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Abstract

Given a family F of k sets with cardinalities s1, s2, . . . , sk

and N =
∑

k

i=1
si, we show that the size of the partial

order graph induced by the subset relation (called the subset
graph) is O(

∑

si≤B
2si + N/ log N ·

∑

si>B
log (2si/B)),

where B = log (N/ log2 N). This implies a simpler proof
to the O(N2/ log2 N) bound concluded in [2].

We also give an algorithm that computes the subset
graph for any family of sets F . Our algorithm requires
O(nk2/ log k) time and space on a pointer machine, where
n is the number of domain elements. When F is dense,
i.e. N = Θ(nk), the algorithm requires O(N2/ log2 N)
time and space. We give a construction for a dense family
whose subset graph is of size Θ(N2/ log2 N), indicating the
optimality of our algorithm for dense families. The subset
graph can be dynamically maintained when F undergoes
set insertion and deletion in O(nk/ log k) time per update
(that is sub-linear in N for the case of dense families). If
we assume words of b ≤ k bits, allow bits to be packed
in words, and use bitwise operations, the above running
time and space requirements can be reduced by a factor of
b log (k/b + 1)/ log k and b2 log (k/b + 1)/ log k respectively.

1 Introduction

The graph induced by the subset relation on a family
of sets is called the subset partial order or the subset
graph for this family. The problem of computing
the subset graph of a family of sets is a practical
problem that arises in many applications. One such
application is in propositional logic: given a formula
in restricted Conjunctive-Normal-Form, we need to
simplify the formula by removing each conjunct that
has a strict superset of the propositional variables of
another conjunct. See for example [5].

A natural lower bound for computing the subset
graph is its size. It is also theoretically interesting to
find upper and lower bounds on the size of the subset
graphs. Yellin and Jutla [8] gave a construction of
a family whose subset graph has Θ(N2/ log2 N) size.
Later, Pritchard [2] proved that the size of the subset
graph is O(N2/ log2 N). In this paper, we give a simpler
proof for this fact. We also give other bounds that
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illustrate the structure of the subset graphs, and bound
the size of the subset graphs for some special families.

Several algorithms for computing the subset graphs
were introduced. An algorithm that runs in O(Nd)
time is given in [9] and refined in [4], where d is the
maximum degree (number of sets) of an element in
F . Pritchard [3, 4] gave a couple of algorithms that
run in O(N2/ log N) time. He also introduced yet
another O(N2/ log N)-time algorithm [2] by modifying
the algorithm in [8]. However, it is still open whether
it is possible or not to compute the subset graph in
O(N2/ log2 N) comparisons.

Lacking for a general O(N2/ log2 N) algorithm, the
problem is tackled for some special cases as well. When
there is a constant that bounds the cardinality of each
set, an algorithm for computing the O(N) subset graph
in O(N log N) time was given in [5]. This algorithm can
be shown to be optimal following a reduction from the
Element-Uniqueness problem. Caveat, such algorithm
requires random access to arrays of size k.

A dense family is defined as a family with N =
Θ(nk). Dense families are natural in practice; consider,
for example, the case when every element is expected to
show up in each set with some constant probability. In
this paper, we give an algorithm to compute the subset
graph for a dense family that requires O(N2/ log2 N)
time and space. We also give a construction for a dense
family whose subset graph has Θ(N2/ log2 N) size (the
construction in [8] is not for a dense family), implying
the optimality of our algorithm.

Allowing for stronger models of computation (where
even the N2/ log2 N barrier could be broken), better
bounds are possible. On a RAM permitting bitwise op-
erations on words of Θ(log N) bits, an algorithm using
O(N2 log log N/ log2 N) operations was given in [1]. On
such model, considering normal families (dense fami-
lies with the additional property that a positive propor-
tion of sets each has at least log N elements), Shen and
Evans [7] gave an algorithm that uses O(N2/ log2 N)
bitwise operations and O(N2/ log3 N) words of space.
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Once performing our algorithm on such model, it uses
O(N2/ log3 N) bitwise operations and O(N2/ log4 N)
words of space when applied to a dense family, improv-
ing over [7] and breaking the N2/ log2 N bound.

The problem of maintaining the extremal sets of F
under dynamic updates (set insertion, set deletion, and
set-content update) is also of interest. Shen [6] gave
an algorithm that uses O(N + nk/ log N + k2) words
of space, processes in O(1) time a query on whether a
set of F is extremal, and maintains all extremal sets
of F in O(N) time per update. On the other hand,
our algorithm is extended to maintain the subset graph
and allow dynamic updates in O(nk/ log k) time per
update; for the case of dense families, our algorithm
then requires O(N/ log k) time per update. Allowing
for bitwise operations as above, with words of Θ(log N)
bits, an extra log N factor can even be saved.

In Section 2 we give a proof that the size of
the subset graph is O(N2/ log2 N), and introduce a
family of dense sets whose subset graph is of size
Θ(N2/ log2 N), indicating that this is a lower bound
for computing the subset graph for dense families in the
comparison-based model. In Section 3 we introduce the
algorithm, analyze it on a pointer machine as well as
in a stronger computational model, and show how to
extend it to consider dynamic set updates.

2 The combinatorics of the subset graph

We warm up with the following lemma, which implies
an O(N2/ log N) bound on the size of the subset graph.
Although this is a weaker bound than the tight bound
we establish later in Lemma 2.2, the next lemma is
interesting in its own right.

Lemma 2.1. Except for O(N ǫ) sets, where ǫ is any
constant 0 < ǫ < 1, the number of supersets of any
other set is O(N/ log N).

Proof. The degree of an element is the number of sets to
which it belongs. Consider the ν = ⌊ǫ · log N⌋ elements
with the largest degrees (we call these elements the
high-degree elements, and call the others the low-degree
elements). Let F ′ ⊂ F be the subfamily having none
of the low-degree elements in any of its sets. Then,
|F ′| ≤ 2ν = O(N ǫ). Any other set S ∈ F − F ′ must
contain at least one of the low-degree elements; call this
element e. All the supersets of S must as well contain e,
and hence their count is bounded by e’s degree de. Since
de is less or equal to the degree of any of the high-degree
elements, then de < N/ν = O(N/ log N).

The next lemma contains a simpler proof, than that
in [2], to the fact that the size of the subset graph is
O(N2/ log2 N).

Lemma 2.2. The size of the subset graph for a family of
sets, as induced by the subset relation, is O(

∑

si≤B 2si +

N/ log N ·
∑

si>B log (2si/B)) = O(N2/ log2 N), where

B = log (N/ log2 N).

Proof. We group the sets into two categories according
to whether their sizes are larger than B or not, and
bound the number of subsets for each category. Let w
be the number of subsets of a set S whose size is s.

If s ≤ B, we use the fact that w ≤ 2s to bound the
number of subsets of S. Hence, the number of possible
subsets of the sets of this category is O(

∑

si≤B 2si) =

O(
∑

si≤B N/ log2 N) = O(N2/ log2 N), because there
are at most N sets.

If s > B, we claim that w = O(N/ log N ·
log (2s/B)). Hence, the number of subsets of the sets
of this category is O(

∑

si>B N/ log N · log (2si/B)) =
O(N/ log N ·∑si>B si/B). This also implies a bound

of O(N2/ log2 N), because
∑

si>B si ≤ N .
For the remainder of the proof we will show that

w = O(N/ log N · log (2s/B)) if s > B. To maximize
w, the sizes of the subsets of S should be as small as
possible since they add up to at most N . Precisely, these
will be all the possible sets of sizes 1, 2, . . . , h, where h
is the integer satisfying

h−1
∑

j=1

j

(

s
j

)

< N ≤
h

∑

j=1

j

(

s
j

)

.(2.1)

And w is bounded as

w ≤
h

∑

j=1

(

s
j

)

.(2.2)

Consider the case when the value of h resulting from
the solution of (2.1) is h = Θ(s). The number of sets
whose sizes is Θ(s) is O(N/s), which is O(N/B) when
s > B. In such case, these subsets will be dominating
the value of w, as indicated by (2.2). As a consequence,
w = O(N/ log N), and the claim follows. We are only
left with the case when h = o(s), which is treated next.

Using (2.1) and the inequality

(

s
j

)

≤ sj/j!, then

N ≤
h

∑

j=1

j

(

s
j

)

≤ s

h−1
∑

j=0

sj

j!
.

When h = o(s), we obtain

N <
2sh

(h− 1)!
.

Using Stirling’s formula, then
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N <
2sh

((h− 1)/e)h

√
h− 1.

Taking the base-2 logarithms, we get

lg N < h lg (s · e/(h− 1)) +
1

2
lg (h− 1) + 1.(2.3)

Consequently, h is bounded from below as

h = Ω(
log N

log (s/h)
).(2.4)

From (2.2), when h = o(s), the number of subsets
of S whose size is h dominates w. Hence, we can
alternatively bound w as

w = O(N/h).

Substituting for h from (2.4), then

w = O(
N

log N
log (s/h)).

To establish the claim, we show that log (s/h) =
O(log (2s/B)) when s > B. We consider two cases:

• If s = Ω(B2), then

log (s/h) < log s = Θ(log (s/B)).

• If B < s = o(B2), we show that h > ⌊B2/6s⌋,
which implies log (s/h) = O(log (2s/B)).

The proof is by contradiction. Assume

h ≤ ⌊B2/6s⌋, and substitute with h = ⌊B2/6s⌋ in
the right-hand side of (2.3). Thus,

h lg (s · e/h) ≤ B2

6s
(2 lg (s/B) + lg (6e))

<
B2

6s
(

s

B
lg e + lg (6e))

<
B

6
lg (6e2) = (1− ǫ)B,

where 0 < ǫ < 1 is a fixed constant. The other
terms of the right-hand side of (2.3) evaluate to
o(B). As a consequence, (2.3) would imply

lg N < (1− ǫ)B + o(B).

But, this is not true when N is large enough.

Now, we give a matching lower bound for dense sets,
by giving a construction for a dense family whose subset
graph is of size Θ(N2/ log2 N).

Lemma 2.3. There exist families of dense sets whose
subset graph is of size Θ(N2/ log2 N).

Proof. Let e1, e2, . . . , en be the domain elements, and
assume that n is divisible by 4. Our construction
has two groups of sets. The first group has all the
sets with the elements e1, e2, . . . , en/2 and n/4 among
the elements en/2+1, . . . , en. The second group has
all the sets with n/4 elements among the elements
e1, e2, . . . , en/2. The number of sets in each group is

(

n/2
n/4

)

= Θ(2n/2/
√

n).

It follows that N = Θ(2n/2 · √n), which ensures that
n = Θ(log N). Each set of the second group is a
subset of all the sets of the first group, indicating
that the size of this complete bipartite subset graph is
Θ(2n/n) = Θ(N2/ log2 N).

Next, we show that the bound derived in Lemma
2.2 is superior to O(N2/ log2 N) when considering the
number of supersets and subsets for large sets.

Lemma 2.4. The sum of supersets and subsets for all
sets of size s = ω(log N) is o(N2/ log2 N).

Proof. Let si = fi(N) · log N be the size of the i-th such
set, where fi(N) is a monotonically increasing function
in N . Let f(N) be the average of these functions. Then,
the number of such sets k′ = O(N/(log N ·f(N))). This
implies that the total number of the supersets of such
sets, which must be large sets as well, is

O(k′2) = o(N2/ log2 N).

Using the O(N/ log N ·∑i log (si/ log N)) bound from
Lemma 2.2, and applying Markov’s inequality, the
number of subsets for such sets is

O(N/ log N ·
∑

i

log fi(N))

= O(N/ log N · k′ · log f(N))

= O(N2/ log2 N · log f(N)
f(N) )

= o(N2/ log2 N).

Finally, we consider families with bounded intersec-
tions, where any two sets intersect in at most t elements.
Obviously, for a set in this family to be a subset of an-
other, its size should be at most t. The next lemma
bounds the size of the subset graphs for such families
and demonstrates a realization achieving such bound.

Lemma 2.5. Given a family of sets where any two sets
intersect in at most t elements, for some constant t,
the size of the subset graph is O(N (2t−1)/t). Moreover,
subset graphs with such bounds are realizable.

29 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



Proof. We say that a set is bounded if its size is at most
t, otherwise it is unbounded. Because a bounded set only
has a constant number of subsets, we only consider the
subset graph restricted to bounded sets being subsets of
unbounded sets. Such restriction is obviously a bipartite
graph, where one group has bounded sets and the other
group has unbounded sets. We define the effect of a set
to be the in-degree (out-degree) of the corresponding
node within the subset graph divided by the set size. To
maximize the size of the subset graph, all sets must have
the same effect f ; otherwise we could have replaced a set
with low effect with another with a higher effect and get
a larger subset graph. Consider an unbounded set whose
size is s. Since the in-degree of a node resembles the
number of subsets of the corresponding set, thus f · s =
O(st) implying f = O(st−1) = O(nt−1), where n > s is
the number of domain elements. To maximize the size
of the graph, the number of small sets should as well be
maximized, pushing this number to Θ(nt). Therefore,
the size of the graph is O(nt · nt−1) = O(n2t−1). Since
the sum of the in-degrees equals the sum of the out-
degrees, thus N = Θ(nt) and the lemma follows.

One realization of such graphs is a family having all
the sets of size t and all the sets of size n − t + 1. To
verify that this works, note that

(

n
n− t + 1

)

· (n− t + 1) = Θ(

(

n
t

)

) = Θ(nt).

3 Computing the subset graph

We start by introducing two related problems used
as subroutines for our algorithm, and show how to
efficiently handle them. The intuition of the algorithm
and a non-efficient solution are then stated. Later, we
give the main algorithm and analyze its time and space
requirements. Finally, the bounds are improved for a
stronger model of computation.

Two related problems

Problem 1: Given a list of r entities (r is a power of 2)
representing the integers from 0 to r − 1 in order, and
a sequence x of log r bits. We need to find, in O(r) bit
operations, the entity corresponding to x.

Initialize a pointer to the first entity. As long as all
the bits of x are not 0’s, decrement x and advance the
pointer to the next entity. When all the bits of x are
0’s, the pointer is pointing to the desired entity.

To decrement x, traverse the bits of x from right
to left and flip every 0 (if any) until reaching the
first 1 and flip it. In other words, starting from the
least-significant bit, a subsequence 〈. . . 1, 0, . . . , 0〉 is
converted to 〈. . . 0, 1, . . . , 1〉.

It is easy to show that the total number of flips done

while decrementing x is O(r). For completeness, we give
a proof for this fact next.

Lemma 3.1. Given any sequence x of log r bits, the sum
of bit flips done while decrementing x until all its bits
are 0’s is at most 2r − log r − 2.

Proof. Consider the case when all the bits of x are
initially 1’s; this case involves the largest number of bit
flips. For every decrement, exactly one 1 is flipped to a
0. Then, the total number of 1’s flipped to 0’s is r − 1.
Since all the bits of x are finally 0’s, the total number
of 0’s flipped to 1’s is less than the total number of 1’s
flipped to 0’s by log r. It follows that the total number
of 0’s flipped to 1’s is r− log r− 1. Therefore, the total
number of bit flips is at most 2r − log r − 2.

Problem 2: Given a list of r entities (r is a power of 2)
representing the integers from 0 to r − 1 in order, and
a sequence x of log r bits. We need to mark, in O(r)
bit operations, the entities corresponding to the binary
numbers that are dominated by x. (m1 dominates m2
if and only if every 1-bit in m2 has a 1-bit at the
corresponding position in m1.)

We use another sequence c of log r bits to serve as
a binary counter. Initialize all the bits of c to 0 and
initialize a pointer to point to the first item in the list
of entities. For the iterative step, we increment c and
advance the pointer to the next entity.

To increment c, traverse the bits of c from right
to left and flip every 1 (if any) until reaching the
first 0 and flip it. In other words, starting from the
least-significant bit, a subsequence 〈. . . 0, 1, . . . , 1〉 is
converted to 〈. . . 1, 0, . . . , 0〉. Similar to Lemma 3.1, the
total number of bit flips for incrementing c is O(r).

To efficiently decide which entities correspond to
an integer that is dominated by x, another pointer f is
maintained to decide whether x dominates c or not. If
x dominates c, f is set to null. Otherwise, f points to
the most-significant position that has a 0-bit in x and a
1-bit in c. Dealing with f as an index to a bit position,
we write xf = 0 and cf = 1. When c is incremented
resulting in c′, the following are the possible cases:

i. If f is not null (x is not dominating c) and cf = c′f
(the f -th bit of c is not flipped), then x is not
dominating c′. Accordingly, f does not change.

ii. Otherwise, let g be the most-significant flipped
position of c, i.e. cg = 0 and c′g = 1.

(a) If xg = 1, then x dominates c′. Accordingly, f
is set to null.

(b) If xg = 0, then x is not dominating c′.
Accordingly, f is set to g.
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In addition to the O(r) checks and bit flips done
while incrementing c in total, each case requires a
constant number of bit checks per increment.

The solutions of the above two problems can be
efficiently realized on a pointer machine, with both x
and c implemented as linked lists of bits whose headers
point to the least-significant bits.

Insight

We can construct the subset graph using the solutions
of the above two problems as follows. The domain
elements are arbitrarily identified with integers from 1
to n. Every set is viewed as an integer formed by a
sequence of n bits; a 1-bit indicates that the element
corresponding to this position is in this set, and a 0-bit
indicates otherwise. It is easy to convert the sets to
this format if they are not. We allocate a list of entities
representing the integers from 0 to 2n−1 in order. Each
entity points to a string of set identifiers.

Using the solution to Problem 2, we handle the
sets S1, S2, . . . Sk in arbitrary order. For every set Si,
we append the identifier of Si to an entity’s string if
the entity represents an integer that is dominated by
the integer corresponding to Si. This requires O(2n)
operations per set. Later, to find the supersets of
a set Si, we search for the entity with the integer
corresponding to Si using the solution to Problem 1,
and scan the string of set identifiers attached to this
entity. This requires O(2n + k) operations per set.

As this solution is expensive, we show in the next
subsection how to improve it for an efficient algorithm.

The algorithm

We partition the sequence of n domain elements into
⌈n/p⌉ consecutive subsequences U1, U2, . . . U⌈n/p⌉ of size
p each (the optimal value of p is determined in Lemma
3.2 as ⌈log k⌉). For each Uj , we associate a list of 2p

entities representing integers from 0 to 2p − 1. Each
of these entities will be pointing to a string of k bits,
one bit for each set. In the sequel, we call each list of
entities associated with a subsequence a lookup buffer
and call all the entities together with the strings they
are pointing to the auxiliary structure.

Using the algorithm for the solution of Problem 2,
we proceed building the auxiliary structure as follows.
The sets are arbitrarily identified as S1, S2, . . . Sk. For
each set Si, using the n-bit sequence representing Si,
we independently consider each Uj . For each such
subsequence x of Si, every string pointed to by an
entity of the associated lookup buffer is appended by
a bit at the i-th position. This bit is set to 1 if the
integer corresponding to this entity is dominated by x,
otherwise it is set to 0.

In the pseudo-code of Algorithm 1, buffer.j repre-
sents the lookup buffer associated with Uj and buffer.j.c
represents the string of k bits corresponding to the en-
tity of buffer.j representing the integer c. At line 5, c is
set to a sequence of p bits all of them are 0’s. At line
6, the condition is checked using bitwise operations. At
lines 7 and 12, the solution to Problem 2 is applied.

Algorithm 1 build-structure

1: for i = 1 to k do

2: let 〈x1, x2, . . . , xn〉 be the binary sequence repre-
senting the set Si

3: for j = 0 to ⌈n/p⌉ − 1 do

4: x← 〈xj∗p+1, xj∗p+2, . . . , xj∗p+p〉
5: c← 0
6: while (c < 2p) do

7: if (x dominates c) then

8: append 1 to the string buffer.j.c
9: else

10: append 0 to the string buffer.j.c
11: end if

12: increment c
13: end while

14: end for

15: end for

After building the auxiliary structure, the sets are
re-traversed to build the subset graph. For each set Si,
the entity corresponding to each subsequence Uj within
buffer.j is identified, using the solution to Problem 1.
This ends up with ⌈n/p⌉ entities each pointing to a
string of k bits. These ⌈n/p⌉ strings are simultaneously
scanned bit by bit. A 1-bit at position u, for all such
strings, indicates that the set Su corresponding to this
position is a superset of Si. Otherwise, if there is at least
one 0-bit at position u of one of the strings, then Su is
not a superset of Si. The subset graph is completely
built once all the sets are considered.

In the pseudo-code of Algorithm 2, a list l tem-
porarily holds pointers to the entities corresponding to
Si, where l.j is a pointer to the corresponding entity in
buffer.j. At line 5, to locate buffer.j.x, the solution to
Problem 1 is applied.

It is straightforward to efficiently realize the algo-
rithm on a pointer machine, by having all the sequences
and strings implemented as linked lists, maintaining a
pointer to the tail of every list to be able to efficiently
append a bit, and implementing the solutions to Prob-
lem 1 and Problem 2 as stated earlier.

Analysis

Lemma 3.2. The running time and space required by
the algorithm are O(nk2/ log k).
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Algorithm 2 build-graph

1: for all i = 1 to k do

2: let 〈x1, x2, . . . , xn〉 be the binary sequence repre-
senting the set Si

3: for j = 0 to ⌈n/p⌉ − 1 do

4: x← 〈xj∗p+1, xj∗p+2, . . . , xj∗p+p〉
5: l.j ← buffer.j.x
6: end for

7: for u = 1 to k do

8: super ← 1
9: for j = 0 to ⌈n/p⌉ − 1 do

10: super ← super ∧ l.j.u
11: end for

12: if (super == 1) then

13: declare Su as a superset of Si

14: end if

15: end for

16: end for

Proof. The extra space used by the algorithm is basi-
cally that of the auxiliary structure. There are ⌈n/p⌉
lookup buffers, each having 2p entities, each pointing to
a string of k bits. This sums up to O(n/p·k ·2p) bits. As
for the running time, building the auxiliary structure re-
quires O(2p) per set per subsequence (using the solution
to Problem 2). This sums up to a total of O(n/p ·k ·2p).
Looking up the auxiliary structure to find the supersets
of a set is done in two steps. Locating the correct entity
requires O(2p) per set per subsequence (using the so-
lution to Problem 1), while scanning the corresponding
lists requires O(n/p ·k) per set. This sums up to a total
of O(n/p · k · (2p + k)). To balance the work, we set
p = ⌈log k⌉. The lemma follows.

Lemma 3.3. For a dense family of sets, the run-
ning time and space required by the algorithm are
O(N2/ log2 N).

Proof. We show that for a dense family of sets
nk2/ log k = O(N2/ log2 N).

Since nk = Θ(N) for a dense family of sets, and
using the fact that n ≥ log k, then k log k = O(N)
implying that k = O(N/ log N). Fix a constant ǫ,
0 < ǫ < 1.

i. If k < N (1−ǫ)/2, then nk2/ log k = O(nN1−ǫ) =
O(N2−ǫ) = O(N2/ log2 N).

ii. If k ≥ N (1−ǫ)/2, then log k = Θ(log N). Plug-
ging in the bounds: nk = Θ(N), k = O(N/ log N)
and log k = Θ(log N), then nk2/ log k =
O(N2/ log2 N).

A stronger model of computation

Assuming words of size b ≤ k bits, allowing bits to
be packed in words, and using bitwise operations, the
running time and space requirements can be reduced.
For such case, instead of allocating one bit per item
in the strings pointed to by entities, we pack b bits
representing b sets per word that is viewed as one item.
The size of each list is henceforth ⌈k/b⌉ words. To be
able to check if there is a 1 in the same position for
several strings, bitwise-and operations are performed on
the corresponding items and the result is checked for
the positions of 1’s. For every set Si, the output is then
reported as ⌈k/b⌉ words of b bits each; a 1-bit in the
u-th position indicates that Su is a superset of Si. The
following lemma would then replace Lemma 3.2.

Lemma 3.4. Using words of size b ≤ k bits and allowing
bitwise operations, the running time required by the

algorithm is O( nk2

b log (k/b+1) ) and the space requirement

is O( nk2

b2 log (k/b+1) ) words.

Proof. As in the proof of Lemma 3.2, the storage
requirement is O(n/p · k · 2p) bits, which is O(n/p ·
k/b · 2p) words. Building the auxiliary structure as
well as locating the correct entities are similarly still
O(n/p ·k ·2p). However, scanning the lists and checking
for positions that have 1’s in the looked-up strings
can now be done faster in O(n/p · k/b · k), saving a
factor of b. This sums up to a total running time of
O(n/p · k · (2p + k/b)). To balance the work, we set
p = ⌈log (k/b + 1)⌉. The lemma follows.

The case when b = Θ(log N) is of special interest.

Corollary 3.1. For dense families of sets, using
words of Θ(log N) bits and allowing bitwise operations,
the running time and space required by the algorithm are
O(N2/ log3 N) and O(N2/ log4 N) respectively.

Dynamic updates

Given a family of k sets and the corresponding subset
graph, it may be required to modify the subset graph
following a new set insertion or an existing set deletion.
We show how to do that in O(nk/ log k) time per
update, which is O(N/ log k) = o(N) for dense families.

As before, we maintain an auxiliary structure with
⌈n/p⌉ lookup buffers. When a new set is inserted, a
bit representing this set is appended to every string
pointed to by an entity. This bit is set to 1 if the
associated subsequence of the new set is a superset of
the integer corresponding to the entity, otherwise it is
set to 0. Similar to our construction algorithm, the
supersets of the new set are found and reported. To
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be able to identify the subsets of the new set, we need
to augment the auxiliary structure with lists that mark
the subsets, in addition to the supersets, of every integer
corresponding to an entity. This introduces a problem
that is similar to Problem 2, which could in a similar
manner be solved in linear time with respect to the
number of entities. Updating the auxiliary structure
and reporting the subsets and supersets of the new
set will then require O(n/p · (2p + k)) time, which is
O(nk/ log k) by setting p = ⌈log k⌉. The deletion task
is even simpler. Only the bits corresponding to the set
to be deleted are removed from the auxiliary structure,
and the node as well as the incident arcs that represent
this set in the subset graph are also removed. This also
requires O(nk/ log k) time when p = ⌈log k⌉.

However, we are not done yet. The problem is
that the value of k is now changing, and the size of
the auxiliary structure and accordingly our established
bounds rely on the value of p which depends on k. A
solution that achieves the bound in the amortized sense
is to reconstruct the auxiliary structure whenever the
number of sets k is doubled or is reduced by half. Then,
we can use the construction algorithm to construct the
new auxiliary structure in O(nk2/ log k) time. Since
the number of updates that will be performed before a
subsequent construction is at least k/2, the construction
time is amortized as O(nk/ log k) cost per update.

An efficient worst-case solution is as well possible.
The idea is to maintain three auxiliary structures, where
one of them is always under construction. For a given
power of two k′, we maintain and use an auxiliary
structure corresponding to k = k′, plus two more
structures: one corresponding to 2k′ and the other to
k′/2. We will be always busy building one of these
latter two auxiliary structures. Every new update is
performed on the three structures (except for a deletion
of a set that was not integrated to the incomplete
structure). Accompanying a new update, two sets
from the current structure, which are not yet in the
incomplete structure, are integrated to it. We keep
using the auxiliary structure corresponding to k′ until
the number of sets becomes either 2k′ or k′/2. In such
case, we start using the appropriate auxiliary structure,
dismiss the other one, and start building a new structure
(by initializing it and incrementally integrating sets to
it with the upcoming updates). More specifically, if
the number of sets becomes 2k′, use the corresponding
structure, dismiss the structure corresponding to k′/2,
and start building a structure corresponding to 4k′. If
the number of sets becomes k′/2, use the corresponding
structure, dismiss the structure corresponding to 2k′,
and start building a structure corresponding to k′/4.
In either case, spending O(nk/ log k) time per update

building the incomplete structure is enough to finish
the job just on time.
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