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Abstract native methods such as support vector machines) the task of

Density estimation is a core operation of virtually all probabili€Stimating a probability density from data is a fundamental
tic learning methods (as opposed to discriminative methods). 1€, Upon which subsequent inference and decision-making
proaches to density estimation can be divided into two princigdfiocedures are based. For example, in classification one
classes, parametric methods, such as Bayesian networks, and At find P(ClX) = % whereC' is one of K
parametric methods such as kernel density estimation and smoothsses ang(X |C') is the (class-conditional) density of the
ing splines. While neither choice should be universally preferrddta X . Direct density estimation provides a principled way
for all situations, a well-known benefit of nonparametric methods formulate many common types of analyses, for example
is their ability to achieve estimation optimality for ANY input dis-outlier detection (as low-density points), or more generally
tribution as more data are observed, a property that no model vgtoring of points according to how 'common’ they are. In

a parametric assumption can have, and one of great importancgeneral, density estimation provides a classical basis across
exploratory data analysis and mining where the underlying disstatistics for virtually any kind of data analysis in principle,
bution is decidedly unknown. To date, however, despite a wealtftluding clustering, classification, regression, time series
of advanced underlying statistical theory, the use of nonparamegiwalysis, active learning, and so on [7, 1].

methods has been limited by their computational intractibility for

all but the smallest datasets. In this paper, we present an algoriheh Methods of estimating a density. The task of es-

for kernel density estimation, the chief nonparametric approatimating a probability density from data is a fundamen-
which is dramatically faster than previous algorithmic approachigd one, upon which subsequent inference, learning, and
in terms of both dataset size and dimensionality. Furthermore, thecision-making procedures are based. Density estimation
algorithm provides arbitrarily tight accuracy guarantees, provideas thus been heavily studied, under three primary umbrel-
anytime convergence, works for all common kernel choices, da: parametric, semi-parametric, and nonparameBaca-
requires no parameter tuning. The algorithm is an instance ofnetric methods are useful when the underlying distribution
new principle of algorithm design: multi-recursion, or higher-ordés known in advance or is simple enough to well-modeled

divide-and-conquer. by a standard distributionSemi-parametrianodels (such
Keywords: kernel density estimation, nonparametric statistics, algorithn&S Mmixtures of simpler diStribUtiOﬂS) are more flexible and
divide-and-conq uer, space-partitioning trees. more forgiving of the user’s lack of the true model, but usu-
ally require significant computation in order to fit the result-
1 Introduction: Data Analysis Without Assumptions ing nonlinear models (such as the EM iterative re-estimation

In this section we'll briefly review the fundamental problerf’€thod).Nonparametrianethods assume the least structure
of density estimation and the reasons that nonparame@:ﬁéhe three, and take the strongest stance of letting the data
density estimation approaches are particularly well-suits@eak for themselves [22]. They are useful in the setting
to exploratory data mining. We'll then describe the sevefé arbitrary-shape distributions coming from complex real-
computational obstacles posed by nonparametric den¥f§¥ld data sources. They are generally the method of choice

estimation, the main factor limiting their use in large-scal@ exploratory data analysis for this reason, and can be used,
data analysis. as the other types of models, for the entire range of statistical

settings, from supervised learning to unsupervised learning
1.1 Thefundamental problem of density estimation. In 0 reinforcement learning. However, they apparently often
any probabilistic learning method (as opposed to discringome at the heaviest computational cost of the three types
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of models. This has, to date, been the fundamental limitéernel density estimatiofiK DE) is the most widely analyzed
tion of nonparametric methods for density estimation. It prand used nonparametric density estimation method, hence
vents practitioners from applying them to the increasinglye focus this paper. (There exist many elaborations upon the
large datasets that appear in modern real-world problefnasic model presented here, but most of them do not pose any
and even for small problems, their use as a repeatedly-capedticular problems for our computational approach.) The
basic subroutine is limited. 'model’ is the training dataseX . (having sizeNr) itself, in
Neither parametric nor nonparametric estimators addition to a local kernel functiof () centered upon each
universally preferable in all situations, however. For exanraining datum, and its scale parameigthe 'bandwidth’).
ple, when the sample size is small, there are sometimes $tae density estimate at thé” test pointz,, is
tistical reasons to prefer parametric methods - though in the
data mining setting we are generally dealing with large if not . 1 Uz, =zl
massive datasets. If compression is desired, nonparaméilri ) play) = Nr Z Von <T)
methods are entirely inappropriate. On the other hand, of-
ten strong parametric assumptions are inappropriate, perhapswhereD is the dimensionality of the data am@ is the
nowhere more so than in exploratory data analysis. In priglume encompassed by(-).
tical terms, incorrect assumptions generally lead to incorrect
inferences. 15 Practical issues of KDE. For good estimates, the ex-
act form of K(-) turns out to be relatively unimportant,
1.3 Density estimation without assumptions. Nonpara- While the correct choice of is critical [22, 20]. Common
metric methods make minimal or no distribution assumghoices fori'(-) are the spherical, Gaussian, or Epanech-
tions and can be shown to achieve asymptotic estimation 8kov kernels; our method works efficiently with any such
timality for ANY input distribution under them. For exam-Standard kernel. The spherical kernél (g, z,) = 1 if
ple using KDE (detailed below), with no assumptions at alk, — z.|| < h, otherwise0) is simplest but can introduce
on the true underlying distribution, given only that the scafarp discontinuities for small datasets. The Epanechnikov
hy — 0 andNhy — oo, and that the kernek (-) is a non- kernel (K (z,, z,) = $9E= (1—||z,—z,||*) if [|z,—z,|| < A,
negative Borel function whose integral is 1 (easily satisifi@dherwise0, whereV’p, is the volume of the sphere in D
by all commonly-used kernels), then with probability 1, dimensions) has the property of asymptotically-optimal effi-
ciency among all possible kernels [8], and so is the default
(1.1) / 15(z) — p(z)|dz — 0 as N — oo used in our studlgs. _ _
While a multitude of analytical, or 'plug-in’ methods
i.e. as more data are Observed' the estimate Converg@-§t for SeleCting the Optlmal bandwidth for a dataset, their
to the true density [5]. This is clearly a property that n@erivation usually depends on asymptotic assumptions which
particular parametrization can achievé. For this reason may or may not hold for the data at hand. The alternative, for
nonparametric estimators are the focus of a consideralgéable bandwidth selection, is cross-validation [2, 22, 15].
body of advanced statistical theory [19, 6]. However, such procedures entail performing multiple den-
sity estimates, one for each of tlie candidate bandwidths
14 Kernel density estimation. The task is to estimate theconsidered, which multiplies the core cost of estimation by
density j(z,) for each pointz, in a query (test) datasetanother factor OB. This makes the cost of estimation even
X o (having sizeNg), from which we can also compute thénore acutely felt in practice.

overall log-likelihood of the dataséty = Zf]vjl logp(z,).

t=1

1.6 Computational cost of KDE. The basic cost of KDE
(for a given bandwidth) poses two severe computational

Semi-parametric’ approaches provide a certain middle-ground kehsiacles, which are the primary problems addressed by this
tween parametric and nonparametric approaches, utilizing a number of com-

ponents/hidden units/basis functions which is smaller than the training Pe%per'

but are generally characterized by nonlinear optimization procedures which . . . . . i
either find only locally-optimal solutions dependent on starting conditions ® Quadratic time complexity. The main difficulty is
(e.g. EM, gradient descent) or are acutely expenseg.(quadratic pro- that evaluating a density naively (by summing over

gramming). Semi-parametric methods such as mixtures of Gaussians or sig- each training point for each of the query points) is
moidal neural networks can be shown to to approximate any density, BUT O(NQ NT) (or simpIyO(Nz)' much of the time it will

only if the number of components/hidden units is allowed to grow to infin- turn out that¥ ~ = X.. so for notational convenience
ity with the data: at this point they are by definition nonparametric methods. =Q — =T

When viewed this way, as universal approximators with a very large number W€ may also us¢/ = Ng = N).

of components, such models suffer from a similar computational problem to . . . . .

the one we address here— and as it turns out similar methods apply to such CUr se of dimensionality. The general learning setting
models. is necessarily multivariate, and thus the assumption in
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this paper. Algorithms which scale exponentiallyZin 3 Space-partitioning Trees

are said to suffer from the curse of dimensionality. Thisom the outset, our approach departs from the fundamen-

behavior tends to quickly render problems beyond evglly exponential nature of grids in the multivariate setting.
one or two dimensions intractable, so thought must be

given to avoid this. 3.1 From gridsto kd-trees. A tree can be understood in
o this context as a more powerful generalization of a grid
2 Existing Approaches - specifically, as a set of linked grids built at different

Though interest in the computational problem of kernedsolutions This departure from the simplistic grid to the
density estimation is nearly as old as the statistical methoeke suddenly yields a basis for divide-and-conquer, which
itself, effective algorithmic solutions have been developedn integrate local information to obtain an accurate global
only for the univariate case. These methods do not extesmution.

feasibly to the general multivariate setting.

2.1 Griddingthedata. The idea of gridding is to approx-
imate the training data by chopping each dimension into a
fixed number of intervald/, then assigning the original data

to neighboring grid points to obtain grid counts, representing

the amount of data in its neighborhood. The kernel func- ; .
tion is evaluated at grid points rather than actual points. The 1
main problem with gridding is that the number of grid points )

&

required isM P, exponential in the number of dimensions.

.

proportionally toN if accuracy is to be maintained. Test
points falling in the regions in-between are linearly interpo-
lated, yielding another source of error. Further, the true error ‘
resulting from the reduced representation is not provided b /

The cost of estimating a density givéw training and test
points isO((M?)?), where presumably/ is somehow set q
s

such a method, and available insight into the error of such.*
procedures is limited [23]. Ironically, most of this computa- |~
tional expense is wasted, since in higher dimensions most of

the grid cells will be empty. A recently-proposed method of
this kind is the 'fast-binning’ method [9].

@

Figure 1: Fourth level of amrkd-tree.The dots are the individual
) ) data points. The sizes and positions of the disks show the node counts and
2.2 FFT on gridded data. An elaboration uses the fastentroids. The ellipses and rectangles show the covariances and bounding

Fourier transform [21, 22], performing discrete convolutiom®xes.
to combine the grid counts and kernel weights. However,
because a grid still underlies the method (the FFT was kgtrees [10, 18, 4] are simple yet effective space-
intended for a regularly-spaced time-varying signal, whigiytitioning trees, where each node in the tree defines a dis-
explains its awkwardness in this context), it still suffers frog,qt region in the data space using a bounding hyperrectan-
similarly explosive scaling and error limitations. Its cost _' le (which is maximally tight in each coordinate), each split
O(MP log(MP)). For these obvious reasons, these grig made along a single coordinate (the one having largest
based methods were presented for the univariate setting @é\‘i’ance), and leaves contain one or a small number of
hardly considered fob higher than 2 or perhaps 3. points. The tree may be built all the way down to individ-
ual points at the leaves, or alternatively such that leaves con-
2.3 Naivemethod. For the general multivariate case, thefain up to some small predefined number of points. We use
the only available method is the simple looping describgd extension callethulti-resolutionkd-trees[4] which addi-
earlier. Its cost i€)(DN?). tionally contain local statistics such as the mean and covari-
ance within each node, depending on the problem. Besides
ZIn a thorough study by Wand[23], in tests of dimensionality up to §eneralizing the flat grid to higher levels of resolutiduw

and data size up to 10,000 points, it was concluded empirically that tﬂjées place hyperrectangles in a manner which is sensitive
method can give speedups up at most 5 over the naive method, and in man

cases incurs about the same computational cost as the quadratic mefﬁoﬁje shape of the denSIty’ a"OW_ us to escape mU(_:h OT the
Not surprisingly, available implementations by the authors are hard-code@Ccuracy caused by the data-blind nature of the simplistic
for the univariate case. grid.
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3.2 From rectangles to spheres: Anchor hierarchies. rode /
By partitioning in each dimension separateédgktrees have

some of the same property which causes the grid represen- /
tation to have exponential growth in the dimension. If we "™ " o
instead partition by selecting centrointsto define the
left and right sets of the partitioning, we can escape this rep-
resentation problem as well. It can also be seen that thEigure 2: Distance boundshe lower and upper bound on pairwise
is nothing in the construction, storage, or traversal of sucHigtances between the points contained in each okthiree nodes.

data structure, calledlzall-tree which grows exponentially

with the dimension of the data. Ball-trees can be built ef-

ficiently and with high quality using the anchors hierarchy

algorithm [16], and have been demonstrated to be effective

in up to thousands of dimensions in [16]). proximating its mass contribution by its centrqiq, i.e.

In generakd-trees are still effective in low dimensionsve add Ny K (x,,). Exclusion and inclusion are actually
and faster to build than ball-trees. Thus we have twoth special cases of this more general pruning rule. Up to
choices for our divide-and-conquer substrakettrees for this point we have described the algorithm of [4] adapted to
low dimensions (less than about 10) or ball-trees for high€DE, albeit in new terms and allowing a new type of tree;
dimensions (demonstrated to be effective in up to thousamdsv we add a few more things.
of dimensions in [16]).

Min Possible
Distance

4.3 Guaranteed point-wise precision. While in practice
4 Divide-and-Conquer: Single-Tree Algorithm quite judicious, the approximation pruning criterion de-

We'll now develop an algorithm where a single tree parffcribed does not provide an obvious guarantee on the accu-
tions the training sef{ . It builds upon the method offacy of the density estimajg(z,). We can maintain lower

[4]: though developed for kernel regression, it straightfoRd upper bounds andu, on this quantity itself: we be-
wardly leads to a method for KDE, which we'll augmerﬁin with maximally pessimistic bounds and tighten them
with bounded and prioritized approximationWhile new @s We recurse and observe training points at increasingly
and quite effective in its own right, we present it only asffier granularity. We start by agnostically setting the lower

stepping stone for understanding the more powerful dual-tRnd to assume that no training points contribute any mass,
method to come. and the upper bound to assume that all training points con-

tribute maximum mass. If we perform exclusion only when

41 Exclusion and inclusion. For each query point, wel(%-“f;:)% < ¢ (whered! anddu represent the contri-

traverse the tree in standard depth-first fashion. At each nbd&on of the node in question), we impose a hard guarantee
T encountered during the traversal, using the boundarytioht the maximum error if(z,) is no greater than. How-

the dataX ; in the node (having sizé&/r), we can easily ever, the resulting behavior is much less aggressive than that
compute lower and upper bounds on the distance betweénonstant-mass pruning.

the query point and any point iX,. Using this we can

compute bounds on the mass contribution0f to the 4.4 Locally prioritized approximation. Observing that
density at the query poinfi(z, ). If the maximum density the order of nodes encountered affects the efficiency of the
contribution of 7" is zero within the floating precision ofprocedure (the earlier we obtain tight bounds on a node, the
the machine, it can be pruned from the search. (we more pruning we can do), we replace the depth-first traversal
do not need to recurse on its children). The opposite with a local best-first traversal according to a simple priority
exclusion is also possible: we can prune a node whenfitaction (choose the node having minimum distance, fo
minimum possible mass contribution is 1 within machine-

precision. Note that exclusion does not necessarily introdice Higher-or der Divide-and-Conquer: Generalizingtoa

any error: in the case of a finite-extent kernel (such as Dual-tree Algorithm

the spherical or optimal-efficiency Epanechnikov kemepytending the ideas in the augmented single-tree algorithm
exclusion when the minimum distance is greater than thgt described, we now developlaattree algorithm: Now,
kernel extent preserves the result exactly. A similar propegysecond tree is also built to partition the query Xej.
holds for inclusion with the spherical kernel. Rather than compare a single point with chunks of data, we
_ o will now compare chunks with chunks. This will allow us
4.2 Constant-mass centroid approximation. If the per- o exploit additional structure in the overall computational
centage difference between these bounds is smaller t3gshlem and to reason globally about its parts. The algorithm
some predetermined small we can prune the node by apis shown with the developments in this section in Figure 3.
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5.1 Multi-recursion: Dual-treetraversal. We must now,

however, have a way of traversing two trees simultaneously:
we achieve this by means of a four-way recursive step,

corresponding to each possible node-pair comparis@he
single-tree algorithm is actually a special case of the du
tree algorithm, where the query set consists of one point &
the algorithm is simply called once for each query.

We’'ll also need to generalize some of our other notio
to the dual-tree case. Now the priority function choos
the node-pair having smallest distance between bounding
gions. The point-wise mass bouridseindu, are generalized
to lg andug, holding for all the query points in query nods

Q.

5.2 Guaranteed global precision. By considering all the
guery points simultaneously rather than individually, W
are now able to achieve approximation on the overall Ig
likelihood Lg: this is often the true quantity of interest, pa

a -
and

n}

ualtree(P)
lempty(P),

|LZ:LIQ|
[LL]

while

if < €, return.

s {Q,T,dl, du, p} = minpriority(P).
es

If p < pmax;
'€ al' = Ny K (maxdistQ, 7).
du’ = Np K (mindis{Q, T")).
dl = dl', du = du’ — Nr.
o du’—dl']
it oxan <9
foreach 1z, € Q,l; +=dl, uy +=du.
LlQ -=Nqlog(lq), L'y -= Nglog(ugq).
lQ +=dl, ug += du.
LlQ +=Nqloglg, LY += Nglogug.

ticularly when performing multiple density estimates within enqueue(Q, T, dl, du,priority(Q, T)+P}).
cross-validation for model selection. We now have the ability ~ continue.
to spend computation more wisely, possibly allowing extra else,

point-wise error in some query points as long as the ove
density’s error is still within our requirement.

Now a challenge is introduced, since we need to ma
tain bounds on global quantity, Lo, but each pruning or
approximation step in the algorithmliscal to a single query
node. The key to maintaining global log-likelihood boung
L’Q and L, during the search is the additive compositiq

of EQ, e.g. the contribution of node) to f’Q is the ad-
dition of Ng loglgy. To remove ambiguity across levels,
separate pair of bounds is maintained for each level in
guery tree. The global error constraint is met if at any ley
L;:flgl < e
ILG]

5.3 Globally prioritized approximation. It is now use-
ful to generalize the search control beyond locally-recurs
traversal using a globadriority queue®, which can influ-
ence the search toward node-pairs where the query no
bounds are currently least tight, with a simple modificatic
to the priority function. Search begins by pairing the tw
root nodes orP.

Al

dl = —dl, du = —du.

foreach z, € Q,l; +=dl, uy +=du.

LlQ -=Nqlog(lq), L'y -= Nglog(ug).

lQ +=dl, ug += du.

LlQ += Ngloglg, Ly += Ngloguq.
if leaf(Q) and leaf(T"), Dualtree base(Q,T).
enqueud.left, T.left,dl, du,priority(Q, T)).
enqueud.left, T.rightdl, du,priority(Q, T)).
enqueud.right,".left,dl, du,priority(Q, T).
heenqueud.right,T.right,dl, du,priority(Q, T)).
el

Dualtree base(Q, 1)

foreach =z, €@,

foreach =z, €7,

o 0= Kl =zl += e ug +=c.

/\Uq = T o~
’ l@ -= NQZOng, LG -= Nglogugq.

?Q = mingeq Iy, uQ = maxgeq Ug — Nr.
OLlQ +=Nqloglg, LY += Nglogug.

all

n-

>

DN~

Anticipating that the search will end at> 0, we can

Figure 3: Dual-tree algorithm, basic fornfor simplification,

ef_fe_Ctively d_efe_r the computational cost _Of maintaining thge aigorithm shown does not explicitly add the centroid mass to the
minimume-priority property of the underlying heap structurestimate, but simply tightens the lower and upper bounds; at the end of the
as long as possible, ending the search with as many unpadgputation, the estimajz, ) is based on the midpoint betweepand

for queue insertions as possible. This can be done 4y'n the pseudocodeontlnue' has the same meaning as in C, skipping

. . L. . . all'subsequent code and sending execution directly to thewtdi¢ loop
|mp_lemer_1t|ng the_ priority qU_eL@ using the_ asyr_nptotl_cally- iteration; alsca += b meansa = a + b. P is the maximum possible value
optimal Fibonacci heap, which has amortized insertion COggthe priority function. If a node is a leaf, its left or right child is defined to

O(1) and dequeueing coéX(log n) for n items on the queue. be itself.

3Interestingly, this progression can be extended to an arbitrary number
of trees (if done non-naively), to increasingly dramatic computational
advantage for the appropriate problems [12].
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5.4 Anytime pproximation property. Ensuring a global 7 Empirical Study

error guarantee requires that a previously approximaigd now empirically compare and evaluate the naive, single-
(pruned) node can have its mass contributions undoneyg® and dual-tree multivariate density estimation schemes.
that its children can be recursed upon for further accuracy
if needed. This is achieved by storing an approximated noglg Experimental methodology. We measure seconds of
on P for possible future revisiting, with a penalty to its prixctyal runtime on a modern Pentium-Pro Linux desktop
ority so that all unvisited nodes are chosen first. Importantlygrkstation with 2Gb of RAM. Asterisks denote times es-
this allows us to bring back the aggressive constant-mggsated from smaller problem sizes using the known algo-
pruning, since it can now coexist with the maintenance @fm complexity. All density estimates were performed
either a global or point-wise guarantee. Unfortunately, thig the optimal bandwidtth* as found by likelihood cross-
undoing capability slows the algorithm significantly once jl;jidation [14], chosen over the sgt.25,0.5,0.75, 1} x 10°
has reached the point of expanding only previously-obseryggd _ 5 < i < 1. The greatest computation requirement
nodes, so that it is still more efficient to chods® be in the 5jmost always occurred at the optimal bandwidth, as evi-
right ball park. The reversibility mechanism removes the 8fanced by the third table (in fact we conjecture that this may
solute need to make this choice, however, if desired by the 5 provable property of the algorithm), and so represents
user. The alg(_)rithm is shown in th_is fully reversible form. 5 worst case in terms of bandwidth. In all experiments a
The algorithm monotonically tightens the global bounggaye-one-out computation is measured, so the training set
with every node expansion (all undone tightenings are iqq test set have the same si¥e The approximation pa-
mediately replaced with tighter ones) and has no limit gBmeter is set in all cases so that the maximum possible er-
the accuracy it can achieve, unlike previous approximatigi} in the overall log-likelihood was no more thad=3, i.e.
methods: itis a trulanytimealgorithm. Unlike before, the gne one-hundredth of one percent away from the true value,
user need not speciyin advance, and can elect to insteaghd in most cases was no more tHarm®. The kernel func-

stop the convergence when satisified. tion used is the Epanechnikov kernel, which has optimal ef-
o ficiency among all kernel functions. In all of the experiments
6 Optimization of Upper and L ower Bounds only ball-trees are used.

We can enhance performance by maximizing the tightness

of the bounds, which allows approximation pruning as eaffy?2 Datasets. Most experiments are on a segment of the

in the search as possible. These techniques (not showslwan Digital Sky Survey—a dataset of current scientific in-

the algorithm for simplicity of presentation) are not strictl{erest, and the active subject of ongoing nonparametric den-

necessary in order to realize the primary gain in efficiensity estimation studies. It contains spatial coordinates in the

yielded by the dual-tree structure of the algorithm. first two dimensions and includes an additional 30 color at-
tributes from various instruments. The other datasets are

6.1 Cross-scale information maximization: Up-down a 2-dimensional astrophysical point-spread function param-

masspropagation. Each local bounds update due to a prureder dataset, a 5-dimensional biological screening dataset,

can be regarded as a new piece of information whichtie 38-dimensional Covtype dataset from the KDD reposi-

known only locally; information in the tree as a wholéory, and the MNIST 768-dimensional noisy character image

can be maximized by upward and downward propagatiafatabase.

Downward propagation recursively passgsanddu to the

entire subtree below). Upward propagation can be don&.3 Scaling with Dataset Size. The single-tree algorithm

similarly by taking the min/max of the children’s boundsscales as) (N log N). We believe that the dual-tree algo-

This technique can be seen as an instance of tree-ba#tadh scales a®)(N), as supported by empirical observa-

dynamic programming. tion, but the proof will appear in a future publication. Both
improve greatly upon th&(~N?) scaling of the naive ex-

6.2 Deferred asynchronous propagation. To avoid the haustive method. Tree construction scale®4d/ log V).

cost of full propagation down to the leaves upon every prumidpte that tree construction needs to be performed only once

we can employ a frugal asynchronous dynamic programmiiog the life of a dataset, and is thereafter amortized over all

method: dl anddu are passed only tQ's immediate chil- density estimation operations done using it.

dren, in temporary holding slots for 'owed’ mass. When-

ever any node is considered during the search, it first checks

these slots for any mass owed to it, integrates that mass into

its bounds, and passes the mass to its immediate children’s

'owed’ slots. Propagation with this technique now has cost

O(1) rather than scaling with the number of nodes in the tree.
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Data=SDSSD =2
N h* Naive Single Dual
Time Tree Tree
Time Time
12.5K .0025 7 45 12
25K .0025 31 1.4 31
50K .001 123 2.1 46
100K .00075 494 5 1.0
200K .0005 1976* 10 2
400K .0005 7904* 27 5
800K .00025 31616* 49 10
1600K .00025 126465* 127 23

Table 1: Scaling with dataset size: numerical values

Scaling behavior with number of data

140 T T T

—O— Single-tree algorithm
—— Dual-tree algorithm

120+

100

@
S
T

CPU time (seconds)
@
3
T

201 -

s
o

10 12

Number of data (test and train)

Figure 4: Scaling with dataset size: plot of values

7.4 Effect of kernél function. The infinite-extent Gaus-

7.5 Effect of bandwidth. As noted earlier, estimation at
bandwidths larger or smaller than the optimal bandwidth is

typically much less expensive.

SDSS,D =2
N=16M
h  Dual
Tree
.001R* 9
.01r* 9
JAR* 10
h* 23
10r* 18
100k 2
100R* 1

Table 3: Effect of bandwidth: numerical values

25

CPU time (seconds)
=
&
T

[
1)
T

Scaling behavior with bandwidth
T

0 L L L L L L
a o? =

1 10
Bandwidth

Figure 5: Effect of bandwidth: plot of values

sian kernel yields approximately double the cost of the other

two, finite-extent kernels.

Data=SDSSD =2
N Tree Dual Dual Dual
Build Tree Tree Tree
Time Spher. Epan. Gauss.
125K .3 A1 12 .32
25K .6 31 31 .70
50K 1 45 46 1.1
100K 3 1.0 1.0 2
200K 6 2 2 5
400K 15 5 5 11
800K 33 10 10 22
1600K 70 23 23 51

Table 2: Effect of kernel function: numerical values

7.6 Effect of approximation. Studying the effect of ap-
proximation for the Gaussian kernel (the finite-extent ker-
nels yield near-exact estimates almost irrespective of the ap-
proximation level), we see a dramatic drop in runtime as the
¢ tolerance is increased. Note that the maximum possible
error bounds provided by the algorithm are typically about
two orders of magnitude looser than the actual error in log-

likelihood.
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Data=SDSSN = 1.6M
Kernel = Gaussian

¢ Max. Dual
Poss. Tree
Error Time

.1 0.00084595 51
1 0.0149808 41
10 0.0753523 32
100 0.155863 21

Table 4: Effect of approximation: numerical values

Scaling behavior with approximation level
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Figure 6: Effect of approximation: plot of values

7.7 Effect of dimensionality. As we add more of the

Scaling behavior with number of dimensions
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Figure 7: Effect of dimensionality: plot of values
7.8 Other kinds of data. To exhibit the algorithm’s be-

havior under varying settings, we explore a sampling of
datasets generated by various different kinds of processes.

Other Datasets
Dataset N D h* Dual
Tree
Time
BIO5 103,016 5 1072 10
CovType 136,081 38 107* 8
MNIST 10,000 784 107° 24
PSF2d 3,056,092 2 107° 9

Table 6: Other types of data: numerical values

dimensions of the SDSS dataset, the space becomes more
complex and datasets are harder for the trees to localize.
Note, however, that the growth is polynomial rather thdh Past, Present, and Future

exponential inD.

Data = SDSS)N = 100, 000
D h* Naive Dual
Time  Tree
Time
2 .00075 494 1
3 .0075 543 6
4 .025 579 18
8 .05 945 41
16 .025 1424 43
32 1 3326 57

Table 5: Effect of dimensionality: numerical values

8.1 Previous related algorithms based on space-
partitioning trees. Both tree-based methods presented rep-
resent new extensions along a continuing line of research in
statistical algorithms [4, 17, 16, 11]. For the closely-related
problem of kernel regression, a sindlé+tree-based method
was presented in [4]. We presented an early bare-bones dual-
tree method for the KDE problem in [11], which used the ex-
clusion/inclusion idea and ad hocapproximation method.
Here we greatly extend that algorithm with several powerful
techniques (ball-trees, guaranteed pointwise precision, local
and global priority search, anytime reversible approximation,
dynamic programming, asynchronous propagation).

8.2 Multi-recursion and generalized N-body problems.

The dual-tree method is additionally an instance of a new al-
gorithmic design principle we refer to as higher-order divide-
and-conquer, or multi-recursion [12], which is appropriate
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for a wide range of problems which includes what we call
generalizedV-body problems: those involving distances or
potentials between points in a multi-d space. The famou8] L. Devroye and L. Gyorfi. Nonparametric Density Estima-
Greengard’s algorithm [13] for gravitational and electostatic

simulation can be seen as a special case of multi-recursi

algorithm specialized for the setting of Coulombic poten-
tials, utilizing the multipole expansion as its approximatiorm
workhorse. The same can be said of the well-separated pgi
decomposition [3], which was designed for computationa
geometry problems. Though related in this broad sense to applications 14:153—158, 1969.

the dual-tree algorithm presented here, these methods are [gtJ. Fan and J. Marron. Fast Implementations of Nonparametric
algorithms for solving the KDE problem, and no reasonable
adaptation of them for KDE would have the necessary prop-
erties for the general KDE problem. Comparison of the5&]
approaches with algorithms like the dual-tree algorithm pre-
sented in this paper is far afield of the topic of this paper but

can be found in [12].

8.3

[11]

Making nonpar ametric techniquesfeasible. We be-

lieve there exist no other KDE algorithms which approach
the efficiency (with accuracy) we have demonstrated fip]
terms of both dataset size and dimensionality. Note that
in the finite-kernel case our algorithms are exact, and in
the infinite-kernel case they provide hard lower and uppés]
bounds on their approximation error.

We hope that this new capability to perform kert14]

nel density estimation tractably, including solutions for
many of the practicalities of the task (large test and

query sets, possibly large dimension, parameter-less op-
eration, hard error bounds), will open new frontiers for

5]

the use of nonparametric density estimation in general,
as well as inspire algorithms for other nonparametric g3g)

timators.

The code will be available for download at

http://www.cs.cmu.edu/"agray. More generally,

the we will pursue the application of multi-recursive methods
to other major classes of nonparametric statistics, includitid]
nonparametric hypothesis-testing and nonparametric classi-
fication €.9. SVM’s), as well as common semi-parametric

models such as mixtures of Gaussians.

(18]

[19]
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