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Abstract

In this work we refine the average case analysis of
randomized insertions and deletions in random relaxed
K-d trees, first given by Broutin et al. in [3]. The
analysis is based in the analysis of the split and join
algorithms, which recursively call one another and are
the basis of the randomized update operations under
consideration.

For K = 2 the average cost of insertions and
deletions is Θ(log n). For K > 2, this average cost is
Θ(nφ(K)−1), for some φ(K) > 1. This immediately
follows from the analysis of the expected cost sn of
splitting a tree of size n, which is the same as the
expected cost mn of joining a pair of trees with total
size n. These costs are, for K = 2, sn = mn = Θ(n)
and, for K > 2, sn = mn = Ω(nφ(K)). In this abstract
we find a closed form for the value of the exponent φ(K),
as well as the constant factor multiplying the main order
term in sn.

1 Introduction

Relaxed K-d trees were introduced by the authors
and Estivill-Castro in [6], as a simple alternative to
standard K-d trees [2]. Both standard and relaxed
K-d trees are binary trees where each of their nodes
store a multidimensional key x = (x0, . . . , xK−1) and
a discriminant i, 0 ≤ i < K, so that all keys u =
(u0, . . . , uK−1) in the left subtree have its ith coordinate
ui ≤ xi, and all keys v = (v0, . . . , vK−1) in the right
subtree have xi < vi.

The difference between standard and relaxed K-d
trees (and other variants of K-d trees such as squarish
K-d trees [5]) lies in the way in which the discriminants
are assigned to nodes. In standard K-d trees, discrim-
inants are cyclically assigned according to level, with
the root at level 0 discriminating w.r.t. the 0th coor-
dinate. Thus a node at level j discriminates w.r.t. the
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(j mod K)th coordinate, and there is actually no need
to explicitly store the discriminants at the nodes.

In relaxed K-d trees, discriminants are assigned
independently at random, with identical probability.
This flexibility allows for relatively simple algorithms
to reorganize and rebalance these trees. Duch et al. [6]
designed randomized insertion and deletion algorithms
which guarantee that the resulting tree is random,
irrespective of the order of insertions or deletions,
and any correlation present in the data. The price
to pay for the flexibility of relaxation is a slightly
increased expected cost of several operations, such as
partial match searches [9, 6, 11] and orthogonal range
searches [4, 7]. As shown in [3] and in this extended
abstract, the cost of insertions and deletions is not
logarithmic forK ≥ 3, which is a more serious drawback
in highly dynamic applications.

The insertion and deletion algorithms of Duch et
al. [6] are based upon two other algorithms, the split
and the join algorithms. The split algorithm “cuts”
a given relaxed K-d tree T along a given coordinate i
and a value x, returning a pair of relaxed K-d trees
〈T−, T+〉, with T− containing all keys u of T such that
ui ≤ x, and T+ containing all the keys v such that
x < vi. On the other hand, the join algorithm blends
into a single relaxed K-d tree T two relaxed K-d trees
L and R such that for some coordinate i, all keys u in
L satisfy ui ≤ vi for any key v in R.

The insertion algorithm works as follows: to insert
a new item we follow a path down the tree with
the standard algorithm, but at each step we make a
random choice: whether to continue down the tree
or to perform an insertion-at-root. The insertion at
root is then trivially accomplished using split. In a
deletion, we search for the item to be deleted following
the corresponding path from the root, and when the
sought item is found its subtrees are joined.

The first analysis of the split and join algorithms
appears in a recent paper by Broutin et al. [3]. They
have shown that the expected cost sn of splitting a
tree of size n is the same as the expected cost mn of
joining a pair of trees with total size n. Also they have
shown that for K = 2, sn = mn = Θ(n) and that for
K > 2, sn = mn = Ω(nφ(K)) for some φ(K) > 1. As an
immediate consequence, the average cost of insertions











Figure 4: Plot of β as a function of K.

Theorem 3.1. The expected cost sn of splitting a re-
laxed K-d tree of size n is

sn = β nφ(K) + o(n),

with ρ = 1/K and

β =
1
2

1
1− ρ

Γ(2α− 1)
αΓ3(α)

,

φ = α− 1 =
1
2

(√
17− 16

K
− 1

)
.

Notice that the theorem above holds even for K =
2, as φ(2) = 1 and β(2) = 1. Observe also that for
any K > 2, 1 < φ(K) < (

√
17 − 1)/2 = 1.561552813.

Figure 4 shows a plot of the coefficient β depending
on K. It steadily decreases from β(2) = 1 to β∞ =
limK→∞ β(K) = 0.5107413223.

It is worth noting that the values of sn that we have
just obtained differ from the values for the expected cost
sn of splitting a tree of size n given in [3]. This is because
we use a different “accounting” scheme, but it can be
easily proved that these results are related by

sn+1 =
(

2
K − 1
K

+ 1
)
sn + 1.

For instance, for the case K = 2, sn+1 = 2n + 1 =
2sn + 1.

4 The expected cost of insertions and deletions

Last but not least, let us tackle now the expected cost
of insertions and deletions. Let In be the expected cost

of inserting a new node in a relaxed K-d tree of size n.
With probability 1/(n + 1) we insert the new node at
the root of the K-d tree, inducing a split of a tree of
size n. With complementary probability the new node
must be inserted in either the left or the right subtree
depending on the value of the node’s key. Since the
size of the target subtree is j with probability 1/n, and
the probability of inserting the new item there is then
(j + 1)/(n+ 1) this yields the recurrence

E[In] =
sn

n+ 1

+
(

1− 1
n+ 1

)1 +
2
n

∑
0≤j<n

j + 1
n+ 1 E[Ij ]


=

sn

n+ 1
+ 1 +O

(
1
n

)
+

2
n+ 1

∑
0≤j<n

j + 1
n+ 1 E[Ij ] .

The solution of the previous recurrence is

E[In] =
2
H′

lnn+O(1) = 4 lnn+O(1),

for K = 2, with H′ = 1/2. For K > 2,

E[In] =
β

1− 2
φ+1

nφ−1 + 2 lnn+O(1)

= β
φ+ 1
φ− 1

nφ−1 + 2 lnn+O(1).

where β and φ are as in Theorem 3.1. These re-
sults can be readily obtained applying Roura’s master
theorem [12]. Figure 5 shows a plot of B = β(φ +
1)/(φ − 1). The values of B range from its maximum
value B(3) = 8.075320731 . . . to its minimum value
B∞ = limK→∞B(K) = 2.329773514 . . ..

Last but not least, the expected cost of random
deletions E[Dn] is of the same order of magnitude as
for insertions. The recurrence satisfied by E[Dn] is very
similar to the one above:

E[Dn] =
mn−1

n
+
(

1− 1
n

)1 +
2
n

∑
0≤j<n

j

n
E[Dj ]

 .

With probability 1/n, the current node is the one to be
deleted with cost mn−1, as the result of the join of its
two subtrees will have total size n−1. With probability
1 − 1/n, the item to be deleted will be in one of the
subtrees. Since

mn−1

n
=

sn

n+ 1

(
1 +O

(
1
n

))




