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Generalized Sensitivity Analysis: A Framework for Evaluating Data Analysis
Results

Ronald K. Pearson*

Abstract

This paper describes a general framework for both the
evaluation of data analysis results and the detection of
anomalies in datasets. The essential idea is that a good result
should not be highly sensitive to “reasonable” changes in
either the analysis method or the data on which it is based.
The general approach described here is closely related to the
ideas of robust statistics and to the notion of exchangeability,
which leads to a useful definition of “reasonableness” in the
context required here. Further, this approach is particularly
well-suited to the analysis of large datasets that support
various subset selection strategies. It is shown how this
general idea may be used to generate specific graphical
procedures for informally assessing the character of both
datasets and data models.
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1 Introduction

Data mining is primarily concerned with the analysis
of large datasets, usually collected under relatively un-
controlled conditions (e.g., financial transactions or in-
dustrial process data from historical databases). Hence,
the available dataset is likely to contain anomalous data
values that can influence standard data analysis results,
sometimes quite adversely. A closely related second
problem is the choice of an effective analysis method,
balancing two often conflicting objectives: insensitivity
to the presence of data anomalies, and the ability to ac-
curately characterize the nominal (i.e., non-anomalous)
portion of the available data. This paper proposes a
framework for systematically examining the influence
of both dataset variations and method options on the
results obtained in a wide variety of data mining prob-
lems, based on the following general observation:

A good data analysis result should not be
sensitive to small changes in the methods or
the datasets on which it is based.
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This statement is quite similar to the definition of a
robust data analysis procedure as one that exhibits
“insensitivity to small deviations from the assumptions”
on which the analysis is based [13, p. 1]. Further,
Huber [13, p. 7] also notes that, for practical purposes,
robustness is essentially equivalent to resistance, which
refers to a data analysis procedure that is insensitive
to small changes in the dataset on which it is based,
interpreted to mean either small changes in all of the
data values, or large changes in a few of the data
values. The idea proposed here is similar in concept but
different in detail, leading to a very general framework
for constructing simple graphical evaulation procedures
for essentially any type of data analysis.

More specifically, the Generalized Sensitivity Anal-
ysis (GSA) procedure proposed here consists of the fol-
lowing five steps:

1. Based on application-specific considerations, select
q > 1 scenarios ¥y to be compared;

2. Specify a mutually consistent sampling scheme to
be applied to all scenarios, ideally generating m
datasets S; per scenario, each of the same size n;

3. Select a real-valued descriptor d(-), used to charac-
terize the data analysis results considered;

4. Select a set {M;} of analysis methods that are
consistent with the descriptor d(-);

5. Construct a boxplot [12, p. 44] to compare the
results obtained by each method M; for all of the
subsets S generated under each scenario 3.

The primary objective of this paper is to show how
this sequence of steps may be turned into detailed pro-
cedures for comparing “equivalent” analysis methods
across “equivalent” datasets. Here, analysis methods
M; and M will be declared equivalent (more precisely,
d(-)-equivalent) if there exists a common descriptor d(-)
that can be meaningfully applied to the results obtained
by both methods. Datasets will be declared equivalent
if they are exchangeable in the data-analytic sense pro-
posed by Draper et al. [7].
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2 Example 1: CWMF tuning

Before presenting a more detailed discussion of the GSA
framework, it is useful to first illustrate the basic idea
with the following simple example. The problem of dy-
namic data characterization arises frequently in areas as
diverse as industrial process monitoring, financial data
analysis, and the characterization of biomedical data
sequences. An important practical aspect of dynamic
data characterization is that standard methods are of-
ten quite sensitive to the presence of outliers in these
data sequences. This observation has motivated the de-
velopment of various nonlinear data cleaning filters, in-
tended to remove these outliers from the observed data
sequences, thus improving the quality of the results ob-
tained via standard dynamic analysis methods. A pro-
cedure that is sometimes extremely effective in these
applications is the one proposed by Martin and Thom-
son for spectrum estimation [16]. Despite its effective-
ness, the practical utility of this procedure is restricted
somewhat by its complexity, leading to the considera-
tion of simpler alternatives like the median filter [17]. In
its standard implementation, this filter maps a finite-
length input sequence into an output sequence of the
same length, where the filter output w(k) at time k is
equal to the median of the values in the moving data
window from time k — K to time k + K:

(2.1)

w(k) = median {z(k — K),...,z(k),...,z(k + K)}.

(Because this filter depends on future data values, it
is not suitable for real-time applications, but it is
quite useful in off-line data analysis applications; also,
note that filter responses near the beginning and end
of the input data sequence require special handling.
For further discussion, see the book by Astola and
Kuosmanen [1].)

The essence of the data cleaning problem is illus-
trated in Fig. 1, which shows plots of four data se-
quences. The upper left plot shows the nominal data
sequence we would like to characterize. Here, this se-
quence was generated by the linear time-series model:

(2.2) z(k) = 0.8z(k — 1) + 0.6¢(k),

where {e(k)} is a sequence of independent, identically
distributed (i.i.d.), zero-mean, Gaussian random vari-
ables with variance o2 = 0.36, chosen so that the re-
sulting data sequence {z(k)} has unit variance. The
upper right plot in Fig. 1 shows the observed sequence
{z(k)}, mostly equal to the nominal data sequence, but
contaminated with 10 additive outliers, each of mag-
nitude +12 and randomly spaced in time. The lower
left plot shows the result {w(k)} of applying a standard
median filter with K = 2 to the observed data sequence
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{z(k)}. Comparing the upper and lower left-hand plots,
it is clear that, although the median filter has removed
the outliers, it has also introduced significant distortion.
To quantify this distortion, consider the error sequence
e(k) = w(k) — y(k) between the output of the median
filter and the nominal data sequence we wish to recover.
This sequence is shown in the lower right plot in Fig. 1.
The distortion of the nominal data sequence by the
median filter seen in this example is typical. Further,
because the median filter has only one tuning parame-
ter (the window half-width K), our ability to overcome
this problem is limited. One alternative that is some-
what more flexible is the center weighted median filter
(CWMF) [25], whose output at time k is given by:

w(k) = median {z(k — K),...,
z(k —1),Wouz(k),z(k+1),
(2.3) o z(k+ K}

Here, the symbol W oz (k) means that the central value,
x(k), is repeated W times in the indicated median. The
center weight W is usually taken as an odd integer, with
little loss of generality [25], and taking W = 1 reduces
this filter to the standard median filter. If W is any odd
integer greater than or equal to 2K +1, the central value
x(k) always dominates the median, reducing the filter to
the identity w(k) = x(k) for all input sequences {z(k)}.
Hence, it is interesting to consider the performance of
the center-weighted median filter for weights ranging
from W =1 (the standard median filter) to W = 2K —1
(the largest non-trivial odd integer center weight).

Fig. 2 illustrates the use of the GSA procedure to
assess the performance of the center-weighted median
filter as a function of its two tuning parameters, K
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Figure 2: RMS data cleaning error vs. CWMF tuning
parameters

and W. Here, the methods M; correspond to the
four choices of window half-width parameter K = 1,
2, 3, and 4. Associated with each method are ¢ = K
scenarios Yy, corresponding to the K admissible odd
integer center weights W = 1,3,...,2K — 1. Within
each scenario, m = 100 datasets have been generated, as
follows. First, 100 statistically independent zero-mean,
iid. Gaussian sequences with variance o2 = 0.36 and
length n = 200 are generated and used to generate a
nominal data sequence {y(k)} according to Eq. (2.2).
This sequence is then contaminated by adding 12 to
y(k) at the 10 points k = 20, 48, 50, 78, 102, 115, 137,
142, 175, and 176. The result defines the collection of
m “equivalent” data sequences {S;} required in Step 2
of the GSA procedure.

The real-valued descriptor used to compare these
analysis methods is the root-mean-square error between
the nominal data sequence {y(k)} that a perfect data
cleaning filter would give us and the filtered data
sequence {w(k)} that we actually obtain:

(2.4)

d(M;S;) =

> elk)?=

k=1

n

=3 Twlk) — (R
k=1

S|

The final step of the GSA metaheuristic is the construc-
tion of a simple graphical display of these descriptor
values. In its simplest form, a bozplot is a graphical
summary of a dataset S of size N based on the follow-
ing five numbers:

- the minimum value in S;

- the lower quartile (i.e., the largest number less than
or equal to 25% of the values in S);
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- the sample median, equal to the middle value in S
if N is odd, or the average of the two middle values
if IV is even;

- the upper quartile (i.e., the largest number less than
or equal to 75% of the values in S);

- the maximum value in S.

Alternatively, another common boxplot construction
replaces the sample minimum and maximum with the
smallest and largest values not exceeding cutoff limits
computed from the other three numbers, marking values
that fall outside these limits as outliers [12, p. 44].
Because the identification of these outliers can be one of
the key results of the GSA procedure, all of the boxplots
presented here are based on this second construction.

The boxplots shown in Fig. 2 clearly demonstrate
how the performance of the center-weighted median
filter depends on the tuning parameters K and W. In
particular, the reduction in RMS error is dramatic for
the standard median filter (W = 1) in going from K = 1
to K = 2. For K > 2, we observe a slight degradation in
performance, leading to the conclusion that K = 2 is the
optimum window half-width for the standard median
filter, at least for this example. Conversely, for K > 2,
better results are achievable with intermediate values of
the center weight parameter W. More specifically, the
best results overall are obtained using W = 2K — 3 for
all values K > 2. The key point is that the five-step
GSA procedure described here provides a systematic
basis for constructing graphical displays like the one
shown in Fig. 2 that allow us to decide between different
computational methods and method-specific options for
a wide range of data analysis problems. Some possible
extensions of the specific results presented here are
discussed further in Sec. 4.

3 Exchangeability

The essential idea on which the GSA framework is
based is that of comparing results obtained for different
datasets that are “distinct but not essentially different.”
In the center-weighted median filter tuning example just
considered, these datasets represented statistically inde-
pendent random sequences with the same general sta-
tistical character. To discuss the “equivalence” desired
in Step 2 of the GSA procedure between the m datasets
generated by the specified sampling scheme, it is use-
ful to have a formal definition of “equivalent datasets.”
As defined by Draper et al. [7], exchangeability is a
judgement we make concerning distinct sources of data.
Loosely speaking, two data sources (or datasets) are ex-
changeable if important characterizations of both give
about the same results. To make this definition more
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precise, Draper et al. introduce the following five math-
ematical components:

1. aset U of units, which may be any sources of data;

2. a collection Q@ = {(S5;,5;)} of pairs of distinct
datasets S; and S;, obtained from the units in i/;

3. a descriptor §(-) mapping the sets S; into R" for
some n > 1;

W~

. a norm || - || on the space R";
5. a positive constant C' called a caliper.

Under this definition, exchangeability is a judgement
made regarding the units in U, based on the pairs of
datasets contained in the collection €2. The authors call
these pairs of datasets comparisons and it is important
to note that, although the sets involved must be distinct
(i.e., S; # S;), they need not be disjoint (i.e., S;NS; # 0
is allowed). Taken together, the descriptor 4(-) and the
norm || - || permit us to make quantitative comparisons
of the sets S; and S;. In particular, ||6(S;) —6(S;)|| is a
positive number, defined for all comparisons (S;, S;) in
the collection €2, that may be interpreted as a measure
of distance or dissimilarity between these two datasets.
Draper et al. define the units in U to be exchangeable
(or, more precisely, (£2,0(-),||-]|, C)-exchangeable) if the
following condition holds:
||(5(SZ) — 6(5])” < C, for all (S“ SJ) € Q,

where the constant C' > 0 is the caliper defined in
the above list. This constant represents a threshold
parameter, quantifying the allowed mismatch between
0(S;) and §(S;) for “equivalent” datasets S; and Sj.

In the GSA framework proposed here, each scenario
>¢ corresponds to a set U of data generating units,
and the nominal working assumption invoked in con-
structing specific implementations of the GSA frame-
work is that these units are exchangeable. That is, our
expectation is that, in the absence of data anomalies,
the m datasets generated in Step 2 of the GSA pro-
cedure are exchangeable. As a practical matter, this
exchangeability requirement reduces to something like
an experimental design specification. The question of
how we meet this requirement is discussed further in
Sec. 4 and illustrated in the examples discussed sub-
sequently. Here, the key point is that we regard ex-
changeable datasets S; and S; to be “small changes” of
each other, and the objective of the GSA procedure is
to assess whether these small changes cause correspond-
ingly small changes in the results obtained using a spec-
ified analysis method M. In particular, note that each
of the boxplots constructed using the GSA procedure
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may be regarded as an informal assessment of the range
of variation of {d(M;S;)} for fixed i, over the subsets
S; generated by the sampling scheme specified in GSA
Step 2. Indeed, the objective of Step 2 is to generate a
collection X, of {€,0(-),]|| - ||, C}-exchangeable subsets,
and the objective of the GSA procedure as a whole is
to determine whether each analysis method M; gener-
ates results M;S; that are exchangeable with respect to
the (generally quite different) descriptor d(-) explicitly
specified in GSA Step 3. By restricting consideration to
scalar-valued descriptors d(-) and constructing graphi-
cal representations of the results, we eliminate the need
for the norm and the caliper in this assessment of the
exchangeability of the analysis results.

4 The GSA metaheuristic

The GSA framework proposed here represents a meta-
heuristic, which is a systematic procedure for generating
heuristics, defined by Pearl [18, p. 3] as:

“...criteria, methods, or principles for decid-
ing which among several alternative courses of
action promises to be the most effective in or-
der to achieve good results.”

Further, Pearl notes that heuristics represent compro-
mises between the need to keep selection criteria simple
and the need to keep them effective in distinguishing
between good and bad alternatives. The five step GSA
procedure described in this paper provides a system-
atic procedure for constructing graphical heuristics that
compare the performance of different analysis meth-
ods across application-specific scenarios, helping us to
choose between analysis methods and to assess the de-
gree to which different scenarios appear to be similar or
dissimilar. Hansen and Mladenovic [11] offer eight de-
sirable properties of metaheuristics, beginning with the
following three:

1. simplicity: metaheuristics should be based on a
simple, broadly applicable principle;

2. precision: the steps of the metaheuristic should be
formulated in precise, mathematical terms;

3. coherence: all steps for heuristics derived from
the metaheuristic should follow naturally from its
underlying principle.

The five-step GSA metaheuristic presented here exhibits
all three of these desirable criteria: it is based on the
informal definition of a good data analysis procedure
offered at the beginning of this paper, each step is
precisely specified, and all steps follow naturally from
the basic notion of testing for exchangeability violations.
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The following subsections consider various practical
aspects of each of these steps.

4.1 Choosing scenarios The scenarios ¥, required
in Step 1 of the GSA metaheuristic can be any system-
atic data generation procedure that is relavent to the
application of interest. In general terms, a scenario de-
fines a data source, and it corresponds essentially to the
set U of units on which the exchangeability definition of
Draper et al. [7] is based. In practice, these scenarios
should be chosen on the basis of field-specific knowledge,
conjectures, hunches, or open questions. For example,
a scenario might represent a collection of business data
records corresponding to a specific department, store,
geographic location, customer age range, or any other
factor that might be of interest. The basic question to
ask in specifying scenarios is, “what results would we
like to compare?”

In the center-weighted median filter tuning example
considered in Sec. 2, the scenarios ¥, were method-
specific, representing the complete range of center-
weight tuning parameters that were admissable for each
method M;. Alternatively, another possibility would
have been to consider different nominal data sequences
and/or outlier types as scenarios; constructed this way,
the results of the GSA procedure would give us insights
into the range of performance variations to expect across
different types of data. As a specific example, in dy-
namic data characterizations like spectrum estimation
and linear system identification, not only is the con-
centration of outliers in the data sequences important,
but so is their pattern, with “patchy outliers” that are
all grouped together having different consequences than
the same number of isolated outliers [20]. Since these
different classes of outliers also respond differently to
specific data cleaning filters, one potentially interesting
choice of scenarios would be “patchy” and “isolated”
outliers. The problem of choosing useful scenarios for
generalized sensitivity analysis is illustrated further in
Secs. 5 and 6.

4.2 Sampling schemes The sampling scheme re-
quired in Step 2 of the GSA metaheuristic may be
any systematic procedure for generating data subsets
S; based on the scenarios X, specified in Step 1. As
noted in Sec. 3, it is most desirable that this sampling
scheme be specified so that the distinct subsets .S; and
S it generates are exchangeable, ideally both within
and across scenarios. The requirements that the size n
of each dataset and the number m of datasets gener-
ated be the same across all scenarios is helpful in this
regard, although these requirements are generally nei-
ther necessary nor sufficient by themselves to guarantee
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exchangeability. Conversely, in the typical case where
it is possible to use the same collection of datasets {S;}
across the different scenarios and analysis methods con-
sidered, exchangeability across methods and scenarios
follows immediately. Hence, the most important prac-
tical aspect of specifying a sampling scheme is usually
that of guaranteeing that the datasets within this collec-
tion are exchangeable with respect to some meaningful
descriptor §(-).

In simulation-based examples like those considered
in Secs. 2 and 5, the sampling scheme specifies a system-
atic data generation procedure. In cases where this pro-
cedure is based on random number generation, the ex-
changeability requirement frequently reduces to one or
more quality assumptions on the random number gen-
erators used to generate the datasets S;. In particular,
for the example considered in Sec. 2, exchangeability of
the contaminated data sequences used to evaluate the
effectiveness of the different CWMF tuning parameters
follows from the assumption that the sequences {e(k)}
used in generating these sequences are accurate approx-
imations of statistically independent, zero-mean i.i.d.
Gaussian sequences with the specified variance. Simi-
lar conclusions hold for the simulation-based example
described in Sec. 5.

In real data applications like that considered in Sec.
6, a scenario Xy may represent a single large dataset
S. In this case, it is reasonable to consider sampling
schemes based on subset selection, regarding subsets of
the same size as exchangeable at least in the absence of
anomalies or special structure. The number of subsets
of size s from a dataset of size r is given by:

(+)=m=

and because this number grows so rapidly with increas-
ing r and s, it is generally necessary to consider re-
stricted selection strategies. For example, there are ap-
proximately 2 x 1040 ways of selecting subsets of size 50
from a dataset with 150 elements. Conversely, imposing
restrictions on the form of an admissible subset can re-
duce this number dramatically. As a specific example,
in dynamic characterizations like spectrum estimation
and system identification, it is important to preserve
the time order of the data samples, forcing us to con-
sider consecutive data subsets. For a sequence of length
r, the number of consecutive subsequences of length s
isonly r — s + 1.

Another important special case of subset selection
forms the basis for deletion diagnostics [2, 3] and the
jacknife variance estimator [8]. In both cases, the basic
idea is to omit one data point at a time and characterize
the influence of these omissions on our computed results.

(4.5)
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For a dataset of size n, this process yields n datasets,
each of size n — 1. Further, these datasets may usually
be regarded as exchangeable if it is reasonable to regard
the individual data points themselves as exchangeable.
A useful extension of this idea is to delete more than one
point at a time from the dataset, forming the basis for
multiple deletion diagnostics [3] and various extensions
of the classical leave-1-out jacknife [24]. Again, practi-
cal implementations of this idea are constrained by the
combinatorial explosion of the number of possible sub-
sets to consider: the number of subsets with s points
omitted from a set of size r is also given by the expres-
sion in Eq. (4.5). As before, in cases like time-series
analysis where it makes sense to restrict consideration
to the deletion of s consecutive data observations, ex-
haustive comparison of all admissible subsets of fixed
size remains practical even for large r and s [5].

Alternatively, random subsampling is often used in
cases where the number of possible subsets is too large
to permit complete characterization. This idea forms
the basis for procedures like the delete-p%-jacknife
[22, 24], where a large number of randomly selected
subsets is considered, each having p% of the original
observations deleted. As in the case of leave-1-out
deletion diagnostics, the resulting subsets may usually
be regarded as exchangeable if it is reasonable to regard
the individual data points in the original dataset as
exchangeable.

Finally, it should be noted that the ideas just
described for developing GSA sampling schemes are
closely related to two other important ideas in com-
putational statistics. First, procedures like the jack-
nife mentioned above and the bootstrap [8] use samples
drawn from a fixed dataset, either with replacement in
the case of the bootstrap or without replacement in the
case of the jacknife, to assess the natural variability of
a computed result. Here, assumptions of exchangeabil-
ity play a key role in supporting the interpretation of
these results as “nominal variability,” to be expected
in the absence of data anomalies. The other important
idea related to GSA sampling schemes is that of explic-
itly testing for violations of exchangeability. Indeed,
this is the objective of deletion diagnostics, since the
deletion of anomalous (i.e., non-exchangeable) observa-
tions often causes significant changes in the computed
results. A more formal version of this idea is embodied
in permutation tests, which explicitly test a null hypoth-
esis of exchangeability [9]. In the context of the GSA
metaheuristic, the expectation is that within-scenario
exchangeability violations will appear as outliers in the
boxplots generated by the GSA procedure, calling our
attention to specific data subsets S; that appear to vi-
olate our exchangeability assumption. The extent to
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which this expectation is met will depend on both the
methods M; we consider and the descriptor d(-) from
which these boxplots are constructed.

4.3 Choosing a descriptor The descriptor on
which the exchangeability of the data subsets S; gen-
erated in Step 2 of the GSA metaheuristic is based is
typically not specified explicitly. Instead, this descriptor
is usually implied by assumptions like, “datasets S; and
S; have the same statistical character” imposed in the
example discussed in Sec. 2. In contrast, the descrip-
tor d(-) appearing in Step 3 of the GSA metaheuristic
must be specified explicitly since it forms the basis for
the boxplots constructed in Step 5 of this procedure. In
fact, note that if we define 6;(S;) = d(M;S;), we may
view the GSA procedure as a graphical technique for
assessing the exchangeability of the data subsets {S;}
generated in Step 2 with respect to the descriptors d;(+).

In the strict formulation described here, the GSA
descriptor d(-) is required to be a map from the re-
sults generated by the analysis methods considered into
the set of real numbers. This restriction has important
practical consequences since it permits us to construct
the boxplot generated in the final step of the GSA pro-
cedure. Although the general definition of exchange-
ability admits vector-valued descriptors, the use of such
descriptors would require replacement of the boxplots
considered here with something more complicated, like
the biplots discussed by Gower and Hand [10].

An important class of scalar descriptors for the ap-
plications considered here are figure-of-merit descrip-
tors, that have the following practical interpretation:
if d(M;S) > d(M;S), then the results obtained from
dataset S by method M; are either clearly better than
or clearly worse than those obtained by method M.
Examples of figure-of-merit descriptors include the RMS
data cleaning error values discussed in Sec. 2, the pre-
diction error variance discussed in Sec. 5 for any type of
data prediction model, and the heterogeneity measures
used in partition-based cluster analysis methods [14, ch.
3], all of which have the interpretation that “smaller is
better.” It is not necessary to restrict consideration to
figure-of-merit descriptors, but the use of other descrip-
tors generally only allows us to assess relative variability
across methods or scenarios, and not relative quality.

4.4 d(-)-equivalent methods As noted in the pre-
liminary description of the GSA metaheuristic presented
at the beginning of this paper, the analytical methods
{M;} specified in Step 4 of this procedure must be d(-)-
equivalent with respect to the GSA descriptor chosen in
Step 3. This requirement simply means that the value
of d(M;S;) must be well-defined for all datasets .S; gen-
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erated in Step 2 and all methods M; specified in Step 4.
Clearly, if this condition is not met, it will not be possi-
ble to construct the boxplot summary required in Step
5 of the GSA procedure. Conversely, for this boxplot
to be useful, the descriptor d(-) must provide a partial
characterization of all of the different methods consid-
ered that is at least roughly comparable in its power as a
summary statistic for the different methods considered.

This point is perhaps best illustrated with a simple
example. Partition-based clustering methods attempt
to classify a group of IV objects into k£ distinct classes
based on measured attributes of each object. Many dif-
ferent methods have been proposed to solve this prob-
lem [15, ch. 2], and it is natural to ask how the dif-
ferent methods compare. Various comparison measures
have been proposed, including those like cluster diame-
ter that characterize individual clusters, or separation
that characterize the relationship between individual
clusters. One measure that attempts to combine both
of these characteristics is the silhouette coefficient [15,
p. 85], defined for each object i as:

b(é) — a(i)
max {a(i),b(i)}’

where a(i) is the average dissimilarity between object
1 and all other objects included in the same cluster,
and b(¢) is average dissimilarity between object ¢ and
all objects of the closest neighboring cluster (i.e., the
closest cluster of objects that does not contain object
i). In a good clustering, we generally want small
dissimilarities between objects within each cluster, and
large dissimilarities between clusters. It follows from
this observation that the silhouette coefficients for the
objects in a good clustering should be as large as
possible. Further, it can be shown that s(i) is bounded
between —1 and +1 for all objects, provided that there
are at least two clusters and that each cluster contains at
least two elements. Hence, the average of the individual
silhouette coefficients s(i) over all objects i constitutes
a scalar figure-of-merit descriptor that is applicable
to all such clusterings. In particular, note that this
descriptor may be used to compare partition-based
clusterings obtained by radically different methods,
possibly involving different numbers of clusters.

(4.6) s(i) =

5 Example 2: nonlinear dynamic models

The following example illustrates the application of the
GSA metaheuristic to a problem of evaluating nonlinear
dynamic models. This example also illustrates that d(-)-
equivalent methods can be very different in character,
underscoring the generality of the GSA framework.
The basic problem considered here is that of de-
veloping a “good” discrete-time approximation, of the
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following general form:

(57) Yk :f(ykfla'"7y1€*P7uk7""uk*q)+ek7

to the simple continuous-time, nonlinear ordinary dif-
ferential equation:

dy(t)

(5.8 L=

= —ay(t) + By(t)u(t) + yu(t),

sampled uniformly every T time units; in this example,
the parameters «, (3, 7, and T are all assumed to
have the value 1 for convenience. Motivation for this
problem comes from the field of industrial process
control, where discrete-time models of the form (5.7) are
required to implement model-based control strategies
like Nonlinear Model Predictive Control [21]. A more
detailed discussion of this example is given in the book
by Doyle, Pearson and Ogunnaike [6, Sec. 5.6.4].

For simple models like (5.8), one feasible strategy
is to work directly with the equations, replacing deriva-
tives with finite difference approximations. Here, if we
assume y;, = y(to + k7T') and ug = u(tq+ kT), we obtain
the following Fuler discretization, designated Model E
in subsequent discussions:

dy(t) Yk — Yr-1
5.9 ~
(5.9) dt T

=y ~ [1—allyk—1

+0Tyk—1uk—1 +yTup—_1

Alternatively, we can also develop approximate models
empirically, generating a finite-length input sequence
{ur}, simulating the response of the continuous-time
model (5.8) to this input sequence, and choosing model
parameters that minimize some measure of goodness-of-
fit between the response of the continuous-time model
and the approximating empirical model. In the example
considered here, this approach was used to fit approxi-
mate models of the following four forms:

Aty = yo+ayk—1+bug

Biyr = yo+ayr—1+bur_1+cyr_1ur_1,
Hiyy = yo+aye1+bug1+cup_y,
Qiyr = Yo+aye—1+buk—1+cyp_;.

The abbreviations here designate the model structures
compared, which are affine (A), bilinear (B), Hammer-
stein (H), and quadratic NARX (Q).

An important, inherent feature of nomnlinear dy-
namic models is that answers to questions like, “which
approximation is best?” can depend strongly on the
range and general character of the input sequences con-
sidered. Hence, a useful choice of scenario ¥ in evaluat-
ing these approximate models is input sequence type. In
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the results presented here, all sequences {uy} belong to
the general class of random step inputs [19, Sec. 8.4.3],
generated as follows. First, a sequence {z;} of n in-
dependent, identically distributed random variables is
generated, uniformly distributed over a specified range.
An input sequence {ur} of length n is then generated
by first setting u; = z; and then generating uy for & > 1
according to the following random selection procedure:

2k with probability p
ug_1 with probability 1 — p.

(5.10)  wp = {

The resulting input sequence {u,} consists of random
steps, whose average duration is determined by the
switching probability p, and whose instantaneous values
are uniformly distributed over a specified range.

In the example considered here, this range is
[—0.5,0.5] and four scenarios are considered, corre-
sponding to p = 1.00, p = 0.30, p = 0.10, and p = 0.05.
Note that for p = 1.00, we recover the uniformly dis-
tributed white noise sequence {z} that changes value
at every time step, and the number of transitions in {u}
decreases as p decreases. The sampling strategy consid-
ered here consists of generating m = 100 statistically
independent sequences {uy}, each of length n = 200.
This strategy is implemented by generating 100 inde-
pendent uniform random sequences {zx} and applying
the random selection rule (5.10) to generate the input
sequences {uy}. Note that here, the exchangeability as-
sumption on which the equivalence of these sequences
is based corresponds to quality assumptions on the uni-
form random number generator used in generating the
sequences {z;} and on the binary random number gen-
erator used to implement the selection procedure (5.10).

The descriptor d(-) considered in this example is
the prediction error standard deviation for each model,
computed as:

L 1/2
5.11 op=| - Yk — Uk 2) ;
G1) o (n > o=
where {yr} represents the simulated response of the
continuous-time model (5.8) to the input sequence {uy},
and {7} represents the response of one of the approx-
imating models to this input sequence. Note that this
descriptor is of figure-of-merit type, since better mod-
els are those for which g more accurately predicts yg,
resulting in a smaller value of o,.

The models compared here are the Euler discretiza-
tion (E) defined in Eq. (5.9), and the four empirical
models A,B,H, and Q listed above. Note that these
models are d(-)-equivalent since, given the predictions
{gr} generated by any of them, we may evaluate the
descriptor d(-) according to Eq. (5.11). The importance
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of this observation lies in the fact that these models are
obtained by radically different methods. In particular,
Model E is computed directly from the continuous-time
model equation (5.8), independently of the datasets
{ur} used in its evaluation. In contrast, the four other
models cannot be obtained directly from the original
model equation, but are identified from the response of
this model to a fixed input sequence {uy}.

In fact, two important aspects of these latter four
models should be noted. First, whereas Model E
represents a single model, to be evaluated with respect
to each of 100 input sequences generated for each
scenario Y, the other four cases actually represent sets
of models, one obtained for each input sequence. The
second point is that the criteria used to obtain these
models appears similar to the descriptor o, defined in
Eq. (5.11), but it is not the same. Specifically, each
of the models of type A, B, H, and Q considered here
is obtained by minimizing the one-step prediction error
sum of squares, or equivalently, the one-step prediction
error standard deviation:

n

1/2
(5.12) Tp(“a b,c) = <% Z vk — Jr(a, b, c)]2> )

i=1

where g (a, b, ¢) is the prediction of yj, from the previous
input wg_1 together with the previous output, yi_1.
Given any input sequence {uy} and the corresponding
sequence {y } of simulated responses for the continuous-
time model, we obtain the empirical model that best
matches this input/output data by choosing parameters
a, b, and ¢ to minimize 7,(a, b, c).
To illustrate the difference between g, and gy,
consider the bilinear model B:
Jk(a,b, c) ayk—1 +bug—1 + cyr—1uk—1

(5.13) U = aQp—1+ bup—1 + clp—1Up—1.

The quantities o, and 7,(a, b, ¢) can be significantly dif-
ferent, and in problems like model-based control where
predictions beyond one time-step into the future are re-
quired [21], this difference can be important. The key
point here is that, since o, is a practically important
measure of model quality that, unlike 7,(a, b, ), is not
directly minimized in the empirical model fitting pro-
cedure, o, represents a reasonable quantity to evaluate
with an approach like the GSA metaheuristic.

Fig. 3 shows the GSA results obtained for the five
different approximations (Models E, A, B, H, and Q, re-
spectively) to the observed responses of the continuous-
time nonlinear dynamic model for four different input
sequence scenarios defined by the switching probabil-
ities p = 1.00, 0.30, 0.10, and 0.05. Results for the
different model structures are labelled and separated by
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Figure 3: o, vs. model and switching probability

vertical lines, and the input scenarios appear in order of
decreasing switching probability p. Because these box-
plots represent summaries of a figure-of-merit descrip-
tor, it is clear that the Euler discretization generally
exhibits both the poorest performance in terms of o,
values, and the least consistent performance: the range
of variation seen in these values is significantly larger
than that seen for the other four model types. Further,
dependence of this performance on the input scenario
(the switching probability p) is also quite dramatic, fur-
ther supporting the general conclusion that Model E is
a poor one, violating the informal statement of the GSA
metaheuristic given at the beginning of this paper more
severely than any of the other models.

In terms of consistency across input scenarios, the
best models appear to be B and H, with Models A and
Q exhibiting a wider range of variation than Models
B and H, but much narrower than Model E. Also,
note that the input sequence sensitivity appears to be
slightly better for Model H than for Model B. However,
because the descriptor considered here is of figure-of-
merit type, we are led to prefer Model B, since it
appears only slightly more sensitive than Model H,
but exhibits consistently better (i.e., smaller) descriptor
values. Similarly, comparing the performance of the five
different models within a fixed input scenario generally
also leads to the conclusion that Model E is significantly
poorer than all of the others, that Models B and H
are the best, and Models A and Q are of intermediate
quality. As a specific case, note that we obtain the
following model ranking within the scenario p = 0.30
(the second-left boxplot for each model):

B>H>Q>A>>E.

In this particular example, this preference ordering
generally holds across most input scenarios, based on
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both the median values (a conclusion related to the fact
that op is a figure-of-merit descriptor), and on ranges
of variability. Finally, comparing results across input
scenarios for each model structure, these results also
provide a nice illustration of the point made earlier,
that the extent to which a particular nonlinear dynamic
model approximates another one exhibits a significant
input dependence, even for the best approximations.

6 Example 3: Process dynamics

This final example illustrates a typical use of the GSA
metaheuristic in analyzing real data, and it is closely
related to both of the other examples considered here.
Fig. 4 shows two hourly sequences of physical property
measurements made at the outlet of an intermediate
product storage tank in an industrial manufacturing
process. The upper plot shows a sequence {z(k)}
that has been discussed previously in connection with
dynamic process characterization [19, ch. 8], and the
lower plot shows the corresponding sequence {y(k)}
taken over a different time period, under different
operating conditions. The example considered here uses
the GSA metaheuristic to compare the effectiveness of
different data cleaning strategies in characterizing and
comparing the dynamics of these two data sequences.
More specifically, these two data sequences will be taken
as two scenarios and one of the questions of interest
is whether these sequences exhibit similar or different
dynamic characters.

A standard approach to time-series analysis is the
construction of linear autoregressive models of the form:

(6.14) 2(k) = aii(k — i) + e(k),

i=1
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where {e(k)} is a zero-mean, i.i.d. Gaussian sequence
of unknown variance o2 which, along with the p un-
known model coefficients {a;}, are to be determined
from the observed data sequence {z(k)}. Various algo-
rithms have been developed for estimating these param-
eters [4], and the results presented here were obtained
using Burg’s method, one of the standard options avail-
able in the S-plus statistical analysis software package
[23]. Regardless of the method selected, however, one
of the practical challenges in fitting time-series models
to observed data sequences is the choice of the model
order p. Again, various methods have been proposed to
address this problem, one of the most popular being to
fit a range of models with p between 1 and some speci-
fied upper limit, p*, selecting the model that minimizes
the Akaike Information Criterion (AIC) [4]. This quan-
tity balances goodness-of-fit, which improves uniformly
with increasing model order p, with complexity, which
becomes uniformly worse with increasing p.

Because the selection of model order is an important
practical problem, this example takes the model order
selected by the AIC as the descriptor d(-) in Step
3 of the GSA procedure. Also, because it is clear
from both plots in Fig. 4 that the physical property
sequences considered here contain outliers, it is of
interest to compare the results obtained using the
center-weighted median filter (CWMF') discussed in Sec.
2 as a data cleaning procedure. More specifically, the
GSA procedure considered here takes the two data
sequences shown in Fig. 4 as scenarios X1 and X2 and
compares the performance of different CWMF tuning
parameters with respect to consistency of the model
order selected by optimizing the AIC. That is, the d(-)-
equivalent methods considered here are the time-series
models fit by applying one of the following data cleaning
procedures to subsequences of the data sequences shown
in Fig. 4:

1. no data cleaning filter is applied,

2. the CWMEF is applied with K =1 and W =1,
3. the CWMF is applied with K =2 and W =1,
4. the CWMF is applied with K =3 and W =1,
5. the CWMF is applied with K =3 and W = 2.

The primary question addressed by the analysis pre-
sented here are first, how effective does the AIC appear
to be in selecting a model order for the two datasets
considered here, second, how much are these results in-
fluenced by the different data cleaning strategies consid-
ered, and third, which data cleaning procedure appears
to be the best?
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Here, the sampling scheme required in Step 2 of the
GSA procedure is based on the selection of consecutive
subsequences of the two original data sequences shown
in Fig. 4. In both cases, subsequences of length 100
are selected, each offset from the previous subsequence
by 25 samples. For the data sequence {z(k)} of length
1024, this procedure generates m = 37 subsequences,
but because the data sequence {y(k)} is only of length
779, this sampling scheme yields only m = 28 subse-
quences. Although this sampling scheme violates the
stated objective of generating the same number of sub-
sets S; for both scenarios in Step 2 of the GSA meta-
heuristic, these m values are comparable enough to pro-
vide a reasonable basis for comparison. Alternatively,
we could truncate the first data sequence to the length of
the second, forcing the number of scenarios to be equal
in both cases. The subsequence lengths n were chosen to
be long enough for the autoregressive modeling proce-
dures considered here to yield meaningful results. Sim-
ilarly, the offset value of 25 between subsequences was
large enough to make the sequences somewhat different,
but small enough to provide a reasonable number of sub-
sequences for comparison. Clearly, both the sequence
length and the offset between sequences are parameters
that could be varied if we wished to explore their influ-
ence on the results obtained here. The key point is that
the sampling scheme described here generates a useful
collection of subsequences that are roughly comparable
between scenarios and identical across methods.

The results of this particular GSA procedure are
shown in Fig. 5, which presents boxplot comparisons of
the AIC-selected model orders for both data sequences
shown in Fig. 4 and for the five data cleaning options
listed above. Results for the two datasets are grouped
together, and those obtained for the different data
cleaning options are separated by vertical lines. Each
boxplot summarizes the model orders chosen for the m
different subsequences of length 100 generated for each
scenario and method option. Because the algorithm
used to fit time-series models to these data sequences
requires an upper limit p* to be specified for the
model order p, a common value of p* = 20 was used
throughout. This value corresponds to the default
value p* = 10log;yn for the S-plus procedure used
to identify these models, and it is indicated with the
dashed horizontal line in Fig. 5.

Several points are immediately clear from the GSA
comparison shown in Fig. 5. First and foremost,
note that the model order selected by the AIC for
this example is quite inconsistent, regardless of the
data cleaning strategy chosen. For example, if no data
cleaning filter is applied, the AIC procedure selects all
possible model orders from p = 1 to p = p* = 20 for the
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Figure 5: GSA comparison of AIC values across datasets
and filtering strategies

first data sequence, although the majority (30 of 37)
lie between 1 and 4. Similarly, for the second dataset,
most values (25 of 28) lie between 1 and 8, while the
other three selected model orders are 13, 13, and 14.
Applying the standard median filter for K =1 (i.e., the
center-weighted median filter with K = 1 and W = 1)
appears to improve the consistency of the AIC results
somewhat. In particular, 73% of the estimated model
orders are 2 or 3 for the first data sequence, whereas 81%
of the values occupy the wider range from 1 to 4 when
no data cleaning is applied. In contrast to the results
presented in Sec. 2, increasing either K or W seems
not to improve the consistency of the results obtained
here. As a specific example, recall that among the
standard median filters (W = 1), the choice K = 2 gave
results that were unambiguously the best; in contrast,
for the first data sequence considered here, this filter
gives results that are significantly less consistent than
those obtained for K = 1, and arguably worse than
those obtained with no data cleaning at all.

Overall, the results presented in Fig. 5 suggest two
general conclusions. First is the extreme sensitivity of
the AIC model order selection procedure to what should
be “small” changes in the dataset to which it is applied.
Here, part of this difficulty arises from the presence of
outliers in the first of the two data sequences considered
here. This point may be seen clearly in Fig. 6, where
the upper plot shows a subsequence of this original data
sequence and the lower plot shows the results obtained
using the CWMF data cleaner with K =1 and W = 1.
In particular, note the presence of the isolated points
lying visibly off of the main curve seen in the upper
plot and the absence of these points in the lower plot.
This particular subsequence was chosen because it spans
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Figure 6: Original and cleaned data subsequences

four subsequences generated by the sampling scheme,
for which the AIC model orders had the values 20, 19,
17, and 17. In contrast, the model orders chosen for the
corresponding cleaned subsequences were 2, 8, 8, and 8,
respectively.

The second primary conclusion from this example
is that mone of the data cleaning procedures consid-
ered here seem to dramatically improve the performance
of the AIC model order selection procedure, for either
of the two data sequences considered. This observa-
tion suggests one of two possible courses of action: ei-
ther consider alternative data cleaning procedures, or
consider alternative model order selection procedures.
Both of these options are practical. Two alternative
data cleaning procedures that could be applied are the
Martin-Thomson data cleaning filter discussed briefly
in Sec. 2 [16], and the Hampel filter, a moving win-
dow data cleaner like the center-weighted median filter
that sometimes performs as well as the Martin-Thomson
data cleaner [19, 20]. A number of alternatives to the
AIC model order selection procedure also exist, such as
the Bayesian Information Criterion (BIC) [4].

7 Summary

This paper has proposed a five-step metaheuristic called
generalized sensitivity analysis (GSA) that may be used
to generate graphical displays that are useful both in
comparing the performance of alternative data analy-
sis procedures and in detecting anomalies in datasets.
Use of this procedure requires specification of one or
more scenarios %y, which define specific data sources
and a sampling scheme, which specifies how a collection
{S;} of data subsets is to be generated for each scenario.
The essential idea behind this procedure is the system-

222



223

atic comparison of computational results obtained from
these datasets. To accomplish this comparison, a scalar-
valued descriptor d(-) is specified, which should provide
a useful partial summary of the computational results
obtained using one or more specified methods, M;. Re-
quiring that this descriptor be scalar-valued permits the
construction of boxplots to compare results across sce-
narios and/or methods. If the datasets generated by the
sampling procedure all conform to our expectations of
“nominal” data (i.e., if the subsets S; are all exchange-
able or “non-anomalous”) and if our analysis methods
are tolerant of “reasonable” data variations, the box-
plots generated by the GSA procedure should provide
a useful assessment of the nominal variation to be ex-
pected for the analysis results. Conversely, since the
GSA results provide simultaneous comparisons across a
range of conditions, they can reveal unexpected differ-
ences between scenarios that are believed to be similar,
or between methods that are believed to be compara-
ble. Also, the GSA procedure can lead to the identi-
fication of data subsets S; that violate exchangeability
assumptions, possibly leading to the discovery of signif-
icant data anomalies. The AIC example discussed in
Sec. 6 illustrates this point.

As the examples presented here have attempted
to demonstrate, this approach is applicable to an ex-
tremely wide range of data analysis procedures, includ-
ing cluster analysis, dynamic characterizations of time-
series, nonlinear dynamic model building, and many
other possibilities. In addition, the GSA procedure is
also applicable to related method-development prob-
lems like the selection and tuning of data cleaning filters
to be used as part of a subsequent analysis. Further, be-
cause the procedure described here is completely data-
based, it may be used to assess the performance of com-
mercial “black-box” computational procedures based on
proprietary software that is not clearly described in the
available documentation.
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