the dynamic program in constant time using bit
manipulations (in fact, linear in the number of edges
in the CutMap). This calculation needs to be done only
once per node of the primal tree; afterwards, we just
have to make sure never to throw away the smallest
solution that corresponds to this partition from our
partition table. Adding this feature to our program, is
one of the main reasons why it works so surprisingly
well, see Section 3. The value of the 2-approximation
intersected with the current parcel also serves as an
upper bound: any solution with a larger value may be
neglected.

Handling Portal Edges Portal edges pose a spe-
cial complication to the dynamic programming: on one
hand, they are zero-weight edges, so one would not want
to waste time and space in enumerating all of their sub-
sets at each node; on the other hand, if they are al-
ways included, they are only consistent with solutions
that also include them and so, often enforce solutions
to go through bricks, which might (and usually does)
violate optimality; or if handled somewhat differently,
they might impose every portal to be connected to the
outer cut, which also violates optimality. We have de-
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Figure 3: (a) The average optimality gap of FST instances of SteinLib for different values of € and compared to
the 2-approximation; (b) the average running time of these instances.

veloped several strategies to deal with portal edges but
currently, the basic strategy of enumerating over all sub-
sets of portal edges, i.e. treating them as non-zero edges,
is our fastest and best strategy.

2.5 Creating a Connected Solution After having
solved each parcel separately, we have to make sure
that our solution is connected. At worst, we could
include the complete parcel boundaries, as specified
in [14]. But we decided to take the disconnected solution
as it is and connect it as follows: first, we reduce
the number of connected components by (conceptually)
contracting each connected component and starting
to build the minimum spanning tree of the distance
network of the contracted graph by a method very
similar to Mehlhorn [10] (actually, we just set the weight
of edges included in the solution to zero, instead of
contracting them). When the number of connected
components is reduced to some predefined constant
(currently 5), we find the optimal Steiner tree of the
remaining components using [6] as described in the base
case of our DP for the bricks. This way, our solution
is always better than the originally proposed method
and since we are usually very close to optimum (see our
experiments below), accepting this overhead does make
a difference.

3 Experimental Evaluation

To evaluate our implementation we used test instances
from the instance library SteinLib [36] as well as ran-
domly generated test instances. From SteinLib, we
report on results from FST preprocessed rectilinear
graphs; optimal solutions are known for these instances
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and can be used for comparison. All our computations
were executed on an Intel(R) Core(Tm) 2 Duo proces-
sor with 3.0 GHz and 4 GB main memory running un-
der Ubuntu 2.6.22. Our C++ code has been compiled
with g++ 4.1.2 and compile option -O2. Due to lack of
space, we only report on experiments with § = 5 and
v = 2. We compare our method against the standard
2-approximation (which can always be computed in at
most a few seconds) and the well-established batched
1-Steiner (B1S) heuristic, which is known to produce
near-optimal solutions on many instance classes [26].
In spite of many heuristics and a few exact codes for
the Steiner tree problem, implementations are either not
publicly available or are tailored to geometric versions of
the problem, but not applicable to planar graphs. Our
implementation of B1S runs in O(n?logn)-time per it-
eration on planar graphs. The number of iterations is
at most 4 in practice.

Figure 3 shows the average gap and time for the
FST preprocessed rectilinear instances of SteinLib for
e = 1,0.5,0.3,0.1, and 0.05, respectively. The average
is taken over all 15 instances of SteinLib for each fixed
number of terminals. We can see that the solution
quality improves monotonously with € and that there is
a nice trade-off between computation time and solution
quality. The slight irregularities for the cases with fewer
than 100 terminals are consequences of our strategies
to set the parameters. We also see that our algorithm
well outperforms the 2-approximate solution: while the
latter has average gaps above 5% for all cases, our
solution is well below a gap of 1% for € < 0.1. On these
instances, the B1S heuristics clearly beats our method:
it takes at most 9 seconds and produces solutions that
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Our Solution 1-Steiner Combined
n | |T] || impr.(%) | time (s) || impr.(%) | time (s) || impr.(%) | time (s)
10000 | 500 2.79 69 3.47 67 3.53 126
50000 | 500 3.15 148 3.86 1996 4.00 2132
100000 | 500 3.28 246 3.99 7423 4.03 7651
500000 | 500 3.05 1506 3.32 | 234758 3.49 | 236219
1000000 | 500 3.71 3668 - - - -

Table 2: Computational results for randomly generated test instances. The table columns show the improvement
upon the MST-based 2-approximation algorithm and the computation time in seconds for (1) our PTAS
implementation with € = 0.5, (2) the batched 1-Steiner heuristic, and (3) the combination of these two methods.
The values shown are averages over 10 instances in each class.(x) Due to the huge running time, the 1-Steiner
and Combined result for the case n = 500000 is only computed for one instance.

are on average within 0.48% of the optimum. We also
combined our method with B1S by taking its solution as
the initial tree for our mortar graph construction. This
way, we can improve upon the B1S solution by up to
2.4% in some cases, but only slightly on average.

Results on our randomly generated test instances
are shown in Table 2. The instances are biconnected
planar graphs generated using the Open Graph Draw-
ing Framework (OGDF) [40]. It is remarkable that we
can handle instances with up to 1 million vertices in less
than 1.5 hours of computation time. We can see that
on these large instances, we are much faster than the
B1S heuristic, while delivering solutions that are qual-
itatively very close to it. We achieve again slight im-
provements when combining these two methods. Large
instances with a relatively small number of terminals
appear often in practice and we observe that we can
handle such instances particularly well: the reason is
that our computation time strongly depends on the size
of the mortar graph and when there are few terminals
even in a very large graph, the mortar graph tends
to become small. In a sense, the mortar graph/brick-
decomposition identifies the most important parts of the
graph in the current instance and enables us to concen-
trate on these parts when searching for near-optimal
solutions.
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