
Equivalence of Several Two-stage Methods for Linear Discriminant Analysis∗

Peg Howland and Haesun Park†

Abstract

Linear discriminant analysis (LDA) has been used for
decades to extract features that preserve class separability.
It is classically defined as an optimization problem involving
covariance matrices that represent the scatter within and be-
tween clusters. The requirement that one of these matrices
be nonsingular restricts its application to data sets in which
the dimension of the data does not exceed the sample size.
Recently, the applicability of LDA has been extended by us-
ing the generalized singular value decomposition (GSVD)
to circumvent the nonsingularity requirement. Alternatively,
many studies have taken a two-stage approach in which the
first stage reduces the dimension of the data enough so that
it can be followed by classical LDA. In this paper, we justify
the two-stage approach by establishing its equivalence to the
single-stage LDA/GSVD method, provided either principal
component analysis or latent semantic indexing is used in
the first stage over a certain range of intermediate dimen-
sions. We also present a computationally simpler choice for
the first stage, and conclude with a discussion of the relative
merits of each approach.

1 Introduction

The goal of linear discriminant analysis (LDA) is to combine
features of the original data in a way that most effectively
discriminates between classes. With an appropriate exten-
sion, it can be applied to the goal of reducing the dimension
of a data matrix in a way that most effectively preserves its
cluster structure. That is, we want to find a linear transfor-
mationGT that maps anm-dimensional data vectora to a
vectory in thel-dimensional space (l� m):

GT : a ∈ Rm×1 → y ∈ Rl×1.

Assuming that the given data are already clustered, we seek a
transformation that optimally preserves this cluster structure
in the reduced dimensional space.

For simplicity of discussion, we will assume that data
vectorsa1, . . . , an form columns of a matrixA ∈ Rm×n,
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and are grouped intok clusters as

A = [A1, A2, · · · , Ak] whereAi ∈ Rm×ni , and
k∑
i=1

ni = n.

(1.1)

LetNi denote the set of column indices that belong to cluster
i. The centroidc(i) is computed by taking the average of the
columns in clusteri; i.e.,

c(i) =
1
ni

∑
j∈Ni

aj

andtheglobal centroidc is defined as

c =
1
n

n∑
j=1

aj .

Thenthewithin-cluster, between-cluster, and mixture scatter
matrices are defined [5, 15] as

Sw =
k∑
i=1

∑
j∈Ni

(aj − c(i))(aj − c(i))T ,

Sb =
k∑
i=1

∑
j∈Ni

(c(i) − c)(c(i) − c)T

=
k∑
i=1

ni(c(i) − c)(c(i) − c)T , and

Sm =
n∑
j=1

(aj − c)(aj − c)T ,

respectively. The scatter matrices have the relationship [8]

Sm = Sw + Sb.(1.2)

ApplyingGT to the matrixA transforms the scatter matrices
Sw, Sb, andSm to thel × l matrices

GTSwG, GTSbG, and GTSmG,

respectively.
There are several measures of cluster quality that involve

the three scatter matrices [5, 15]. When cluster quality is



high,each cluster is tightly grouped, but well separated from
theotherclusters. Since

trace(Sw) =
k∑
i=1

∑
j∈Ni

(aj − c(i))T (aj − c(i))

=
k∑
i=1

∑
j∈Ni

‖aj − c(i)‖22

measures the closeness of the columns within the clusters,
and

trace(Sb) =
k∑
i=1

∑
j∈Ni

(c(i) − c)T (c(i) − c)

=
k∑
i=1

∑
j∈Ni

‖c(i) − c‖22

measures the separation between clusters, an optimal trans-
formation that preserves the given cluster structure would
maximizetrace(GTSbG) and minimizetrace(GTSwG).

This simultaneous optimization can be approximated by
finding a transformationG that maximizes

J1(G) = trace((GTSwG)−1GTSbG).(1.3)

However, this criterion cannot be applied when the matrix
Sw is singular, a situation that occurs frequently in many ap-
plications. For example, in handling document data in infor-
mation retrieval, it is often the case that the number of terms
in the document collection is larger than the total number of
documents (i.e.,m > n in the term-document matrixA), and
therefore the matrixSw is singular. Furthermore, for appli-
cations where the data points are in a very high-dimensional
space and collecting data is expensive,Sw is singular be-
cause the value forn must be kept relatively small. Such is
the case for the image databases of facial recognition, as well
as for gene expression data. This is referred to as the small
sample size problem, or the problem of undersampled data.

Classical LDA expresses the solution in terms of an
eigenvalue problem whenSw is nonsingular. By reformu-
lating the problem in terms of the generalized singular value
decomposition (GSVD) [17, 13, 6], the LDA/GSVD algo-
rithm [7] has extended the applicability to the case whenSw
is singular. Another way to make classical LDA applicable to
the data matrixA ∈ Rm×n with m > n (and henceSw sin-
gular) is to perform dimension reduction in two stages. The
LDA stage is preceded by a stage in which the cluster struc-
ture is ignored. A common approach for the first part of this
process is rank reduction by the truncated singular value de-
composition (SVD). This is the main tool in principal com-
ponent analysis (PCA) [4], as well as in latent semantic in-
dexing (LSI) [3, 1] of documents. Both Swets and Weng
[14] and Belhumeur et al. [2] have utilized PCA plus LDA

for facial feature extraction. More recently, Torkkola [16]
implemented LSI plus LDA for document classification. A
drawback of these two-stage approaches is that experimen-
tation has been needed to determine which intermediate re-
duced dimension produces optimal results after the second
stage.

Moreover, since either PCA or LSI ignores the cluster
structure in the first stage, theoretical justification for such
two-stage approaches has been lacking. Yang and Yang
[18] supplied theoretical justification for PCA plus LDA,
for a single discriminant vector. In this paper, we justify
the two-stage approach that uses either PCA or LSI, fol-
lowed by LDA. We do this by establishing the equivalence of
the single-stage LDA/GSVD to the two-stage method, pro-
vided that the intermediate dimension after the first stage
falls within a specific range. In this rangeSw remains singu-
lar, and hence LDA/GSVD is required for the second stage.
We explain how, in addition to its role in the LDA/GSVD
algorithm, the GSVD provides a mathematical framework
for understanding the singular case. We also present a com-
putationally simpler choice for the first stage, which uses
QR decomposition (QRD) rather than the SVD. After con-
firming the equivalence of these approaches experimentally,
we discuss the relative merits of each. We conclude that
QRD plus LDA, which uses QRD as a pre-processing step
for LDA/GSVD, provides a fast algorithm for LDA/GSVD.

2 LDA based on the GSVD

It is well-known that theJ1 criterion (1.3) is maximized
when the columns ofG are thel eigenvectors ofS−1

w Sb
corresponding to thel largest eigenvalues [5]. In other
words, classical discriminant analysis solves

S−1
w Sbxi = λixi(2.4)

for the xi’s corresponding to the largestλi’s. For these
l eigenvectors, the maximum achieved isJ1(G) = λ1 +
· · · + λl. Sincerank(Sb) of the eigenvalues ofS−1

w Sb are
greater than zero, ifl ≥ rank(Sb), this optimalG preserves
trace(S−1

w Sb) exactly upon dimension reduction.
Assuming the cluster structure given in (1.1), [7] defines

them× n matrices

Hw = [A1 − c(1)e(1)T , A2 − c(2)e(2)T , . . . , Ak − c(k)e(k)T ]
(2.5)

Hb = [(c(1) − c)e(1)T , (c(2) − c)e(2)T , . . . , (c(k) − c)e(k)T ]

Hm = [a1 − c, . . . , an − c] = A− ceT ,
(2.6)

wheree(i) = (1, . . . , 1)T ∈ Rni×1 ande = (1, · · · , 1)T ∈
R
n×1. Then the scatter matrices can be expressed as

Sw = HwH
T
w , Sb = HbH

T
b , and Sm = HmH

T
m.

(2.7)



Anotherway to defineHb thatsatisfies(2.7) is

Hb = [
√
n1(c(1) − c),

√
n2(c(2) − c), . . . ,

√
nk(c(k) − c)]

(2.8)

andusingthism× k form reduces the storage requirements
and computational complexity of the LDA/GSVD algorithm.

As the product of anm×nmatrix and ann×mmatrix,
Sw is singular whenm > n [11]. This means thatJ1

cannot be applied when the number of available data points
is smaller than the dimension of the data. Expressingλi as
α2
i /β

2
i , the eigenvalue problem (2.4) becomes

β2
iHbH

T
b xi = α2

iHwH
T
wxi.(2.9)

This has the form of a problem that can be solved using the
GSVD of the matrix pair(HT

b ,H
T
w ). Paige and Saunders

[13] defined the GSVD for any two matrices with the same
number of columns, which we restate as follows.

THEOREM 2.1. Suppose two matricesHT
b ∈ R

k×m and
HT
w ∈ Rn×m are given. Then for

K =
(
HT
b

HT
w

)
and t = rank(K),

there exist orthogonal matricesU ∈ R
k×k, V ∈ R

n×n,
W ∈ Rt×t, andQ ∈ Rm×m such that

UTHT
b Q = Σb(WTR︸ ︷︷ ︸

t

, 0︸︷︷︸
m−t

)

and

V THT
wQ = Σw(WTR︸ ︷︷ ︸

t

, 0︸︷︷︸
m−t

),

where

Σb
k×t

=

 Ib
Db

Ob

 , Σw
n×t

=

 Ow
Dw

Iw

 ,

andR ∈ Rt×t is nonsingular with its singular values equal
to the nonzero singular values ofK. The matrices

Ib ∈ Rr×r and Iw ∈ R(t−r−s)×(t−r−s)

are identity matrices, where

r = t−rank(HT
w ) and s = rank(HT

b )+rank(HT
w )−t,

Ob ∈ R(k−r−s)×(t−r−s) and Ow ∈ R(n−t+r)×r

are zero matrices with possibly no rows or no columns, and

Db = diag(αr+1, . . . , αr+s)

and
Dw = diag(βr+1, . . . , βr+s)

satisfy

1 > αr+1 ≥ · · · ≥ αr+s > 0, 0 < βr+1 ≤ · · · ≤ βr+s < 1,

andα2
i + β2

i = 1 for i = r + 1, . . . , r + s.

This form of GSVD is related to that of Van Loan [17]
as

UTHT
b X = (Σb, 0) and V THT

wX = (Σw, 0),(2.10)

where

X
m×m

= Q

(
R−1W 0
0 Im−t

)
.

This implies that

XTHbH
T
b X =

(
ΣTb Σb 0
0 0

)
and

XTHwH
T
wX =

(
ΣTwΣw 0
0 0

)
.

Lettingxi represent theith column ofX, and defining

αi = 1, βi = 0 for i = 1, . . . , r

and

αi = 0, βi = 1 for i = r + s+ 1, . . . , t,

we see that (2.9) is satisfied for1 ≤ i ≤ t. Since

HbH
T
b xi = 0 and HwH

T
wxi = 0

for the remainingm − t columns ofX, (2.9) is satisfied for
arbitrary values ofαi andβi when t + 1 ≤ i ≤ m. The
columns ofX are the generalized singular vectors for the
matrix pair(HT

b ,H
T
w ). They correspond to the generalized

singular values, or theαi/βi quotients, as follows. The
first r columns correspond to infinite values, and the next
s columns correspond to finite and nonzero values. The
following t − r − s columns correspond to zero values, and
the lastm − t columns correspond to the arbitrary values.
This correspondence between generalized singular vectors
and values is illustrated in Figure 1.

A question that remains is which columns ofX to
include in the solutionG. If Sw is nonsingular, bothr = 0
andm − t = 0, so s = rank(HT

b ) generalized singular
values are finite and nonzero, and the rest are zero. Hence
we include inG the leftmosts columns ofX. For the case



Figure1: Generalized singular vectors and their correspond-
ing generalizedsingular values.

whenSw is singular, [7] argues in terms of the simultaneous
optimization

max
G

trace(GTSbG) and min
G

trace(GTSwG)(2.11)

that criterionJ1 is approximating. Lettinggj represent a
column ofG, we write

trace(GTSbG) =
∑

gTj Sbgj

and

trace(GTSwG) =
∑

gTj Swgj .

If xi is one of the leftmostr vectors, thenxi ∈ null(Sw) −
null(Sb). BecausexTi Sbxi > 0 andxTi Swxi = 0, including
this vector inG increases the trace we want to maximize
while leaving the trace we want to minimize unchanged.
On the other hand, for the rightmostm − t vectors,xi ∈
null(Sw) ∩ null(Sb). Adding the columnxi to G has no
effect on these traces, sincexTi Swxi = 0 andxTi Sbxi = 0,
and therefore does not contribute to either maximization
or minimization in (2.11). We conclude that, whetherSw
is singular or nonsingular,G should be comprised of the
leftmostr+s = rank(HT

b ) columns ofX, which are shaded
in Figure 1.

As a practical matter, LDA/GSVD includes the first
k − 1 columns ofX in G. This is due to the fact that
rank(Hb) ≤ k − 1, which is clear from the definition of
Hb given in (2.8). If rank(Hb) < k − 1, including extra
columns inG (some which correspond to thet − r − s
zero generalized singular values and, possibly, some which
correspond to the arbitrary generalized singular values) will
have approximately no effect on cluster preservation. As
summarized in Algorithm 2.1, we first compute the matrices
Hb andHw from the data matrix A. We then solve for a very
limited portion of the GSVD of the matrix pair(HT

b ,H
T
w ).

This solution is accomplished by following the construction
in the proof of Theorem 2.1 [13]. The major steps are limited
to the complete orthogonal decomposition [6, 10] of

K =
(
HT
b

HT
w

)
,

which produces orthogonal matricesP andQ and a non-
singular matrixR, followed by the singular value decompo-
sition of a leading principal submatrix ofP , whose size is
much smaller than that of the data matrix. Finally, we assign
the leftmostk − 1 generalized singular vectors toG.

ALGORITHM 2.1. (LDA/GSVD) Given a data matrixA ∈
R
m×n with k clusters and an input vectora ∈ R

m×1,
compute the matrixG ∈ R

m×(k−1) which preserves the
cluster structure in the reduced dimensional space, using

J1(G) = trace((GTSwG)−1GTSbG).

Also compute thek − 1 dimensional representationy of a.

1. ComputeHb andHw from A according to (2.8) and
(2.5), respectively.

2. Compute the complete orthogonal decomposition

PTKQ =
(
R 0
0 0

)
,

where

K =
(
HT
b

HT
w

)
∈ R(k+n)×m

3. Let t = rank(K).

4. Compute W from the SVD ofP (1 : k, 1 : t), which is
UTP (1 : k, 1 : t)W = Σb.

5. Compute the firstk − 1 columns of

X = Q

(
R−1W 0
0 I

)
, and assign them toG.

6. y = GTa



3 Rank reduction based on the truncated SVD

As mentionedin the introduction, two-stage approaches to
dimension reduction typically use the truncated SVD in the
first stage. Either PCA or LSI may be used; they differ
only in that PCA centers the data by subtracting the global
centroid from each column ofA. In this section, we express
both methods in terms of the maximization ofJ2(G) =
trace(GTSmG).

If we letG ∈ Rm×l be any matrix with full column rank,
then essentiallyJ2(G) has no upper bound and maximization
is meaningless. Now, let us restrict the solution to the case
whenG has orthonormal columns. Then there existsG′ ∈
R
m×(m−l) such that

(
G, G′

)
is an orthogonal matrix. In

addition, sinceSm is positive semidefinite, we have

trace(GTSmG) ≤ trace(GTSmG) + trace((G′)TSmG′)
= trace(Sm).

Reserving the following notation for the SVD ofA:

A = UΣV T ,

let the SVD ofHm be given by

Hm = A− ceT = Ũ Σ̃Ṽ T .

Then

Sm = HmH
T
m = Ũ Σ̃Σ̃T ŨT .

Hence the columns of̃U form an orthonormal set of eigen-
vectors ofSm corresponding to the nonincreasing eigenval-
ues on the diagonal ofΛ = Σ̃Σ̃T = diag(σ̃2

1 , . . . , σ̃
2
n). For

p = rank(Hm),

if we denote the firstp columns ofŨ by Ũp, and letΛp =
diag(σ̃2

1 , . . . , σ̃
2
p), we have

J2(Ũp) = trace(ŨTp SmŨp)

= trace(ŨTp ŨpΛp)

= σ̃2
1 + · · ·+ σ̃2

p

= trace(Sm).(3.12)

This means that we preservetrace(Sm) if we takeŨp asG.
Clearly, the same is true for̃Ul with l ≥ p, so PCA to a
dimension of at leastrank(Hm) preservestrace(Sm).

Now we show that LSI also preservestrace(Sm). Sup-
posex is an eigenvector ofSm corresponding to the eigen-
valueλ 6= 0. Then

Smx =
n∑
j=1

(aj − c)(aj − c)Tx = λx.

This meansx ∈ span{aj − c|1 ≤ j ≤ n}, and hence
x ∈ span{aj |1 ≤ j ≤ n}. Accordingly,

range(Ũp) ⊆ range(A).

For

q = rank(A),

we can writeA = UqΣqV Tq , whereUq andVq denote the
first q columns ofU andV , respectively, andΣq = Σ(1 :
q, 1 : q). Thenrange(A) = range(Uq), which implies that

range(Ũp) ⊆ range(Uq).

Hence
Ũp = UqW

for some matrixW ∈ Rq×p with orthonormal columns. This
yields

J2(Ũp) = J2(UqW )
= trace(WTUTq SmUqW )

≤ trace(UTq SmUq)
= J2(Uq).

Since J2(Ũp) = trace(Sm) from (3.12), we preserve
trace(Sm) if we takeUq asG. The same argument holds
for Ul with l ≥ q, so LSI to any dimension greater than or
equal torank(A) also preservestrace(Sm).

Finally, in the range of reduced dimensions for which
PCA and LSI preservetrace(Sm), they preservetrace(Sw)
andtrace(Sb) as well. This follows from the scatter matrix
relationship (1.2) and the inequalities

trace(GTSwG) ≤ trace(Sw)
trace(GTSbG) ≤ trace(Sb),

which are satisfied for anyG with orthonormal columns,
sinceSw andSb are positive semidefinite. In summary, the
individual traces ofSm, Sw, andSb are preserved by using
PCA to reduce to a dimension of at leastrank(Hm), or by
using LSI to reduce to a dimension of at leastrank(A).

4 LSI Plus LDA

In this section, we establish the equivalence of the
LDA/GSVD method to a two-stage approach composed of
LSI followed by LDA, and denoted by LSI + LDA. As dis-
cussed in the previous section, forq = rank(A), we can
write A = UqΣqV Tq , whereUq andVq denote the firstq
columns ofU andV , respectively, andΣq = Σ(1 : q, 1 : q).
Then theq-dimensional representation ofA after the LSI
stage is

B = UTq A,



andthe second stage applies LDA toB. Letting the super-
scriptB denote matrices after the LSI stage, we have

HB
b = UTq Hb and HB

w = UTq Hw.

Hence

SBb = UTq HbH
T
b Uq and SBw = UTq HwH

T
wUq.

Suppose

SBb x = λSBwx;

i.e. x andλ are an eigenvector-eigenvalue pair of the gen-
eralized eigenvalue problem that LDA solves in the second
stage. Then, forλ = α2/β2,

β2UTq HbH
T
b Uqx = α2UTq HwH

T
wUqx.

Suppose the matrix
(
Uq, U ′q

)
is orthogonal. Then

(U ′q)
TA = (U ′q)

TUqΣqV Tq = 0, and accordingly,
(U ′q)

THb = 0 and (U ′q)
THw = 0, since the columns of

bothHb andHw are linear combinations of the columns of
A. Hence

β2

(
UTq

(U ′q)
T

)
HbH

T
b Uqx =

(
β2UTq HbH

T
b Uqx

0

)
=

(
α2UTq HwH

T
wUqx

0

)
= α2

(
UTq

(U ′q)
T

)
HwH

T
wUqx,

which implies

β2HbH
T
b (Uqx) = α2HwH

T
w (Uqx).

That is,Uqx andα/β are a generalized singular vector and
value of the generalized singular value problem that LDA
solves when applied toA. To show that theseUqx vectors
include all the LDA solution vectors forA, we show that
rank(SBm) = rank(Sm). From the definition (2.6), we have

Hm = A− ceT = A(I − 1
n
eeT ) = UqΣqV Tq (I − 1

n
eeT )

and

HB
m = UTq Hm,

andhence

Hm = UqH
B
m.

SinceHm andHB
m have the same null space, their ranks

are the same. This means that the number of non-arbitrary
generalized singular value pairs is the same for LDA/GSVD

applied toB, which producest = rank(SBm) pairs, and
LDA/GSVD applied toA, which producest = rank(Sm)
pairs.

So ifG is an optimal LDA transformation forB, which
is theq-dimensional representation of the matrixA via LSI,
thenUqG is an optimal LDA transformation forA. In other
words, LDA applied toA produces

Y = (UqG)TA = GTUTq A = GTB,

which is the same result as applying LSI to reduce the
dimension toq, followed by LDA. Finally, we note that if
the dimension after the LSI stage is at leastrank(A), that
is B = UTl A for l ≥ q, the equivalency argument remains
unchanged.

5 PCA Plus LDA

Just as we did in the previous section for LSI, we now show
that a two-stage approach in which PCA is followed by LDA
is equivalent to LDA applied directly toA. In this case, for
p = rank(Hm), thep-dimensional representation ofA after
the PCA stage is

B = ŨTp A,

and the second stage applies LDA/GSVD toB. Letting the
superscriptB denote matrices after the PCA stage, we have

HB
b = ŨTp Hb and HB

w = ŨTp Hw.

Hence

SBb = ŨTp HbH
T
b Ũp and SBw = ŨTp HwH

T
w Ũp.

Suppose

SBb x = λSBwx;

i.e. x andλ are an eigenvector-eigenvalue pair of the gen-
eralized eigenvalue problem that LDA solves in the second
stage. Then, forλ = α2/β2,

β2ŨTp HbH
T
b Ũpx = α2ŨTp HwH

T
w Ũpx.

Suppose the matrix
(
Ũp, Ũ ′p

)
is orthogonal. Then

(Ũ ′p)
THm = 0⇒ (Ũ ′p)

TSmŨ
′
p = 0

⇒ (Ũ ′p)
TSwŨ

′
p + (Ũ ′p)

TSbŨ
′
p = 0

⇒ (Ũ ′p)
TSwŨ

′
p = 0 and(Ũ ′p)

TSbŨ
′
p = 0

⇒ (Ũ ′p)
THw = 0 and(Ũ ′p)

THb = 0.

Here we use (2.7), the scatter matrix relationship (1.2), and



thefact thatSw andSb arepositive semidefinite. Hence

β2

(
ŨTp

(Ũ ′p)
T

)
HbH

T
b Ũpx =

(
β2ŨTp HbH

T
b Ũpx

0

)
=

(
α2ŨTp HwH

T
w Ũpx

0

)
= α2

(
ŨTp

(Ũ ′p)
T

)
HwH

T
w Ũpx,

which implies

β2HbH
T
b (Ũpx) = α2HwH

T
w (Ũpx).

That is,Ũpx andα/β are a generalized singular vector and
value of the generalized singular value problem that LDA
solves when applied toA. As in the previous section, we
need to show that we obtainall the LDA solution vectors for
A in this way. From

SBm = ŨTp SmŨp = Σ̃2
p,(5.13)

we have that LDA/GSVD applied toB produces
rank(SBm) = p non-arbitrary generalized singular value
pairs. That is the same number of non-arbitrary pairs as
LDA/GSVD applied toA.

So ifG is an optimal LDA transformation forB, which
is thep-dimensional representation of the matrixA via PCA,
thenŨpG is an optimal LDA transformation forA. In other
words, LDA applied toA produces

Y = (ŨpG)TA = GT ŨTp A = GTB,

which is the same result as applying PCA to reduce the
dimension top, followed by LDA. Note that if the dimension
after the PCA stage is at leastrank(Hm), that isB = ŨTl A
for l ≥ p, the equivalency argument remains unchanged.

An additional consequence of (5.13) is that

null(SBm) = {0}.

Due to the relationship (1.2) and the fact thatSw andSb are
positive semidefinite,

null(SBm) = null(SBw ) ∩ null(SBb ).

Thus the PCA stage eliminates only the joint null space,
as illustrated in Figure 2, which is why we don’t lose any
discriminatory information before applying LDA.

6 QRD Plus LDA

To simplify the computation in the first stage, we note
that the same argument holds if we use the reduced QR
decomposition [6]

A = QR,

Figure2: Generalized singular vectors and their correspond-
ing generalizedsingular values when applying LDA/GSVD
toB.

whereQ ∈ Rm×n andR ∈ Rn×n, and letQ play the role
thatUq or Ũp played before. That is, we use the reduced QR
decomposition instead of the SVD.

The n-dimensional representation ofA after the QRD
stage is

B = QTA,

and the second stage applies LDA toB. Once again letting
the superscriptB denote matrices after the first stage, we
have

HB
b = QTHb and HB

w = QTHw.

Hence

SBb = QTHbH
T
b Q and SBw = QTHwH

T
wQ.

Suppose

SBb x = λSBwx;

i.e. x andλ are an eigenvector-eigenvalue pair of the gen-
eralized eigenvalue problem that LDA solves in the second
stage. Then, forλ = α2/β2,

β2QTHbH
T
b Qx = α2QTHwH

T
wQx.



Supposethe matrix
(
Q, Q′

)
is orthogonal. Then

(Q′)TA = (Q′)TQR = 0, and accordingly,(Q′)THb = 0
and(Q′)THw = 0, since the columns of bothHb andHw

are linear combinations of the columns ofA. Hence

β2

(
QT

(Q′)T

)
HbH

T
b Qx =

(
β2QTHbH

T
b Qx

0

)
=

(
α2QTHwH

T
wQx

0

)
= α2

(
QT

(Q′)T

)
HwH

T
wQx,

which implies

β2HbH
T
b (Qx) = α2HwH

T
w (Qx).

That is,Qx andα/β are a generalized singular vector and
value of the generalized singular value problem that LDA
solves when applied toA. Similar to our argument for LSI,
we can show that we obtainall the LDA solution vectors for
A in this way, by writing

HB
m = QTHm and Hm = QHB

m.

So if G is an optimal LDA transformation forB, which is
then-dimensional representation of the matrixA after QRD,
thenQG is an optimal LDA transformation forA. In other
words, LDA applied toA produces

Y = (QG)TA = GTQTA = GTB,

which is the same result as applying QRD to reduce the
dimension ton, followed by LDA.

7 Experimental Results

To confirm our theoretical results, we use five categories
of abstracts from the MEDLINE1 database (see Table 1).
Each category has 40 documents. There are 7519 terms after
preprocessing with stemming and removal of stop words [9].
Since 7519 exceeds the number of documents (200),Sw
is singular and classical discriminant analysis breaks down.
However, LDA/GSVD and the equivalent two-stage methods
circumvent this singularity problem.

Table 2 confirms the preservation of the traces of in-
dividual scatter matrices upon dimension reduction by the
methods we use in the first stage. Specifically, since
rank(A) = 198, using LSI to reduce the dimension to 198
preserves the values oftrace(Sw) and trace(Sb) from the
full space. Likewise, PCA reduction torank(Hm) = 197
and QRD reduction ton = 200 preserve the individual
traces. The effect of these first stages is further illustrated by
the lack of significant differences in misclassification rates

1http://www.ncbi.nlm.nih.gov/PubMed

Table 1: MEDLINE Data Set

class category no. of documents
1 heartattack 40
2 coloncancer 40
3 diabetes 40
4 oral cancer 40
5 toothdecay 40

dimension 7519× 200

Table 2: Traces and Misclassification Rate (in %) withL2

normsimilarity

Method Full LSI PCA QRD
Dim 7519× 200 198× 200 197× 200 200× 200

trace(Sw) 73048 73048 73048 73048
trace(Sb) 6229 6229 6229 6229

centroid 5% 5% 5% 5%
1NN 40% 40% 40% 41%
3NN 51% 52% 51% 52%

resultingfrom each method, as compared to the full space.
Here we use a centroid-based classification method [12],
which assigns a document to the cluster to whose centroid
it is closest, and K Nearest Neighbor classification [15] for
K=1 and K=3. Closeness is determined byL2 norm or Eu-
clidean distance.

To confirm the equivalence of the two-stage methods
and the single-stage LDA/GSVD, we report trace values
and misclassification rates for these in Table 3. Since
Sw is singular, we cannot computetrace(S−1

w Sb) of the
J1 criterion. However, we observe thattrace(Sw) and
trace(Sb) are identical for LDA/GSVD and each two-stage
method, and they sum to the final reduced dimension of
k − 1 = 4. Classification results after dimension reduction
by each method do not differ significantly, whether obtained
by centroid-based or KNN classification.

8 Conclusion

To address the problem of dimension reduction of very high-
dimensional or undersampled data, we have compared four
seemingly different methods. Our results are summarized
in Table 4, whereq = rank(A), p = rank(Hm), and the
complete orthogonal decomposition is referred to as URV.
After showing that both LSI and PCA maximizeJ2(G) =
trace(GTSmG) over allG with GTG = I, we confirmed
the preservation oftrace(Sw) and trace(Sb) with either
method or the computationally simpler QRD. The most
significant results show the equivalence of the single-stage



Table 3: Traces and Misclassification Rate (in %) withL2

normsimilarity

LDA/ LSI→ 198 PCA→ 197 QRD→ 200
Method GSVD + + +

LDA/GSVD LDA/GSVD LDA/GSVD
Dim 4× 200 4× 200 4× 200 4× 200

trace(Sw) 0.05 0.05 0.05 0.05
trace(Sb) 3.95 3.95 3.95 3.95

centroid 1% 1% 1% 1%
1NN 1% 1% 1% 1%
3NN 1.5% 1.5% 1.5% 1%

LDA/GSVD, which extends the applicability of the criterion
J1(G) = trace((GTSwG)−1GTSbG) to singularSw, to
any of the two-stage methods. This provides theoretical
justification for the increasingly common approach of either
LSI + LDA or PCA + LDA, although most studies have
reduced the intermediate dimension below that required for
equivalence.

Regardless of which of the three approaches is taken in
the first stage, LDA/GSVD provides both a method for cir-
cumventing the singularity that occurs in the second stage,
and a mathematical framework for understanding the sin-
gular case. When applied to the reduced representation in
the second stage, the solution vectors correspond one-to-
one with those obtained using the single-stage LDA/GSVD.
Hence the second stage is a straightforward application of
LDA/GSVD to a smaller representation of the original data
matrix. Given the relative expense of LDA/GSVD and the
two-stage methods, we observe that, in general, QRD is
a significantly cheaper pre-processing step for LDA/GSVD
than either LSI or PCA. However, ifrank(A)� n, LSI may
be cheaper than the reduced QR decomposition, and will
avoid the centering of the data required in PCA. Therefore,
the appropriate two-stage method provides a fast algorithm
for LDA/GSVD.

Table 4: Comparison of Two-stage Methods for LDA

LDA/ LSI→ q PCA→ p QRD→ n
Method GSVD + + +

LDA/GSVD LDA/GSVD LDA/GSVD

Stage1 max max max

trace(Sm) trace(Sm) trace(Sm)

Stage2 max max max max

tr(S−1
w Sb) tr(S−1

w Sb) tr(S−1
w Sb) tr(S−1

w Sb)

cost URV of thin SVD thin SVD reduced
(Hb, Hw)T of A of A− ceT QRDof A
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