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Abstract

Let A be a finite set and X a sequence of A-valued ran-
dom variables. We do not assume any particular correla-
tion structure between these random variables; in particu-
lar, X may be a non-Markovian sequence. An adapted em-
bedding of X is a sequence of the form R(X1), R(X1, X2),
R(X1, X2, X3), etc where R is a transformation defined over
finite length sequences. In this extended abstract we charac-
terize a wide class of adapted embeddings of X that result in
a first-order homogeneous Markov chain. We show that any
transformation R has a unique coarsest refinement R’ in this
class such that R'(X1), R (X1, X2), R/ (X1, X2, X3), etc is
Markovian. (By refinement we mean that R'(u) = R'(v) im-
plies R(u) = R(v), and by coarsest refinement we mean that
R’ is a deterministic function of any other refinement of R in
our class of transformations.) We propose a specific embed-
ding that we denote as R which is particularly amenable for
analyzing the occurrence of patterns described by regular ex-
pressions in X. A toy example of a non-Markovian sequence
of 0’s and 1’s is analyzed thoroughly: discrete asymptotic
distributions are established for the number of occurrences
of a certain regular pattern in Xi, ..., X, as n — oo whereas
a Gaussian asymptotic distribution is shown to apply for
another regular pattern.

1 Introduction

Imagine a gambling scenario where two players name
different patterns of heads and tails and flip a coin
until one of the patterns is observed. The difficulty
in determining which pattern will be the first to be
observed or how often will each pattern be observed
when the coin is tossed infinitely often depends greatly
on the complexity of the patterns involved as well as the
probabilistic model of coin-tossing.

In a more general context we may consider a finite
non-empty set A and an infinite sequence of A-valued
random variables X = (X,,)n>1.

We call A the alphabet and refer to its elements as
characters. We use the script A* to denote the set of
all finite length sequences of elements in 4. We refer to
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elements in A* as words or sometimes strings. In our
context a pattern is any non-empty set £ C A*.
The frequency statistics associated with a pattern
L are the random variables
n
SE=> X1+ X € L],

i=1

with n > 1. Above X;---X; is a shortcut notation
for the random word (Xi,...,X;). Furthermore, [-]
denotes the Iverson’s bracket i.e. a quantity defined
to be 1 whenever the statement within the brackets is
true, and 0 otherwise. Equivalently, [X;---X; € L] is
the indicator function of the event [X; - X; € L].

To fix some ideas about the above definition con-
sider a nonempty set W C A*. If W is suffiz reduced
i.e. no word in W is a proper suffix of another word in
W and L = A*W i.e. x € L if and only if = has a suffix
in W then S% corresponds to the number of substrings
of X7 --- X, that belong to W.

Much of the efforts undertaken in the literature for
studying patterns in random strings have been about de-
termining the exact and/or asymptotic distribution of
the frequency statistics of one or more patterns. Various
techniques have been utilized for this effect for different
types of patterns as well as probabilistic models for X.
These have included martingale methods [15, 21], combi-
natorial methods [12, 2|, renewal arguments and formal
language recursions [23, 10], large deviations [22], and
symbolic dynamics [5, 6], among many others.

Perhaps the most commonly used technique for
analyzing patterns in random strings is the (finite)
Markov chain embedding technique (MCET). It origi-
nated in [11, 3] as a technique for analyzing patterns
described by a finite set of words in the context of mem-
oryless sequences. The case of first-order homogeneous
Markov sequences was provided in [4]. An important
extension of the technique to consider general Marko-
vian models i.e. when X is a k-th order homogeneous
Markov chain and regular patterns i.e. sets of words
described by regular expressions is due to [19] and the
follow up work in [18]. Minimality considerations about
the automata needed for analyzing the frequency statis-
tics of regular patterns under Markovian models were
addressed in [16].

Broadly speaking, the Markov chain embedding
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technique consists in transforming X into a first-order
homogeneous Markov chain that is informative of a pat-
tern of interest. In [17] the embedding of X into a de-
terministic finite automaton (DFA) G = (V, A, f,q,T)
that recognizes a regular pattern L is defined as the
infinite sequence of V-valued random variables !

(1.1) XC = f(g, X1--- X,).

We refer to X¢ = (X$),>1 as the embedding of X into
G. If X% is a first-order homogeneous Markov chain
then S5 has the same distribution as the number of
visits that X¢ makes to T in the first n steps. In this
case, transfer matrix methods of the type implemented
in [19, 18] can be used to determine the generating
function associated with the frequency statistics of the
regular pattern L.

In order for the MCET to work the embedding
X& must be Markovian. This requires a level of
compatibility between the distribution of X and the
transition function of G. To fix ideas consider a first-
order homogeneous Markov chain X with state space
{a,b} and the regular languages £; = {a,b}*{ba}
and Lo = {a,b}*{abba}. If AC is the Aho-Corasick
automaton [1] associated with the keywords ‘ba’ and
‘abba’ (see Figure 1) then X4 is known to be a first-
order homogeneous Markov chain because AC' conveys a
memory length of order one [16] i.e. each state accessible
from the initial state is informative of the last character
processed by the automaton. In particular, if

~
S
|
RSB
I
=

P[Xli} =
PXpp1=al Xy =a]= p;
P[Xn+1—b|Xn:a]:(1_p)7
PXpp=a|Xn=0]= g
PXpp1 =b| Xn=b] = (1—q);

then
(1_2) P[Sfl _ kl,&? — k2] — [xkilyk?Q}MT . P;;l -1
where
T = [w (1=p) 0 0 0 0];
P 0 (1-p) 0 0 0
0(l-¢) 0 =x-q¢ O 0
p |0 0 0 2-q(l-g 0 |
W lp 0 (1-p) 0 0 0
0 1—-¢q O 0 0 =2y-q
P 0 (1-p) 0 0 0
17 =111 11 1]

TV denotes the (finite) state space of G, f: V x A* — V its
transition function, ¢ € V its initial state, and T C V its set of
terminal states.

The row-vector u” corresponds to the initial distribu-
tion of XA¢ according to the labels assigned in Figure 1.
P, , is the probability transition matrix of X AC but af-
ter multiplying by the (marker) variable z each column
associated with a state in AC' that contributes to an
occurrence of the keyword ‘ba’. Similarly the variable
y marks matches with the keyword ‘abba’. In particu-
lar, using (1.2) we obtain that the moment generating
function associated with the random vector (51, S%2)
is given by the formula

>

ki,k2>0,n>1

P[S,f1 =k, 552 = ko] zFr g2 m

:Z~,LLT~(]I*Z~PL?/)71~1,

where I is the 6 x 6 identity matrix.

Figure 1: Top, Aho-Corasick automaton AC' that rec-
ognizes the regular language {a,b}*{ba,abba}. € is the
initial state. ba and abba are terminal states. Transi-
tions into state ba correspond to matches with keyword
‘ba’ that do not contribute to a match with the key-
word ‘abba’. Transitions into state abba correspond to
matches with ‘ba’ and ‘abba’. Bottom, embedding of a
general first-order homogeneous Markov chain X with
state space {a, b} into AC.

The automaton AC also conveys a memory length
of order 2; in particular, the embedding of any second-
order homogeneous Markov chain X into G is also
Markovian [16]. On the contrary, for a general third-
order homogeneous Markov chain X over {a,b}, the
Aho-Corasick automaton AC' in Figure 1 may not be
suitable for a Markovian embedding: starting from
the initial state it is possible to reach state a using
the text ‘aaaaa’ but also ‘babaa’, in particular, state
a is not informative of the last three characters fed
into the automaton. This nuisance can be resolved by
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duplicating states until each state becomes informative
of the last three characters fed into the automaton [19,
18], or by considering the product between AC and a
de Bruijn like graph [16].

In this extended abstract we develop some theo-
retical bases for a general MCET to consider arbitrary
probabilistic models and patterns. By arbitrary proba-
bilistic models we mean possibly non-Markovian mod-
els. By arbitrary patterns we mean possibly non-regular
ones. The starting point of our approach is the observa-
tion that the embedding in (1.1) may be extrapolated as
a sequence of the form R(X;), R(X1X3), R(X1X2X3),
etc where R is a transformation defined over A* and
taking values in a certain space C. In compact form we
write X to refer to the transformed sequence i.e.

XB.=R(X;---X,).

Two natural questions in this context are:

(a) what conditions are necessary and sufficient in or-
der for X to be a first-order homogeneous Markov
chain for a possibly non-Markovian sequence X 2,
and

given a possibly non-regular pattern L, is there an
R such that X® is a Markov chain informative of
the frequency statistics of L but also with the ‘least’
number of states?

Observe that the actual range of R is not really
relevant for answering the above questions: any set in
one-to-one correspondence with it may be regarded as
the range without affecting the Markovianity of X nor
the number of states that this chain could potentially
visit. In particular, the level curves of R are the
most natural choice for the range of the transformation.
Equivalently, since the level curves of R form a partition
of A*, we may think of R as an equivalence relation
defined over A*. Henceforth ¢ € R will mean that ¢
is an equivalence class of R and, for x € A*, R(x)
will denote the unique equivalence class that contains
x. (This notation allows to think of R simultaneously
as an equivalence relation and as a transformation.) In
particular, R(z) = R(y) is equivalent to having = Ry
i.e. that z and y are in the same equivalence class of R.
Furthermore, x € ¢ is equivalent to having R(x) = c.

To fix some ideas we consider some examples. If
Ry is the relation defined as x Ry y if and only if z =y
then Ry(z) = {x}. We refer to this relation as the
identity relation. Observe that the equivalence classes
of Ry correspond to the level curves of any one-to-one
transformation defined over A*. On the other hand, if
Rs is such that x Ry y for all z, y € A* then Ro(x) = A*.
We call Rs the coarsest relation. The equivalence classes

of Ry correspond to the level curves of any constant
transformation defined over A*.

1.1 Outline of the paper. In §2 we introduce a
class of equivalence relations which are guarantee to pro-
duce Markovian embeddings. A characterization of the
equivalence relations in this class is provided in Theo-
rem 2.1. Our result resembles the characterization of
strong lumpability (also called strong state space aggre-
gation) for Markov chains [14], but in the more general
context of possibly non-Markovian sequences. Theo-
rem 2.2 asserts that it is always possible to refine the
equivalence classes of a given relation so as to obtain
an equivalence relation in the class of transformations
characterized by Theorem 2.1, but with the least pos-
sible number of equivalence classes. Our result touches
bases with the algorithm proposed in [20] and imple-
mented in [8] for finding the optimal strongly lumpable
refinement of a partition of the state space of a Markov
chain. At the end of §2 we introduce an equivalence re-
lation whose equivalence classes are defined in terms of
the distribution of X. Some key properties of this rela-
tion are presented in Theorem 2.3. (The proofs of our
results in §2 are omitted from this extended abstract
and will be provided in the final version of the paper.)
In §3 we review briefly some basic limit theorems for
Markov chains and see how the results of §2 fit for an-
alyzing the frequency statistics of general patterns in
general random strings. The end of §3 is devoted to
a case study of a non-Markovian sequence and the fre-
quency statistics of two regular patterns. The study
reveals new phenomena which has not been previously
observed, even in the context of probabilistic dynamical
models [6].

2 Main definitions and results

For an integer n > 0, A™ denotes the set of all sequences
of n elements in A. We define A = {e}, where ¢ ¢ A
is by definition the empty word. We also define |z| =n
whenever & € A™. We call |z| the length of x. Observe
that = ¢ if and only if || = 0. Define A* := U,>oA™.

In what follows, X = (X,),>1 is a given infinite
sequence of A-valued random variables defined on a
common probability space (Q,F,P). For x € A*,
|z] > 0, we use the notation [X = z...] as a shortcut
of the event [X; --- X |5 = x]. We define [X =e¢...] = Q.
The support of X is the set

supp(X) :={z € A" : P[X =z..] > 0}.

Observe that the above set is nonempty because ¢ €
supp(X). Furthermore, X;---X,, € supp(X) almost
surely for all n > 1.

Henceforth R will denote an equivalence relation
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defined over supp(X). For technical purposes we extend
any such relation to an equivalence relation over A* by
defining

R(z) == A" \ supp(X), = ¢ supp(X).

DEFINITION 2.1. We will say that X is embedable w.r.t.
R provided that for all z,y € supp(X) and ¢ € R, if
R(z) = R(y) then

2

a€A:R(za)=c

PX =za.. | X =z..]

- ¥

a€A:R(ya)=c

PX =ya...| X =y..].

Observe that the left- and right-hand side above
are identically zero when ¢ N supp(X) = 0. As a
result, to check embedability we may always assume
that ¢ C supp(X).

It is direct to check that X is embedable w.r.t. the
restriction to supp(X) of the identity relation and the
coarsest relation. In particular there exist equivalence
relations w.r.t. which X is embedable. Observe however
that none of these equivalence relations takes into
account the actual distribution of X in their definition.
An important instance of such a relation is provided in
section §2.3.

2.1 Characterization of embedability. Before
stating our first result we need introduce some notation.
In what follows, the script u is reserved to denote a prob-
ability measure defined over supp(X). Since this last set
is countable, we will write p(z) instead of u({x}). Fur-
thermore, we use the notation X#* = (X}),,>o to refer
to the unique stochastic process in supp(X) such that

(2.3) X4 <,

and for all n > 1 and z € supp(X) such that u(xz) >0
(2.4) X|x|+1"'X\z|+n ‘ [X1X|m‘ :J]}
4xpXE XY = a).

Due to condition (2.3), X/ is a supp(X)-valued ran-
dom variable. Condition (2.4) is equivalent to request-
ing that p-almost surely for all x, the conditional dis-
tribution of the stochastic process (X#),>1 given that
X! = x is the same as the conditional distribution of
(X542 )n>1 given the event [X = x..]. In particular,
for all n > 1, X# is an A-valued random variable.

THEOREM 2.1. X is embedable w.r.t. R if and only
if, for all p, the stochastic process ¥ = (Y,)n>o0,
with Y, = R(X}'--- XK), is a first-order homogeneous
Markov chain with probability transitions that do not

depend upon L.

Observe that if u = J. (the probability mass
function at €) then (X#),>1 has the same distribution
as X. In particular, the following result is an immediate
consequence of the above theorem.

COROLLARY 2.1. If X is embedable w.r.t. R then
the stochastic process X is a first-order homogeneous
Markov chain.

2.2 Coarsest embedable refinement. For a given
equivalence relation R defined over supp(X) the process
X may or may not be embedable w.r.t. R. However the
following result asserts that it is always possible to refine
the equivalence classes of R so as to obtain an equiv-
alence relation with the ‘least’ number of equivalence
classes w.r.t. which X is embedable.

THEOREM 2.2. For each equivalence relation R defined
over supp(X), there exists a unique coarsest refinement
R’ of R w.r.t. which X is embedable.

2.3 Markov relation induced by X. An equiva-
lence relation R is said to be right-invariant if for all
z,y € A* the condition R(z) = R(y) implies that
R(za) = R(ya), for all @ € A. In particular, for a
right-invariant relation R it applies that

R(z) = R(y) <= (Vz € A") : R(zz) = R(y=z).

The identity relation as well as the coarsest-relation
are trivial examples of right-invariant relations w.r.t.
which X is embedable. Another example of such a rela-
tion but that takes into account the actual distribution
of X is provided by the following definition.

DEFINITION 2.2. The Markov relation induced by X is
the equivalence relation RX over supp(X) defined as
follows: xRXy if and only if

(Vze A"): PIX =zz... | X =x..]
=P X=yz.. | X=y.]

We extend RX to an equivalence relation to the
whole of A* by setting
R¥(x) := A* \ supp(X), ¢ supp(X).
THEOREM 2.3. RX is a right-invariant relation. Fur-
thermore, X is embedable w.r.t. any right-invariant

equivalence relation that is a refinement of R™; in par-
ticular, X is embedable w.r.t. RX.
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3 Frequency statistics of patterns

There are two ways in which the results of the previous
section fit nicely for analyzing the frequency statistics
of a pattern £ in the infinite sequence X. We may first
induce in supp(X) the equivalence relation

R = {supp(X) N L,supp(X) \ L}.

The equivalence classes of the above relation correspond
to the indicator function of £ when restricted to the
support of X. In particular, there is no warranty that
the embedding X% is Markovian at all. However, ac-
cording to Theorem 2.2 and Corollary 2.1, Y = (¥},)5>1
with Y, := R'(X; --- X,,) is a first-order homogeneous
Markov chain with the least number of equivalence
classes among all equivalence relations w.r.t. which X
is embedable (see Figure 2). In particular, if we define

T:={ceR :cCsupp(X)NL}
then

(3.5) SE = i[m e 1],

i.e. the distribution of S% corresponds to the number
of visits that Y makes to the states in 7" in the first n
steps. If Y is irreducible and positive recurrent and 7
denotes the unique stationary distribution of this chain
then the strong law for additive functionals of Markov
chains [9] implies that

SE
lim 27 —
Jim = g m(c),

ceT

(3.6)

almost surely, regardless of the initial distribution of Y.
If in addition to the above conditions there exists cg
such that

To—1 2
02:=E {Z[[}QET]]TO~Z7T(C)} Yo = ¢

ceT
is strictly positive and finite, where
To :=min{n >1:Y, =c},

then the central limit theorem for additive functionals
of Markov chains [9] implies that there exists o > 0 such
that

Sy —n-Y.erm(c)
Vn
where W is a standard Normal random variable 2. We

remark that the condition E(7¢ | Yy = ¢g) < +o0 is
sufficient to have o < +o0.

(3.7) Lo W,

lim
n—oo

270 is usually called the first-return time of Y to co.

In most situations of interest R’ will consist of
a countable number of equivalence classes and the
embedding X R will not be analytically tractable. A
slight improvement in this direction may be attained
by letting the alphabet play a more direct role in the
embedding. For this we induce in .A* the Mihill-Nerode
equivalence relation defined as

xRry<= (Vze€L):[zze Lo yze L]

The relation R, is clearly right-invariant. (If £ is
a regular pattern then R, has a finite number of equiv-
alence classes due to the Mihill-Nerode Theorem [13].)
In particular, if R is any right-invariant refinement of
RX then so is the product between R and R, i.e. the
equivalence relation ng defined over A* as follows

r R} y <= [r Ry and z R, yl.

Observe that if ¢; € R and ¢o € R, then (¢1 Ney) is an
equivalence class of Rf provided that the intersection
is not empty. Conversely, any equivalence class of Rf
is of the form (c¢1 Neg) for a unique ¢; € R and ¢; € Ry.
Due to this the equivalence classes of Rff are in one-
to-one correspondence with ordered-pairs of the form
(c1,c2) € RX Ry such that (¢; Neg) # 0. This property
motivates the terminology of product relation.

Since R} is a right-invariant refinement of RX, it
follows from Theorem 2.3 and Corollay 2.1 that the
embedding V,, = RX(X; - X,,) can be regarded as a
first-order homogeneous Markov chain with state space
R x R, (see Figure 3). Identity (3.5) will also apply for
this embedding but with

T:={(c1,c2) € RX R :¢co Csupp(X)NL},

and so will (3.6) and (3.7) provided that the necessary
technical conditions are verified. To make explicit
the probability transitions of this chain consider the
transition function f: R x Ry x A — R x R, defined
as

f(clv €2, a) = (R(:L’Oz), Rﬁ(ya))v

provided that @ € ¢; and y € ca. (The above definition
does not depend upon the selection of = or y because R
and R, are right-invariant.) The probability transitions
of Y are then easily found to be

P[Yn+1 = (6/176/2) ‘ YTL = (61’62)]

- ¥

a€A:f(c1,c2,a)=(c],ch)

PX =za..| X =z..],

provided that « € ¢; Nsupp(X). (The probabilities in
the summation above do not depend on the selection of
x because R is a refinement of RX.)
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supp(X)NL supp(X) /L supp(X)NL  supp(X) /L

supp(X)NL  supp(X) .L'

T
B in TJ_

Figure 2: Top-left, schematic representation of partition
R induced in supp(X) by a possibly non-regular pattern
L. Top-right, schematic representation of what could be
the coarsest refinement R’ of R w.r.t. which X is embe-
dable. (R’ may have a countable number of equivalence
classes.) Bottom, schematic representation of a general
refinement of R w.r.t. which X is embedable.

O O O O
1 o
S O O O

Figure 3: Most-left vertical axis, possible labeled tran-
sitions associated with one of the equivalence classes of
R., with A = {a,b}. Each circle represents an equiv-
alence class of the right-invariant relation R,. Bottom
axis, possible probability and labeled transitions associ-
ated with two different states of X for a right-invariant
refinement R of RX. Here 0 < p,q < 1 and each cir-
cle represents an equivalence class of R. Middle-grid,
state space of the embedding of X through the product
relation R between R and R.. The probability tran-
sitions associated with two of the states is displayed in
accordance with the information available for R and R,.

3.1 A toy non-Markovian model. Let 0 < p <
1/2 be a given parameter. Consider a sequence X =
(Xn)n>1 of {0,1}-valued random variables such that

Bernoulli(p) , % X > %,
i=1
n

(3.8) Xnt1 L Bernoulli(1/2) , 1Y X;=1;
i=1

Bernoulli(1 —p) , % X< %

-
Il
-

The binary process X self-regulates the cumulative
averages > . ; X;/n so as to keep them tied to a 50%
value. In particular, X evolves in a non-Markovian way.
Consider the regular patterns

£y = {0,1}*{1},
Lo {0} {1HO} ({1H{O} {1{0}")".

Both of these patterns are primitive i.e. each is recog-
nized by a DFA whose associated digraph is irreducible
and aperiodic. In particular, for binary Markovian se-
quences [19, 18] and more generally for sequences pro-
duced by nice probabilistic dynamical sources [6] the
frequency statistics of £1 and L2 ought to be asymptot-
ically Normal. However, as the following result shows,
non-Gaussian asymptotic distributions may be also en-
countered for primitive patterns under more general
non-Markovian models.

PROPOSITION 3.1. If0 < p < 1/2 then

1-2

3(1-p) » =5
(3.9) w(n) = 1-2p L\ o
Ip(1—p) (ﬁ) , n#0;
satisfies that
1
Z w(n) = Z w(n) = 7
n=0(mod 2) n=1(mod 2)

Furthermore, the following applies.

(a) If U and V are Z-valued random wvariables such
that P[U = n] = 2n(n), for n = 0(mod 2), and
P[V =n] = 2n(n), for n = 1(mod 2), then

[,1 1
lim 2n~{S" —} Ly
n=0(mod 2) no 2
L‘,l 1
ILm 2n~{5" 2} <y
n:ln(m(z)od 2) n

(b) If W is a standard Normal random wvariable then
there exists o > 0 such that

SE2 1
lim \/ﬁ-{ n —}éa-W.
n—oo n 2

Observe that supp(X) = {0,1}*. To show the
proposition consider the transformation R : {0,1}* — Z
defined as

||

= 2 le—% ;

i=1

(3.10) R(z)

|| ||

= Zl‘Z—Z(l—Z‘L)

i=1
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Above it is understood that R(e) = 0. In particular,
R(zy) = R(x) + R(y), for all z,y € {0,1}*, and hence
the level curves of R define a right-invariant equivalence
relation on {0,1}*. On the other hand, for z,z € {0, 1}*
with |z| > 0 it applies from (3.8) that

PIX=zz.|X=2.] = pM&a .1 -pN@2)

1 |z| =M (z,2)—N(z,z)
2 b

where
M(z,z) = lz_lg[[z = 0] [R(z1 -+ 2i-1) < —R(x)]

+ _|1 [z = 1] - [R(z1 - 2i-1) > —R()];
N(w,z) = i[[zi = 0] [R(z1-+-2i-1) > —R(x)]

i=1

z

|
+> [z = 1] [R(z1 - 2i21) < —R(@)];

=

—

where it is understood that z;---zy5 = €. From the
above identity it is immediate that if R(z) = R(y)
then RX(z) = R*(y). In particular, since R is right-
invariant, Theorem 2.3 and Corollary 2.1 imply that X7
is a first-order homogeneous Markov chain with state
space Z. To obtain the probability transitions of X%
notice that

XA, = XE 4 R(X, ).

Since X and (3, X;—n/2) have the same sign, (3.8)
implies that

(+1) w.p. pif XF >0
(-1) w.p. (1-p)if X2 >o0;
YR _ xR _ (+1) w.p. 1/2if X =0;
n+l n (-1) w.p. 1/2if XF =0;
(+1) w.p. (1—p)if X2 <0;
(-1) wp. pif X <o.

The process X is recurrent and has period 2. It
is positive recurrent because p-1+ (1 —p)-(-1) <0
and (1 —p)-1+p-(=1) > 0. In particular, X has
a unique stationary distribution 7 supported over Z.
Indeed, since X® is a birth-death chain we may use
the detailed balance condition [9] to obtain the explicit
formula in (3.9). Since

Syfl = zn:Xza
i=1

part (a) in the proposition is direct from (3.9) and
(3.10), and the well-known result on convergence in dis-
tribution of a Markov chain to its stationary distribution
for the periodic case [9].

Figure 4: Deterministic finite automaton with initial
state A and terminal state B that recognizes the binary

regular language {0}*{1}{0}*({1}{0}*{1}{0}*)*.

To show part (b) consider the DFA displayed in
Figure 4. This automaton is the minimal automaton
that recognizes Lo. In particular, the equivalence classes
of R., are in one-to-one correspondence with the states
of this automaton [13]. Furthermore, since R} is a
right-invariant refinement of RX, Y, = Ré (X7 Xp)
is a first-order homogeneous Markov chain. Without
loss of generality we may assume that ¥ = (Y},)n>1
has Z x {A, B} as its state space. Y is irreducible and
has period 4. It is also positive recurrent because if we
define

m(n)

(3.11) 7(n, A) := w(n, B) :=

then

2

(m,i)€Zx{A,B}

= > w(m,i)- P[Ys = (n, A) | Y1 = (m,i))],
(m,i)=(n—1,B),(n+1,A)

m(m,i) - PlYo = (n,A) | Y1 = (m,1)]

S wm) - PIXE = n | XF = m),
m=n—1,n+1
> w(m)- P[X5 =n| X{' =m],
mEeZ
)

N~ N

m(n)
2 Y
= 7(n,A).

Similarly, we obtain that

2

(m,i)eZx{A,B}

W(maZ)P[Y2 = (an) | Y = (m,z)]

- 71'(71, B)a

which shows that (3.11) is the stationary distribution of
Y. In particular,

(3.12)
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almost surely. On the other hand, observe that if
Yy = (0,A) then Y,, = (0, A) if and only if XF = 0
and n is divisible by four. Let 7 denote the first-return
time of ¥ to (0, A) conditioned on having Yy = (0, A).
Using the Chomsky and Schiitzenberger method [7], the
moment generating function of 7 may be determined
explicitly to find that its radius of convergence is given
by 1/4/4p(1 —p). Since this last quantity is strictly
greater than one for 0 < p < 1/2; the tail distribution
of 7 decays exponentially fast and therefore 7 must have
a finite second-moment. Part (b) in the proposition is
now a direct consequence of (3.7) and (3.12).
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