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Abstract

For g < n, let b1, . . . , bn−g be n−g independent vectors in R
n

with a same distribution invariant by rotation and without

mass in 0. These vectors form a.s. a basis for the Euclidean

lattice they generate. The aim of this paper is to provide

asymptotic results when n → +∞ concerning the property

that such a random basis is reduced in the sense of Lenstra,

Lenstra and Lovász (LLL). If bb
(n)
1 , · · · ,bb

(n)
p is the new

basis obtained by the Gram–Schmidt orthogonalization, the

quality of reduction depends on the ratios of squared lengths

of consecutive vectors r
(n)
j = b∗n−j+1/b∗n−j , 1 ≤ n−j ≤ p−1.

We show that, as n → +∞, the process (r
(n)
j − 1)j tends in

distribution in some sense to an explicit process (Rj − 1)j ;

some properties of this latter are provided.

1 LLL reduction of a random lattice basis: The
reduction level and the index of worst local
reduction

The space Rn with its classical Euclidean structure
is called the ambient space. The Euclidean norm is
denoted by ‖.‖ and the scalar product by 〈, 〉. Let
b
(n)
1 , b

(n)
2 , . . . , b

(n)
p (for p ≤ n) be a linearly independent

system of p vectors of Rn. The set of all their integer
linear combinations is an additive discrete subgroup of
Rn called a lattice. The system b

(n)
1 , b

(n)
2 , . . . , b

(n)
p is then

a basis of the lattice. The superscript (n) is used when
needed to stress the dimension of the ambient space.
The integer p is the dimension of the lattice or the
dimension of the basis. The quantity

g = n − p,

is often used in this paper and referred to as the
codimension of the independent system.

The lattice basis reduction problem deals with finding
a basis of a given lattice, whose vectors are “short” and
“almost orthogonal”. The problem is old and there are
numerous notions of reduction. For a general survey, see
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for example [6, 14, 5]. Solving even approximately the
lattice basis reduction problem has numerous theoret-
ical and practical applications in integer optimization
[9], computational number theory [8] and cryptography
[12].
In 1982, Lenstra, Lenstra and Lovász [8] introduced for
the first time an efficient (polynomial with respect to
the length of the input) approximation reduction algo-
rithm. It depends on a real approximation parameter
s ∈]0,

√
3/2[ and is called LLL(s). The output basis of

the LLL algorithm is called an LLL(s) reduced or s-
reduced basis. In this paper we are concerned with the
probability that a random basis under a spherical model
is LLL(s) reduced, (i.e. is already an output basis of the
LLL(s)-algorithm).
Roughly speaking the LLL reduction procedure is an
approximation algorithm following a divide and conquer
paradigm: Indeed for i ∈ {1 . . . p−1}, the following con-
dition (1.1) ensures that some “local two dimensional
basis” is s-reduced. This two dimensional basis is the
projections of b

(n)
i and b

(n)
i+1 into the orthogonal H⊥

i of
the vector space Hi spanned by b

(n)
1 , b

(n)
2 , . . . , b

(n)
i−1. [8]

showed that when all these two–dimensional bases are s-
reduced then the whole basis has nice enough Euclidean
properties. For instance, the length of the first vector
of an LLL-reduced basis is not longer than (1/s)(p−1)

times the length of a shortest vector in the lattice gen-
erated by b

(n)
1 , b

(n)
2 , . . . , b

(n)
p .

To characterize an LLL(s) reduced basis, let us re-
call the Gram-Schmidt orthogonalization procedure.
The procedure computes from the independent system
b
(n)
1 , b

(n)
2 , . . . , b

(n)
p ,the orthogonal system b̂

(n)
1 , · · · , b̂

(n)
p

defined by the recursion

b̂
(n)
1 = b

(n)
1 , b̂

(n)
j = b

(n)
j −

j−1∑
i=1

〈b(n)
j , b̂

(n)
i 〉

‖b̂(n)
i ‖2

b̂
(n)
i for j ≥ 2.

If B = [b(n)
1 , · · · , b

(n)
p ] is the n × p matrix with col-

umn vectors b
(n)
1 , · · · , b

(n)
p in the canonical basis, this

orthogonalization corresponds to the QR decomposition
B = QR where

Q =
[
b̂
(n)
1 , · · · , b̂(n)

p

]
is an orthogonal n × p matrix and R is an upper




