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Abstract

Let T(G) be the number of spanning trees in graph
G. In this note we explore the asymptotics of T'(G)
for circulant graphs.

The circulant graph C3%2:%F is the 2k regular
graph with n vertices labelled 0,1,2,---,n — 1, where
node ¢ has the 2k neighbors, (0 < i < n — 1) adjacent
to vertices i + $1,7 + So,---,1 + sy modn. In this
note we give a closed formula for the asymptotic limit
lim,, o0 T(Cfll"”"”’sk)% as a function of s1,s9,..., 5.
We then extend this by permitting the s; to be linear
functions of n, i.e., we give a closed formula for

1
sl,sz,‘..,s,c,ugJ+el,LgJ+e2,...,LgJ+el> "

lim T (C’n
n—oo
where the d; and e; are arbitrary integers. One conse-
quence of our derivation is that if we let the s; go to
infinity then

lim  lim T(CH0s2 k)

51,582, ,8) — 00 M—00

1 1 k
— 4F exp [/ S / In (Z sin 7ra:¢> dxidzs - -+ xk] .
0 0 i=1

Interestingly, this value is same as the asymptotic
number of spanning trees in the k-dimensional square
lattice obtained in Garcia, Noy and Tejel in [7].

The work was supported in part by Hong Kong CERG grant
HKUST 6131/05.
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1 Introduction

Let G and D denote, respectively, a (undirected) graph
and a digraph (directed graph). Throughout this note,
we allow graphs and digraphs to contain multiple edges
(arcs) and self-loops unless otherwise specified. A
spanning tree in G is a tree having the same vertex
set as G. An oriented spanning tree in a digraph D
is a rooted tree with the same vertex set as D, that
is, there is a node specified as the root and from it
there is a path to any vertex of D. The study of the
number of (oriented ) spanning trees in a (digraph)
graph has a very long history. The evaluation of this
number is not only interesting from a combinatorial
perspective but also arises in practical applications, e.g.,
analyzing the reliability of a network and designing
electrical circuits etc. ([6]). Given the adjacency matrix
of G (D) Kirchoff’s matriz tree theorem ([11]) gives a
closed formula for calculating T'(G). The real problem,
then, is to calculate the number of spanning trees of
graphs in particular parameterized classes, as a function
of the parameters. A well studied class, which we will be
further analyzing in this paper, is the Circulant Graphs.

We start by formally defining the graphs and the
values to be counted. Let si,ss9,---,8r be positive
integers. The circulant graph with n vertices and jumps
S1,82,-..,8; is defined by

Gk = (V. )
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where

V={01,2-,n—1}

and

E = U{(i,iisl), (iyi+ 89), ... (1,0 + 53)}

where all of the additions are done  (mod n). That is,
each node is connected to the nodes that are jumps +s;
away from it, for 7 = 1,2,..., k. Similarly the directed
circulant graph, 631,s2,~--,5k7 has the same edge set but

E= L_J{(i,i+81), (i,i+52),...
=0

(4,1 + sk)}

i.e, there is an edge directed from each i to the nodes s;
ahead of it, for j = 1,2,..., k. We emphasize that, since
we are allowing multiple edges in our graphs, Cjj1+92: %k
is always a 2k-regular graph and 621’527""5k is always k-
regular one. Figure 1 gives examples of four circulant
graphs.

Throughout this note we will use T(G) to denote
the number of spanning trees in a directed or undirected
graph G. For those notations and terminologies not
defined here, we refer to [17] and [19]. It was shown in
[17] that, for directed circulant graphs,

T(C

VIR
n
hin 517327 Sk

.
51,82,

=k

where k is the degree of the vertices of 081’52’ oSk

One might hope that similar asymptotic behav10r ie.,
a limit dependent only upon k but independent of
the actual values of the s;, would also be true for
undirected circulant graphs. Unfortunately, as seen in
the asymptotic (numerical) results presented in Table
1 of [19], this is not the case; the asymptotic limits do
seem somehow dependent on the s;. We therefore, in
that paper, posed as an open question the analysis of
the asymptotics as a function of the s;.

The problem of calculating the asymptotic maxi-
mum number of spanning trees in a circulant graph with
k jumps was treated in [13], but their technique doesn’t
seem to permit analyzing the number of spanning trees
for any given fixed jumps. Asymptotic limits for grids
and tori (which turn out to be equal) were obtained in
[5], [7]. More recently, while examining the structure
of non-constant jump circulant graphs, [9] conjectured
that the asymptotics of the number of spanning trees of
the m x n tori and grids and the circulant graphs CL."
would be equivalent.

The main result of this paper is the derivation
in Section 2 of closed formulas for the first order
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asymptotics of the number of spanning trees in circulant
graphs, both for fixed jump circulants and linear-jump
ones (in which the jump sizes can depend linearly upon
n).l A secondary result is that, as described in Section
3, this will permit us to show that the k-dimensional
tori and the circulant graphs C51:%2%F have the same
asymptotic value when n, s, so, - -+, s tend to infinity.

We note that, a-priori, it is slightly surprising that
the limit

lim T

1
C€1,927 a8kl e Lgs Jeas g J e\ ™
n—oo
exists. Consider, for example, the simple case of C L3
and separate out the cases where n = 3k for some k and

where n # 3k. If n = 3k then C,ll’L%J is the union of
k + 1 disjoint cycles; one of size 3k = n and k = n/3 of

size 3. On the other hand, if n = 3k + 1 then C’,l{L%J is
the union of exactly two disjoint cycles, each of size n.
Yet, in the limit, the result in the next section implies
that the number of spanning trees for these two cases is
the same.

Most studies of the number of spanning trees in cir-
culants start with the following facts. It is known ([6],
[12]) that the formulas for the number of spanning trees
in a d-regular graph G and the number of oriented span-
ning trees in a d-regular digraph D can be expressed,
respectively, as

-1 ﬁ
n J=1
where \g = d, A1, A2, -+ -, A,—1 are the eigenvalues of the

corresponding adjacency matrix of the graph. Because
the adjacency matrices are circulant, from [2] we have

n—1

[T@—-x),

J=1

(1.1) T(D) =

Aj:851j+532j+...+55kj’ 7=0,1, n—1,

274/ —1
where e = e 7= . These facts directly imply the known

results:

(1.2) T(Cgrs2 k) = % H 2k — 22

271’82j

and

(1.3)

7(Gyenon) = L zs 9
J=1
Starting from this, [15] and [19] proved

TWe note that, recently, Lyons [14] has developed general
techniques for deriving the asymptotics of the spanning trees of
large graphs. His techniques can be used to derive the asymptotics
of fixed-jump circulants (our Theorem 2) but do not seem to be
usable to derive the asymptotics when the jumps are not fixed.
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Figure 1: 4 circulant graphs. (b) and (d) are Cy; '™ for n = 1,2. (a) and (c) are C"" %" for n = 2,3.

LEMMA 1. For any 1 <s; < 89 < -+ < S,

T(CE152%k ) = pg? | T(C3152%%) = na,
where a,, and a,, satisfy recurrence relations for ¥n >
251 and the initial values can be calculated directly
by the Matriz Tree Theorem ([19]). Furthermore, the
largest eigenvalues (in modulus) of a, and al, are
UNLQUE.

(This lemma is actually a combination of Lemma 4, the
“Note” following that Lemma and Lemma 5 from [19].)

Equation (1.2) and the formulas in Lemma 1 will
be crucial for our later analyses.

The number of spanning trees in non-fized jump cir-

o n+by,azn+ba,...,apn+by
pg+r

also shown ([10]) to satisfy a linear fixed order recur-
rence relation but no theorem as strong as Lemma 1 is
known for the non-fixed jump cases

Lemma 1 actually provides an algorithmic way of
determining the asymptotics of

culant graphs, T( was later

lim T(C502 )1/ = fim (na2) /"
n—oo n—0o0
= lim (ai) Y

For any given s1,ss,...,s, just algorithmically derive
the coeflicients of the recurrence relation and then solve
for a,. Similarly, in the non-fixed jump case, use the
results in [10] to derive the recurrence relation, solve to
get a formula for the number of spanning trees and then
calculate the asymptotics from that.

As a simple example, consider the square cycle C'12.
Using Lemma 1 it is not hard to derive that

T(Cy?*) = nFy,

(this was originally conjectured by [1] and [4] and
variously proven by [3, 16, 19]) where F,, = F,,_1+F,,_o,
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Fo =0, Fp =1, n =2, 3, ---, is the Fibonacci

sequence. This implies that

T 01,2
lim T(CL2)/n lim T((c?fgl))
. F2, 3445
= lim = .
n—oc 2 2

Note though, that we did not calculate
plugging s; = 1, 2 into a closed formula.
Instead, we essentially used the fact that we knew that
T(C1L?) satisfied a recurrence relation to then derive the
recurrence relation and then plugged in the asymptotics
of the solution to the recurrence relation. In this paper,
we show the existence of a simple formula in the s; that
yields the asymptotics.

3+2\/5 , by

So2 =

2 Spanning Trees in Circulant Graphs

The final goal of this section is to analyze the following
quantity,

(2.4) lim T

n—oo

(021782,.“,&,[;;J+61,L(;"2J+ez,...,LLZ;J+ek)711
as a function of nonnegative integers s;, d; and e;. We
will do this in stages.

Before starting, we mneed to note an impor-
tant caveat, which is that all limits will be over
non-zero values. More specifically, note that, if
ged(ny s, ..., 8) > 1, then Cg1-%2:79% is unconnected
so it has no spanning trees. This makes it impossi-
ble for us to define a limit. For example, when n
is even, C?LA partitions into two unconnected compo-
nents, so no spanning tree exists and T(C2?*) = 0.
On the other hand when n is not even, T(C>%) > 0
and we can show the existence of ¢ > 0 such that
limy,— oo T(Cymsy) /™) = ¢, Thus, technically,
lim,, o T(C21) doesn’t exist. But, as mentioned, we
will take all of our limits to be over non-zero values,
so we will write lim,, ., T(C2*)V/" = c.
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We first start by analyzing (2.4) when all of the
jumps are constant, i.e., the d; = oo, and prove the
following lemma. We should point out that, as men-
tioned, Lyons’s [14] recent results imply the following
lemma. The reason we are giving an alternative proof
of it is that we will apply the same technique later in
the paper to derive the formulas for the nonfixed jump
circulants cases.

LEMMA 2. For any fixed integers 1 < 51 < 9 < -+ <
Sk,

lim T(Cfll y82,° 38k ) %

n—oo
iy TG

n—oo T(C5152 %)
k

= 4¥exp </ In <Z sin? wsix> dx) .
0 i=1

Proof. We will write T;, for T(C%1-2-"%)  From
Lemma 1 we know that T,, = na? where a, = a™(1 +

O(e™)) for some o > 1 and € < 1. Set 8 = a®. Then
T, = na? = na®" (1+ O(e")) = nB™(1 4+ O(e"))

SO

T,
lim —L = 3= lim T\/"
n—oo T, n—00

Now note that, from (1.
cos(2z) = 2sin? z we get

2) and the fact that 1 —

lim 7,7
1
n—1 A |7
1 27587
frm— 1. _— —
Jim. - H <2k QZC S - )
j=1 i=1
e s, 1
= lim exp |In H(2k—22 Zj) X —
e j=1 i=1 K K
i n—1 k s 1
= 4% lim exp |In H(Z sin? ZJ) X —
n— o0 I i1 n n
_nfl k s 1
= 4% lim exp Zln <Z sin? ZJ) X —
n— oo n
j=1 i=1

Now we use the fact that if f(x) is a continuous
non-negative real function defined on (0, 1] such that
fol In(f(x))dx exists, then
n—1 ] 1 1
li 1 = —|1=1/1 dzx.
i (5 n<f(n>> <) = [ G
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to get

lim Tn% = 4F exp

n—oo

1 k
[/ In (Z sin? 7r51-9:> d:c] ,
0 i=1

Starting from (1.3), a similar proof yields the fol-
lowing statement about directed circulants

proving the lemma.

COROLLARY 1. Forany 1 <s; < 85 < --- < S,
T(c;:ﬁ%"vsk)
m ——=—
n—o00 T(CSI’S2"”’8k)
= lim T(Cg5s)t/n
n—oo
(k-3
2wsiix
= exp / k— e "ot
t=1
pr— k7

where i = \/—1.

which is the result previously referenced from [17].
We now derive the asymptotics of the simplest non-
constant jump case:

THEOREM 3. Let 1 < s1 < -+ < sk, panda; < --- <
a; < p be positive integers. Then

H S15° 0 8k,A1 M, AN i
lim T(C,;, )™

n—oo

p 1
= 4" exp [Z/ In < sin’ TSiT +
t=1 "0 i=

Proof. Splitting the formulas, we have

St u]

1=1

(Cslr"a5k1a1"a"'7aln)

pn— l
. 1 7751] 2ma;nj
= 7Ll_[ [ k—l—l—QZ Z;cosn‘|
j=1 i=
1 pn—1 1 9 )
WSZJ Ta;nj
= — 2(k+1)—2 cos ——=
(5 mod p)#0
pn—1

II

j=1
(j mod p)=0

k+l _22 27 szj 22 27ramj]

1
2ma;j
9 E cos W]
p
i=1
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Now, let 0 < g <p. If j = pj’ —|—qthen7¥;<%—|—pin<

%. Replacing each index j with the appropriate j’ in
the above formula and taking limits as in the proof of
Lemma 2, we obtain the following

hm T(Csl, 1, 8k,a1 M, a,n)%

n—oo

Il
@
4
e}
=
ML
I =
e
=
N
=7

1 k
—|—/ In <2k — QZCOS 27rsiac> d;v]
0 i=1
p—1 .1 l
9 )
Z/ ln<2 k+l—2cosm]
g=1"70 i=1 p

k
-2 Z cos 27rsia:> dx
i=1
1 k
+ In <2k -2 Z cos 27r3ix> da:]

= exp

0 i=1

1 k
= 4kexp[2/l (Z sin? 7s;x +
t=170 1
l
2tra;
[ — cos dr|.

i=1

L1
2

We can now extend this to the case where the
number of vertices in the graph is no longer an exact
multiple of p.

COROLLARY 2. Let1 < s1 < -+ < s anda; < --- <
a; < p be positive integers and q an integer such that
0<|ql <p. Then

1
lim T (0517 : 75k7a1n,~~7azn) n
s 00 pntq
1
= lim T (081, : 7Sk>a1n7"wam)ﬁ
n—oo

Proof. For all n, j set

k .
21ws;j  pn
Tpi = In(2(k+1)—2 cos
5 = {2+ Seos T I
! 2ra;n  pn
72Zcos . P >
=1 pn pn+q
27TSZ]
Yo = In(2(k+1) 722
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1
2ra;n
—2 Z cos ! ) .
i=1 pn
Note that

Sk, Q1M

In [T (Cony

nLH;o In [ (081, Sk, ALT,

+q-1
lim —an " g/

T
nee Zim1 Yn.j/n

X /nt0()

oo S g/

Since p > a; we can prove that lim,_, .

)]
)]

Tn,j
. 17
Yn,j

where the convergence is uniform, i.e., not dependent
upon j. This is because even though j can run to
infinity, we can (use the mean-value theorem to) bound
the error in terms of the residue class of (j mod p). That
is, for any € > 0, there exists an integer N such that
whenever n > N, we have, for all j, y, j(1—€) <z, ,; <
Yn,;(1 + €), which yields

pn—1 pn—1 pn—1
Do nil=) < D wn < Y yai(l+e).
j=1 j=1 j=1
That is,
pn 1 pn
x n
lim an i 7 = lim 7211”11 i/ =
e Z] 1 Ynj noee Z] 1 yn,j/n

Replacing the z, ; and the y, ; back into the above
formulas, we prove the claim.

We can generalize even more to allow the jumps to
be shifted slightly from linear:

COROLLARY 3. Let 1 < s1 < < sk and a; <

- < a; < p be postive integers and q an integer such
that 0 < |q| < p. Furthermore let by, ba,---,b; be any
arbitrary integers. Then

1
. 81,4, Sk,a1N+b1, -, a;n+by \ ™
lim T (C’ niq

n—oo p

= lim T(Cglv' 1Sk, ALY,

1
7aln) n
n—oo

Proof. Applying the formula COS% =
cos 2MUN cog 2mbi iy 2Main gy 2mbi and (almost)

pntq pn+q pn+q pn+q
copying the proof of the previous Corollary (reusing the

Tn.j, Yn,; defined there) we have

246



i T (G ) g
1n[T(C’p}L’ PP AL A )] /n

n—oo

anJrq 1;vnj/n—|—0(%)
1
Zim1 Ynj/n

lim

n—oo

—1
oy 2521 p,j/n+O(5)
- nl_)H;o an,1 /
j=1 Yn,j/T
= 1

The proof is completed.

Example Consider the spanning trees of 02 and

02n+1 Note that

(25)  T(C3") = SI(VE+1)" + (V2 1))

(Theorem 4 in [18]). This gives

lim T(C, )

n—oo

= (V2+1)2 =2v2+3 = 5.82843....

Alternatively, Theorem 3 tells us

(2.6)
Mathematica gives fol In (sin? 7x + 1)de = .376453 . . .,
and fol In (sin? rz)de = —1.38629. ..

values into (2.6) gives

. Plugging these

lim T(CL™) =

n—oo

42 exp(.376453 —1.38629) = 5.82843...

which is exactly what we had before. Returning to (2.5),
Corollary 2 tells us that

lim T(Cy" 1) = lim T(Co™")=

n—oo n—0oo

= (V2+1)°

1
We therefore see that lim,, oo T (C’;{L?J) ™ exists and
has value

1
. L, 2]\ ™ 1,n i
w}l—r}})oT(Cm 2 ) = nh_{I;OT(C2n+1)
= lim T(Cy) )2n+1

V24 1=24142. ..

We can now prove our main theorem:
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1
lim T(C;;L”)% =4%exp (/ In(sin® 77z + 1) + In(sin® Wx)dx) .
0

THEOREM 4. Let 1 <s1 < --- < s, 1 <dy <--- <,
be positive integers and and c; < --- < ¢ be arbitrary
non-zero integers. Set> p=lcm(ay,az,...,a;). Then

1
51,82, 55k, L g Jter, . Ll +er\ m
lim T (Cm a 4 )

m— o0
P 1
4k exp( / In

k !
(Z sin® TS; T + Z

i=1 i=1

2tm

b))

Set a; = d% and for 0 < ¢ < p also set
Ld%J + e;, S0,

Proof.
byi =
(2.7) if m = pn + g then {Zln

Now, combining Theorem 3, Corollary 2 and Corollary
3 yields, for fixed ¢,

J +e;=a;n+by;.

SSksa1ntbg 1, an+tby L
lim T(C:* ' Ty n
n— oo ( pn+q )
_ lim T(Csl»“‘«Sk»aln,“wazn)%
rn

2t7rai

l
sm TS$T + = (l—z cos

i=1

k l
(Z sin® sz 4+ = (l — Z cos 2tm

d;
i=1 i=1

I
4>
('D
%

S
M-
\
E

P 1
4F exp / In
(z 0

t=1

This implies

1
5Sk,a1n+bg 1, an+tby  \ Prta
lim T (C & &

oo pn+q

- (4’“ exp (ZZ /01 " (2;

Since this is true for every g we have proved the
theorem.

l

. 1
sin® s + §(l — Z cos

=1

d;

3 The Asymptotics of T(Cs525)% when
N, 81, Sk — 00

In the previous section we saw that, if s1,s9, -, Sk

are fixed then T(C51525% )% converges to a constant

dependent upon the s;. In this section we briefly discuss

how this constant changes as the jumps s; themselves

go to infinity.

THEOREM 5. Let s1, 89, -, S be abitrary positive inte-

gers. Then
1
lim lim T(Cpr528%k)w
81,82,"",8 —00 N—00 "

1 ,l 1 k
:4k exp(/ / / In (Zsin2 7T$i> dxq dl‘k)
o Jo 0 prt

Zwhere lem denotes least common multiple.
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Proof. From Lemma 2, we have, if s1,s9,---
are fixed, that

$1,82,° Sk
fpy I(T(Cra))

n— 00 n

y Sk

Letting s1z = x1, yields
In(T(C3o52 5k
e d),

n— 00 n

S1 k 1
ln4+/ In ( sin® 724 +Zsm Wslm dri—
0 S1 S1

1=2

= In4+

A x1 1

Z / In | sin® 72y + Zsm ws;— | dxy | —.
=1 \/J i—2 51 51

Note that in the integral, for all s1, j and x1, we have
that s]T < % < % Therefore, letting s; — oo and
fixing all so, s3, - -+, Sk, we have

In(T(C5°2 "))

lim lim
$1—00 Nn—00 n
= In4d+
s1—1 k 1
I In [ sin® in? s = | day | —
sllgloo Z (/ n (sm TT1 —l—z;sm s o T1 o
i=

k
= In4 +/ / In (sin2 Tr1 + Zsin2 Wsiy> dx1dy.
0 /o i=2

Now letting soy = w2, then similar to the above
discussion,

1,59, 15k
lim lim In(T(Cy )

§1—00 N—00 n

So 1
In4d + / / In (sin2 a1 + sin® Ty +
0
1
Zsm 7rsl dridry X —
2
so—1 ]+1
In4 + Z(/ / ln<sm 71 + sin® Ty +
1
Zsm TS, — )dmldscg
S2

Note, again, that in the integral, for all s5, j and x5, we
have that ] <2< Jstl Therefore, letting s — oo
and fixing all the s3, s4, - -

, Sk, we have

81,82, ",8
lim lim lim n(T(Cn

S2—00 §1—00 N—00 n

“))
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1 k
=In 4+/ In (Z sin® ﬂSifE) dx
0 i=1

1,1 g1
= In4d4+ / / / In (sin2 7xq + sin® g +
o Jo Jo

k
Z sin? 7rsiy> dxydzady.

=3

Continuing the same approach, we come to

81,82, *,Sk
- lim  lim In(T(Cy )

8§1—00 N—00 n

lim lim
Sp—00 S 1 —00

1 1 k
= ln4—|—/ / In (Zsin2 m:,») dridxsy - - - dxy,
0 0 i=1

Now making use of the symmetricity of T'(CS1:52 k)
with respect to sy, s, -+, sg, we finally have

In(T 81,82, Sk
lim lim (T (Cy )

81,82, ", —00 N—00 n

1 1 k
= ln4—|—/ / In (Zsin2 m:,) dridxs - - - dxy,
0 0 i=1

This proves the theorem.

We note that, interestingly, this quantity is exactly
the asymptotic limit of the number of spanning trees
in k-dimensional square tori as derived by Garcia, Noy
and Tejel in [7].3

Let us consider a very special case of the above
theorem:

[5] tells us that grids G(m,n) and tori T'S(m,n)
share the same asymptotic number of spanning trees.
With this result plus the additional numerical result
obtained in [8], we know that

lim  T(TS(m,n))m=

m,n— 00

= lim T(G(m,n))==

m,n— 00

1o

4 exp(/ / In(sin® 7wz 4 sin® 7y)dxdy)
0o Jo

= 3.20991230....

As noted in [9], when we draw the circulant graph CL"
on the grid G(n,m) (mapping node k in C1" to the
unique node (i,5) in G(n,m) where k = ni + j) then
CL™ is actually identical to the torus T'S(n,m) except
for side edges all of whose left endpoints are shifted up
by one. Thus, it seems possible that the asymptotics of
the circulant would be similar to that of the torus. In

fact, Theorem 5 says that this is the case:

3Let T be the number of spanning trees in the k-dimensional

square torus with n-vertices, i.e., 1/k,

[7] showed that limy,— o (T,’f)l/
Theorem 5.

each dimension has span n

"is exactly the quantity given in
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COROLLARY 4.

lim lim T(CLY)mn =

n—0o0 MmMm—00

lim T(TS(m,n))==

m,n— 00
1

= lim T(G(m,n))m»

m,n— 00

Theorem 5 shows that the limit is fixed if we first

take the limit over n and then take the limit over the s;
(in any order). An interesting remaining open question
would be to show, as in the case of k-dimensional grids

and

tori, that the order in which the limit is taken

doesn’t matter at all, i.e., that we can mix the n in
with the s; arbitrarily and still get

lim lim T(CE52 %) w

Mn,51,82,"",S—>00 N—0C
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