On the Optimal
Clustering of Sequential
Data

Cheng-Ru Lin and Ming-Syan Chen''

Abstract

Data clustering has attracted a lot of attention in the field of computational
statistics and data mining. Notice, however, that in many applications not
only the attributes but also the sequence of the objects has to be considered for
clustering. Specifically, in some applications, a set of sequential data has to be
partitioned into clusters in such a way that all the data points in each cluster
form a continous region. This clustering capability, termed sequential cluster-
ing in this paper, can be applied to analyze the moving pattern of an object
or the status log of a running machine. Due to its continuous constraint, prior
results on data clustering cannot be applied to solve this problem, thus calling
for the design of new algorithms. To remedy this, we shall explore the problem
of optimal sequential clustering in this paper. Specifically, we first prove that
this optimal sequential clustering problem addressed in this paper possesses
the optimal substructure property which means that an optimal solution to
this problem is composed of the optimal solutions to its subproblems. In light
of this property, we devise algorithm SCopT to obtain the optimal solution of
the problem. The time complexity of algorithm SCoptT is O (an), where n
is the size of the dataset and k is the number of clusters. To further reduce its
complexity, we devise a greedy algorithm, SCgp, which solves the problem
in linear time. Extensive experimental studies are conducted to evaluate the
performance and the effectiveness of these two algorithms. It is shown that
algorithm SCgp is able to obtain the solution clustering of very high quality
which is in fact very close to that obtained by algorithm SCopr.
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1 Introduction

Recently, data mining has attracted a significant amount of research attention due to
its usefulness in many applications, including selective marketing, decision support,
business management, and user profile analysis, to name a few [4][5][9][12]. Among
others, data clustering is one of the most active research areas [14][16]. The data
clustering techniques can be used to do similarity search, pattern recognition, trend
analysis, grouping, classification, and so forth [5][12][20]. Traditionally, objects are
clustered mainly according to their similarity. Given the definition of distance (i.e.,
measure of dissimilarity) between any two objects, clustering is the process that
aims to minimize the cost (i.e., dissimilarity) of each cluster, so that similar objects
are grouped into the same cluster. Several techniques have been devised for data
clustering, including hierarchical clustering algorithms [22], partitional algorithms
[8], nearest neighbor clustering algorithms [17], fuzzy clustering algorithms [2], and
neural networks algorithms [13]. Generally, there are two types of attributes asso-
ciated with the objects discussed: numerical ones [1][3][19][23][25] and categorical
ones [10][24]. Since clustering is a very service dependent issue, its potential appli-
cations usually impose certain constraints. In [3], the authors proposed a modified
k-means clustering algorithm which ensures each cluster to contain at least a prede-
termined number of objects. The work in [23] proposed a more general method for
constrained clustering which is based on the existential constraints, meaning that
each cluster contains at least a certain number of objects from a specific subset of
objects.

Notice, however, that in many applications not only the attributes but also
the sequence of the objects has to be considered for clustering. Specifically, in some
applications, a set of sequential data has to be partitioned into clusters in such a way
that all the data points in each cluster form a continuous region. This clustering
capability is termed sequential clustering in this paper. Sequential clustering can
be applied to analyze the moving pattern of an object or the status log of a running
machine.

The sequential clustering problem can be best understood by the following
illustrative example. As shown in Figure 1, the black nodes in Figure 1(a) are iden-
tical to those in Figure 1(b) and the number next to each node represents the order
of that node in the sequence. For example, in a cellular phone service provider,
it is desirable to partition and analyze the user moving patterns in different areas
across the time sequence [21]. In such an application, the number next to each
node can be viewed as a time stamp of a traced point of a moving user according
to the CDR (i.e., Call Detail Record) database. In Figure 1(b), nodes are con-
nected with a line according to their sequence numbers. Suppose one would like
to partition those nodes into two clusters. By conventional clustering methods,
such as k-means algorithm [18] or CLARANS [19], these nodes may be partitioned
into the two clusters as shown in Figure 1(a). However, with the constraint of
sequential clustering, all the nodes in a cluster have to form a continuous region,
and the clustering in Figure 1(a) is thus not a legitimate solution since the se-
quence numbers {1,2,3,4,5,6,7,8,10} do not form a continuous region. Instead,
one possible solution to this sequential clustering problem is shown in Figure 1(b),
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(a) A conventional clustring (b) A sequential clustering

Figure 1. The difference between a conventional clustering and a sequential
clustering.

where the sequence numbers {1,2,3,4,5,6,7} are continuous, and so are those in
{8,9,10,...... , 16}, showing an instance where objects are clustered not only by their
attributes but also the time sequence numbers. Note that with the sequential clus-
tering constraint, a node in a cluster is not always closer to the centroid of its cluster
than to the centroid of another cluster.

A similar problem to the sequential clustering is the signal segmentation prob-
lem, which is mostly studied in the field of signal processing [6][7][11], where one
would like to partition the signals into several segments and each segment has its
own distribution model. However, the objective of forming a segment in that sig-
nal processing application is different from the one we consider in the sequential
clustering problem, thus calling for the design of different solution procedures.

Because of this continuous constraint, prior results on data clustering cannot
be applied to solve this problem. Consequently, we shal explore the problem of
optimal sequential clustering in this paper. Specifically, we first prove that this
optimal sequential clustering problem addressed in this paper possesses the optimal
substructure property which means that an optimal solution to this problem is com-
posed of the optimal solutions to its subproblems. In light of this property, we devise
an algorithm, denoted by SCopT, to obtain the optimal solution of this sequen-
tial clustering problem. The time complexity of algorithm SCopr is proved to be
0 (lm2), where n is the size of the dataset and k is the number of clusters. Though
algorithm SCopr is able to handle up to thousands of data points efficiently, it
is desirable to further reduce the complexity, since the order of many transaction
databases, such as the CDR one, is in general very high and is in fact fast growing
in recent applications. To further reduce the complexity, we design an algorithm,
denoted by algorithm SCgp to obtain greedy solutions. It will be shown that by
exploiting the hill climbing technique, algorithm SCgp leads to solution clustering
with the quality very close to that by algorithm SCopr while only incurring linear
time complexity.

We conduct several experiments on the synthetic workloads for performance
studies. It is shown by our experimental results that compared to algorithm SCop,
algorithm SCgp not only incurs a very scalable execution time but also leads to
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the clustering results of very good quality. From the experiments, it is shown that
algorithm SCgp is able to deal with a huge amount of data very efficiently, showing
the very advantage of its linear time complexity.

The rest of the paper is structured as follows. Section 2 presents the prob-
lem formulation of sequential clustering. Algorithm SCopt and algorithm SCgp
are presented in Section 3. Performance studies are conducted in Section 4. We
conclude this paper in Section 5.

2 Problem Definition

In this paper, we develop our algorithms mainly based on the partitional algorithms
on numerical attributes. Several well-known algorithms, including k-means cluster-
ing algorithm, PAM [15], CLARA, and CLARANS [19], belong to this category.
The similarity measurement is the foundation of forming clusters. Same as in prior
works, we use the distance between two objects as the measurement of their dissim-
ilarity. Among others, Euclidean distance and squared Eulidean distance are two
most popular measurements whose definitions are given below.

Definition 1 (Euclidean and squared Eulidean distance):
Let o; and o; be two objects of the dataset with (z;1,z;2,...... , i q) and
(j1,%j2, ., Tjq) as their coordinates, where d is the degree of dimension.
The Euclidean and squared Eulidean distance are defined as:

d %
Dg 0150] (Z LTid — Tjk ) :Hoi_OjH,
k=1

d
2
Dy (04, 05) Z Tik — Tjk) :HOi—OjH
k=1
Note that (z; 1,252, ...... ,; q) represents the features or attributes of the ob-

ject o0;.

In this paper, without loss of generality, we adopt squared Eulidean distance
function as the dissimilarity measurement. The quality of a cluster can then be
determined to reflect the goodness of clustering and a cost function is used as a
quality measurement. Generally, the cost function is so designed to represent the
penalty of dissimilarity of the objects within a cluster. The clustering problem is
defined as the one to determine a partition of the dataset that minimizes the sum of
the costs of all clusters. The cost function used in this paper is given below, which
is in essence the same as those in related works [18].

Definition 2 (Cost of a cluster):
Given a cluster Cl with k data points {01,02 ......, 0}, where o0; can be repre-
sented by (x; 1,%;2,...... ,%; q) and d is the degree of dimension, the cost of Cl
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is defined as

k
Cost (Cl) = Z Dgz (04,¢),
i=1

Zf:l 05 .

where c is the centroid of these points, i.e., ¢ = 3

Note that the centroid is the point that minimizes the cost when it is measured
in squared Eulidean distance. This explains the choice of c.

As mentioned earlier, since clustering is a very service dependent issue, its
potential applications usually impose certain constraints. The sequential cluster
problem is similar to the traditional clustering problem, except that all the objects
considered contain not only their attributes but also individual sequence numbers,
and all objects belonging to the same cluster have to be continuous with respect to
that sequence. In this paper, a partition refers a division of an integer interval into
several continuous regions, each of which is called a segment. An example partition
of {1,2,3,4,5} could be {{1,2,3},{4,5}}, where {1,2,3} and {4, 5} are also called
segments. A partition composed of k segments is called a k-partition. The terms
data point and object are used interchangeably in this paper. The definition of
sequential clustering problem is stated as follows.

Definition 3 (Sequential clustering problem)
Given a dataset D of n objects {01, 09, ..., 0, } and a desired number of clusters
k, each object o; is given a unique sequence number s; € [1,n]. {Cly, Cly, ..., Cly}
is said to be a k-partition of the dataset, if it is a disjoint partition of the
dataset, i.e., Cl; N Cl; = ¢, Vi # j, and the sequence numbers of all objects
within each Cl; are continuous. The sequential clustering problem is defined
as the problem of determining the k-partition in such a way that the total

k
cost, i.e., Y Cost (Cly), is minimized.
i=1

From the definition of the sequential clustering problem, it follows that each
segment corresponds to one cluster of data points. In addition, the sum of the
objects’ features of a cluster {o1,02,...,0,} is defined as sum = (3, .0 0.71,
Y ocCl 025 oy Y _occy 0-Ta),and the square sum of the cluster is defined as sqsum =
(YCoect 043, D oect 043, -y Yopecy 0-45). According to these definitions, we can
derive the following theorem which is important for determining the cost of a cluster.

Theorem 1: Given a cluster Cl = {01, 09, ...... ,0n }, the cost of the cluster can be
determined by the following formula.

———9
sum

Cost (Cl) = <sqsum - ) -(1,1,1,..,1),

n

———9. — ———
where sum?is defined to be sumi - sum.
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Proof: Without loss of generality, the degree of dimension is assumed to be two,
i.e., there are only two features, o.x and o.y, of an object 0. Then center ¢ of a
cluster Cl can be expressed as ¢ = (T,7y) = %20601 (0.¢,0.y). Thus, the cost of
the cluster can be expressed as

Cost (Cl) = Z ((o.x —7)% + (0y —5)2) = Z (0.x —F) + Z (oy —7)°

0eCl 0eCl oeCl
= < > o.xQ) + ( > 0.y2> —nXT?—n X7
0eCl 0eCl
, sum?
= <sqsum— ) -(1,1,1,..,1).

Q.E.D.

For example, given a cluster {(1,1),(2,3),(4,2)}, we have sum = (7,6) and
sgsum = (21, 14). Then the cost of the cluster is ((21, 14) — (49—;’@) (1,1) = 6.667.

From Theorem 1, it can be seen that to determine the cost of a cluster, one would
only need the values of three parameters, i.e., n, sum, and sqsum, for this cluster.
To facilitate our description, we define a new terminology, information triplet of a
cluster, as follows.

Definition 4 (Information Triplet)
Given a cluster of n objects and their features, the 3-attribute tupple, (n,
sum, sqsum), is called the information triplet of the cluster.

Theorem 1 leads to the following corollary.
Corollary 1.1: Given the information triplets of two clusters, (sum;, sqgsum;, n;)
of Cl; and (su—m; ,sqs—um; ,nj) of Cl;, the information triplet of the new cluster
formed by merging the two disjoint clusters can be expressed as

(sumi + sumy, sqsum, + sqsum;, n; + n]-) .

According to Corollary 1.1, we can obtain the information triplet of a new
cluster formed by the merge of two clusters in only constant time, which in turns,
means that the cost of this newly formed cluster can be obtained in constant time.
This property is important and will be fully utilized in SCopt and SCgp to reduce
their execution complexity.

3 Algorithms for Sequential Clustering

In this section, two algorithms are devised to solve the sequential clustering problem.
Specifically, we first prove that this optimal sequential clustering problem possesses
the optimal substructure property which means that an optimal solution to the
problem contains the optimal solutions to its subproblems. In light of this property,
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we devise algorithm SCopt to obtain the optimal solution of the problem. The
time complexity of algorithm SCopT is O (an), where n is the size of the dataset
and k is the number of clusters. To further reduce its complexity, we devise a
greedy algorithm, algorithm SCgqgp, based on the hill climbing technique to solve
the problem in the linear time complexity.

3.1 Development of Optimal Algorithm SCopt

We first derive Lemma 1 which states that this sequential clustering problem pos-
sesses the property of optimal substructure.

Lemma 1 (Optimal substructure property): Given a dataset D of n sequential
objects 01, 02, ..., 0y, suppose {Cly, Cls, ..., Cl; } is an optimal k-partition. Then, for
any 4, j, such that 1 < i < j < k, {Cl;,Cl;41,...,Cl;} is an optimal (j —¢ + 1)-
partition for the subdataset D’, where D’ = ngiC’lt.

Proof: We prove this lemma by contradiction. Suppose that {Cl;, Cliy1,...,Cl;}
is not an optimal (j — 4+ 1)-partition of the dataset D', i.e., there exists another
(j — i+ 1)-partition of D, {Ol’ C’lH_17 ...,C’l;-}, that is different from {Cl;, Cl;41,

., Cl;} and Zt:i Cost (Cl;) < >1_, Cost (Cl;). Consider this new k-partition of
.D7 {Oll, CZQ,..., Clifl, Cl Oll_,'_l,...,Cl;-, Olj+1, ceey Clk} The total cost of the
new k-partition is Y7y, Cost (Cli) + (Xi_, Cost (Cl}) — 1_; Cost (Cly)). Since

_;Cost (Cl}) < >°1_,Cost(Cly), the cost the new partition is less than that

of the original one, i.e., Et:l Cost (Cly,). This is a contradiction to the fact that
{Cly,Cly,...,Cl;} is an optimal k-partition. This lemma follows. Q.E.D.

From Lemma 1, it follows that the dynamic programming technique can be
employed to obtain the optimal solution of this sequential clustering problem.

Algorithm SCOPT3 SCOPT (D,k)

//Find an optimal k-partition of the dataset D = {01, 02, ...,0,}
1. set n =|D|;
2. for j=1ton
3. set left[1][j] = Cost({o01,02, ...,0;});
4. set size[l][j] = (j);
5. fort=2tok
6. for j=ntoi+1desc
7. set left[i][j] = oo;
8. forl=1toj—k
9. if (OOSt({Oj,H_l, Of—1425 -4+ O]'}) + left[’t - 1} [] - l] < left[z] [j])
10. set left[i][j] = Cost({0j_it+1,0j—142,...,0;}) + leftli — 1][j — ];
11. set sizeli][j] = (size[i — 1][j — 1], 1);

12. return size[k][n];

An important technique of algorithm SCgopr is the reuse of stored information
in previous iterations, i.e., arrays left and size. To exploit the property of optimal
substructure, two arrays, left and size, are maintained during the execution of the
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Figure 2. An example trace log of a moving object.

algorithm. The minimal cost of all possible i-partitions of the subdataset formed
by the first j objects, i.e., {01,092, ...... .05}, is stored in left[i][j], and the size of
each cluster of the optimal solution is stored in size[i][j] of which each element is
a list. For example, if {Cly, Cly, ...... ,Clp} is the optimal h-partition of D', where
D’ is formed by the first m objects in the dataset, i.e., D' = {01, 0, ...... ,Om }, then
left[h][m] = Z?:l Cost (Cl;) and sizelh][m] = (|Cl],|Cla|, ......,|Cly|). After the
execution of the algorithm, the minimal cost of all the k-partitions of the whole
dataset D will be stored in left[k][n], and the corresponding clusters partitioned
can be directly derived from size[k|[n].

Explicitly, from Step 1 to Step 4, algorithm SCop sets the initial value of
left and size. Each left[1][j], for j from 1 to n, is initially set as the cost of
the cluster {01,02,...,0;}, and each size[l][j], for 1 < j < n, is set as a list of
only one element with the value being the size of that cluster, i.e., size[l][j] =
(j). Then, the algorithm enters the main iteration. At the ¢-th iteration (i.e.,
it = t+ 1), by considering all the possible sizes of the last cluster together with
the information stored in the previous iterations, the algorithm will determine the
optimal i-partition for the objects in the front. An illustrative example for the
operations of algorithm SCoprt is given below.

leftil[j] | 7 6 5 4 3] 2 [1
1 169.7 | 158.2 | 140.8 | 1198 | 753 | 0.5 | 0
2 965 | 715 | 205 | 55 | 05 | 0 | —
3 215 | 205 | 55 | 05 | 0 | — | —

Table 1. Values in the array left in Example 3.1

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited 148



size[i][J] 7 6 5 1 3 2 | 1
1 (7) (6) (5) (4) (3) 2 | @)
2 25 | 24 | @23 | @2 | @0 |[@n]| -
3 232 23D 22D | L) | L) | — | -

Table 2. Values in the array size in Example 3.1

Example 3.1: Consider the trace of a moving object shown in Figure 2.
The coordinates of these points are (1,5), (1,6), (11,2), (12,5), (10,8), (3,3), and
(4,2). Values in the array left are shown in Table 1 and those in the array size are
shown in Table 2. The procedure to determine the values of array left and size is
described below. At the beginning of last iteration, i.e., i = 3 and j = 7, the values
of left[3][7] and size[3][7] are determined at the algorithm from Step 7 to Step 11.
Note that, the values of size[2][j] and left[2][j], for j from 2 to 7, are obtained
in the previous iteration. The answer of left[3][7] and size[3][7] could be obtained
directly by evaluating all of the possible sizes of the last cluster. When the size
of last cluster is one, we have Cl3 = {o7}. Thus the information triplet of Cl3 is
((4,2),(16,4),1), and Cost (Cl3) = 0 since Cl3 has only one object. Then, from
Lemma 1, it follows that the first (7 — 1) = 6 objects should be optimally partitioned
into two clusters. From size[2][6] = (2,4), we have its optimal 2-partition of as
{{o1,02},{03,04,05,06}}. From left[2][6] = 71.5, it follows that the total cost of
these two cluster is 71.5. Hence, as the size of the last cluster is 1, the optimal
cost is (0 + 71.5) = 71.5. When the size of last cluster becomes 2, the information
triplet of the last cluster is updated to ((7,5), (25, 13),2) whose cost is 1. Then the
first (7 —2) = 5 objects are partitioned into two clusters. Since left[2][5] = 20.5
and size[2][5] = (2,3), one of the candidate value of left[3][7] is (1 + 20.5) = 21.5.
After evaluating all of the possible sizes of the last cluster, it can be shown that 21.5
is the minimal value. Details are shown in Table 3. From size[3][7] = (2,3,2), we
obtain the optimal 3-partition of the 7 objects as {{o1,02},{03,04,05},{06,07}}.

Size of last cluster 1 2 3 4 5
Matched left | 71.5 | 20.5 5.5 0.5 0
Matched size | (2,4) | (2,3) | (2,2) | (2,1) | (1,1)

Cost of last cluster 0 1 49.3 | 79.8 96

Total cost | 71.5 | 21.5 | 54.8 80.3 96

Table 3. The profile when the last cluster is examined

Note that in our design, the Cost function used in Step 9 and Step 10 can
be determined in only constant time, as proved by Theorem 1. This means that
we can obtain the cost of a new cluster only by the information triplet instead of
recalculating it.

Theorem 2: The time complexity of algorithm SCopr is O (k:nQ)

Proof: In the algorithm, the statements from Step 9 to Step 11 will be executed for
S (G — k) = & (k — 1) (2k? — 6kn + 3n® + 2k + 3n — 6) times. As shown
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Figure 3. Examples of move and jump of a separator.

in Theorem 1, each iteration of these statements is executed in constant time. Since
k is in general smaller than n, the time complexity of this algorithm is O (kn?).
Q.E.D.

According to the time complexity, the algorithm can be applied to a dataset
of up to thousands of objects.

Theorem 3: The space complexity of algorithm SCopr is O (kn).

Proof: Note that the only information we need to calculate sizeli][j] and left[d][J]
is stored in size[t — 1][t] and left[i — 1][t], for t € {k,k+1,...,j —1}. Moreover,
the value of j is decreased from n to i 4+ 1 in the algorithm. Hence, we can reduce
array size and left to only 1 dimension by removing the first dimension [i], leading
to the fact that the space complexity of algorithm SCopr is only O (kn). Q.E.D.

3.2 Development of Greedy Algorithm SCgp

Although algorithm SCopr is able to obtain optimal solutions of the sequential
clustering problems, as conformed by our experimental results, the time complexity
of SCopt allows it of handling only up to thousands of data points in reasonable
time. However, as pointed out earlier, this might not be adequate for some appli-
cations. Thus, we propose a greedy hill climbing algorithm, algorithm SCgp, for
better execution efficiency.

To facilitate our description of algorithm SCgp, we use the term separator to
refer to the division of two neighboring clusters. For example, in Figure 3(a), there
are two separators (shown in solid lines) that divide the numbers into 3 segments,
e, {{1,2},{3,4,5},{6,7,8}}. We next define two actions of a separator, namely
move and jump, to perform re-clustering. In Figure 3(a), a move action moves the
second separator (between 5 and 6) to a new position (between 7 and 8), resulting
in a new clustering of {{1,2},{3,4,5,6,7},{8}}. In Figure 3(b), a jump action
relocates the first separator (between 2 and 3) to a new position (between 7 and
8), leading to another clustering, i.e., {{1,2,3,4,5},{6,7},{8}}. Note that a move
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Figure 4. The definition of insertion and remowval.

action can only move a separator and insert it into neighboring clusters, whereas a
jump action is allowed to relocate a separator to nonadjacent clusters.

In fact, either of the two actions, i.e., move or jump, can be decomposed into
two basic operations, i.e., insertion and removal. The two operations are shown in
Figure 4. However, for the move action, the removal has to be immediately before
the insertion, and there is thus unnecessary to perform such a decomposition for
the move action since no extra flexibility will be allowed. On the other hand, there
is no removal/insertion order imposed for a jump action and we hence decompose
a jump action into a removal and an insertion. As such, we can estimate the cost
reduction resulted by a jump action in advance by evaluating all of the possible
insertion and removal operations. With the decomposition of the jump action, we
are to use the move actions, insertion operations and removal operations to perform
the clustering. In algorithm SCgp, the move actions and insertion operations
are designed to attain the local optimal, i.e., a separator will be moved to and/or
inserted to a position that maximizes the cost reduction.

Algorithm SCGDZ SCGD(D,k)
//Find a sub-optimal k-partition of the dataset D = {01, 02, ...,0,}

1. Set the k — 1 separators to arbitrary locations. That is, the n objects are
arbitrarily divided into k clusters.

2. Calculate the cost reduction of all possible jump (decomposed into insertion
and removal) and move actions, and store the actions with their cost reduc-

tions into Action-Q in order of their cost reduction.

3. Identify the maximum cost reduction from Action-Q, if the cost reduction is
negative then goto Step 5.

4. Perform the action, and then update Action-Q by removing invalid actions
as well as inserting new actions. Then goto Step 3.

5. Output the total cost of all clusters, and then stop.
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Since the total cost of all clusters is monotonic decreasing, algorithm SCgp
will finally complete and reach a local minimum. Experimental results show that
the algorithm converges very fast. In the section of performance studies, we will
show that algorithm SCgp leads to solution clustering of very good quality, which
is in fact very close to that by SCopr. The following two theorems show the time
and space complexity of algorithm SCgp.

Theorem 4: The time complexity of algorithm SCgp is O (%l + n), where [ is
the times of execution of Step 3 and Step 4.

Proof: With the decomposition of the jump action, Step 2 only needs to consider
k insertion operations, k — 1 removal operations, and £ — 1 move actions instead
of considering (k — 1) (k —2) jump and k£ — 1 move actions. The time needed to
construct each insertion operation and move action is proportional to the sizes of
related clusters, and is constant for each removal operation. By utilizing the heap
data structure, an insertion into Action-Q only consumes the time in the order of
In (|Action — @)|), which is smaller than the order of average cluster size, meaning
that the time complexity of Step 2 is O (n). Also, an extraction from Action-Q
only takes a constant time and the time complexity of Step 3 is thus O (1). After the
execution of the extracted action, the partition of clusters is changed. Some actions
in Action-Q become invalid, and some new actions need to be added. The time
complexity of Step 4 is also proportional to the sizes of related clusters since some
move actions and insertion operations have to be reconstructed. Thus the time
n

complexity of Step 4 is O (I) It follows that the time complexity of algorithm
SCep is O (’—Zl +n). Q.E.D.

Theorem 5: The space complexity of algorithm SCgp is O (k).

Proof: This theorem follows from the fact that only k insertion operations, k — 1
removal operations, and k — 1 move actions need to be stored in Action-Q, and
by utilizing the information triplet structure, each action can be stored in constant
space. Q.E.D.

An illustrative example for the operations of algorithm SCgp is given below.

Example 3.2: Consider the trace log shown in Figure 2 again. Assume the
initial partition, which is arbitrarily chosen at the beginning of algorithm SCgp,
is {{o1, 02,03,04} ,{05,06} ,{o7}}. Recall that all the actions are designed to attain
the local optimal. The legitimate actions and operations in Action-Q with their
cost reductions are listed below.

Action Name | mv_1 | mv_ 2 |idins 1 |ins 2 |rm_1| rm_2

Cost Reduction | 85.25 36 114.25 37 -1.417 | -12.333

Note that we have only two insertion operations since a separator cannot be inserted
into a cluster with only one object. The symbol mv 1 means the move action of
the first separator, and its cost reduction is 85.25 since the difference between the
orignial cost, i.e., Cost ({01, 02, 03,04})+ Cost ({05, 06}), and the local optimal cost,
i.e., Cost (01,02) + Cost (03,04, 05, 06), is 156.75 — 71.5 = 85.25. Similarly, ins_1
means the insertion of a separator into the first cluster, rm_ 1 means the removal of
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Figure 5. The generated synthetic data of different divergence factors.

the first separator, and so on. From these actions and operations, it can be verified
that the jump of the second separator into the first cluster (combination of ins 1
and rm_2) is the action that maximizes the cost reduction. After the execution
of this action, the partition will become {{o1,02},{03,04},{05,06,07}}. Since the
clustering is changed after the jump, we need to reconstruct Action-Q. The new
elements stored in Action-Q are listed below.

Action Name | mv_ 1 |mv 2 |ins 1 |ins 2 |ins 3| rm_1 | rm_2
Cost Reduction 0 33 0.5 5 48.333 | -114.25 | -41.667

Again, we take the action that maximizes the cost reduction, i.e., mv_ 2, and then
the partition will become {{o01,02},{03,04,05},{06,07}}. Note that this action
does not change the first cluster, so that we need not recalculate the insert 1
operation. After this action, the elements in Action-Q are shown below.

Action Name |mv 1| mv 2 |ins 1 |ins 2 |ins 3 |rm 1| rm 2

Cost Reduction 0 0 0.5 15 1 -120.3 -75

It can be verified that no futher move or jump actions in Action-Q are available to
reduce the cost. Algorithm SCgp thus completes. In this case, the final partition of
the dataset by algorithm SCgp is {{01,02} , {03,04,05} , {06, 07} } which is identical
to the one obtained by algorithm SCopr in Example 3.1.

4 Performance Studies

To assess the performance of algorithm SCopt and SCgp, we have conducted a
series of experiments on these two algorithms. These experiments are performed
on a computer with 700Mhz Intel CPU and 256M of memory, running Microsoft
Windows 2000.

4.1 Synthetic Data Generation

In order to generate the synthetic data used in our experiments. We adopt a method
similar to the one in [25], by which n data points for k& clusters are generated.
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Figure 6. (a) The sizes of clusters by SCopt and SCep. (b) Cost
difference between SCopt and SCap (in percentage).

Without loss of generality, every generated data point is 2 dimensional and assigned
a sequence number from 1 to n. We also use a parameter f, called divergence
factor, to model the divergence of data points in each cluster. That is, the lager
the value of f, the further away points in each cluster (after clustering) are from
their centroid. Two generated patterns with different random factors are shown in
Figure 5, where objects of different clusters are represented by different symbols,
i.e., the first cluster is represented by diamonds, and the second is by squares, and
the third is by triangles.

4.2 Experiment I: On the clustering quality of SCgp

A series of synthetic data are generated to assess the clustering quality of SCgp.
The results are shown in Figure 6(a).

It can be seen from the figure that the quality of the clustering by algorithm
SCgp is very high and in fact very close to that achieved by algorithm SCopr.
Note that the effectiveness of algorithm SCgp is also affected by the total number
of objects to be clustered and also the average size of clusters. More experiments
are conducted to investigate the cost difference between SCopr and SCgp and
the results are shown in Figure 6(b), where the x-axis represents the average size of

clusters, the y-axis is the cost difference between SCopr and SCgp in percentage

. total cost by SCgp—total cost by SCopr .
(i.e., total cost by SCopr % 100%), and four curves for different

values of n are examined. As shown in Figure 6(b), it is seen that as average size
of clusters increase, the solution quality of algorithm SCgp approaches to that of

4.3 Experiment Il: On the scalability of clustering algorithms

As mentioned before, due to its time complexity, algorithm SCopt can only be
applied to a small dataset (up to thousands of objects). Execution efficiency of
SCopt and SCgp is shown in Figure 7 which in fact conforms with the complexity
derived by Theorem 2, i.e., O (kn2) for algorithm SCopr and Theorem 4, i.e.,
0] (%l +n) for algorithm SCgp. The linear time of algorithm SCgp is again
validated by the experiments conducted in Figure 8 fro a huge number of data
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Figure 8. Scalibility of algorithm SCgp.

points. From Figure 8, it is noted that algorithm SCgp is able to deal with a
large amount of data very efficiently, showing the very advantage of its linear time
complexity.

5 Conclusion

We studied the problem of optimal sequential clustering in this paper. Specifically,
we first proved that this optimal sequential clustering problem possesses the optimal
substructure property. In light of this property, we devised algorithm SCopT to ob-
tain the optimal solution of the problem. The time complexity of algorithm SCopT
was proved to be O (kn?), where n is the size of the dataset and k is the number
of clusters. To further reduce its complexity, we devise a greedy algorithm, SCgp,
which solves the problem in linear time. Extensive experimental studies were con-
ducted to evaluate the performance and the effectiveness of these two algorithms.
It has been shown that algorithm SCgp is able to obtain the solution clustering of
very high quality which is in fact very close to that obtained by algorithm SCopr.
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