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Abstract and are grouped intb clusters as

Linear discriminant analysis (LDA) has been used for
decades to extract features that preserve class separatzﬁt)]/.)
Itis classically defined as an optimization problem involving
covariance matrices that represent the scatter within and be- [
tween clusters. The requirement that one of these matrices
be nonsingular restricts its application to data sets in whicht N; denote the set of column indices that belong to cluster
the dimension of the data does not exceed the sample sjz&he centroid:(*) is computed by taking the average of the
Recently, the applicability of LDA has been extended by ugolumns in clustet; i.e.,
ing the generalized singular value decomposition (GSVD)
to circumvent the nonsingularity requirement. Alternatively, ) — 1 Z a
many studies have taken a two-stage approach in which the n; !
first stage reduces the dimension of the data enough so that
it can be followed by classical LDA. In this paper, we justifigndthe global centroic: is defined as
the two-stage approach by establishing its equivalence to the
single-stage LDA/GSVD method, provided either principal 1 "

c= " ; a;.

k
Ay, Ay, -+, Ay whered; € R™ " and Y " n; = n.

i=1

Y jEN;

component analysis or latent semantic indexing is used in

the first stage over a certain range of intermediate dimen-

sions. We also present a computationally simpler choice #fenthewithin-cluster, between-cluster, and mixture scatter
the first stage, and conclude with a discussion of the relatij@rices are defined [5, 15] as

merits of each approach.

k

1 Introduction S, = Z Z (aj — C(i))(aj — T,
The goal of linear discriminant analysis (LDA) is to combine i=ljeN:
features of the original data in a way that most effectively k , ,
discriminates between classes. With an appropriate exten- 56 = »_ > (¢ =)@ —¢)"
sion, it can be applied to the goal of reducing the dimension i=1jEN;
of a data matrix in a way that most effectively preserves its k , ,
cluster structure. That is, we want to find a linear transfor- = ) ni(c? =)™ - )", and

=1

mation G” that maps amn-dimensional data vectar to a
vectory in thel-dimensional space & m):

Sm = > (a5 —c)a; =),

GT:a e R™! — y e RIXL j=1

Assuming that the given data are already clustered, we seeksbectively. The scatter matrices have the relationship [8]
transformation that optimally preserves this cluster structure

in the reduced dimensional space. (1.2) Sm = Sw + Sp.
For simplicity of discussion, we will assume that data
vectorsa,, . . ., a, form columns of a matrixd € R™*", Applying GT to the matrix4 transforms the scatter matrices

Sw, Sp, ands,,, to thel x [ matrices
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authors and do not necessarily reflect the views of the National Science tivel
Foundation (NSF). respectively.

t Department of Computer Science and Engineering, University of Min- 1 Nere are several measures of cluster quality that inY0|Ye
nesota, Minneapolis, MN 55458howland,hpark} @cs.umn.edu the three scatter matrices [5, 15]. When cluster quality is

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited 69



high, each cluster is tightly grouped, but well separated frofor facial feature extraction. More recently, Torkkola [16]

theotherclusters. Since implemented LSI plus LDA for document classification. A
X drawback of these two-stage approaches is that experimen-
trace(Sy,) = Z Z (a; — C(i))T(a, _ c(i)) tation has been needed to determine which intermediate re-
v i ’ ! duced dimension produces optimal results after the second
. ' stage.
_ (@)2 Moreover, since either PCA or LSI ignores the cluster
= > > lla; =93 o the fi heoretical iustification f o
= structure in the first stage, theoretical justification for suc

two-stage approaches has been lacking. Yang and Yang
measures the closeness of the columns within the clust§t8] supplied theoretical justification for PCA plus LDA,

and for a single discriminant vector. In this paper, we justify
k the two-stage approach that uses either PCA or LSI, fol-

¢ S — G) _ NT(.3G) _ lowed by LDA. We do this by establishing the equivalence of
race(Sh) ;ﬂ;\r(c e) (e ) the single-stage LDA/GSVD to the two-stage method, pro-

. vided that the intermediate dimension after the first stage
- Z Z [ —c|3 falls within a specific range. In this_range, remains singu-
lar, and hence LDA/GSVD is required for the second stage.
We explain how, in addition to its role in the LDA/GSVD
measures the separation between clusters, an optimal trafgoarithm, the GSVD provides a mathematical framework
formation that preserves the given cluster structure wodtd understanding the singular case. We also present a com-

i=1jEN;

maximizetrace(G* S,G) and minimizetrace(G* S, G). putationally simpler choice for the first stage, which uses
This simultaneous optimization can be approximated R decomposition (QRD) rather than the SVD. After con-

finding a transformatiod: that maximizes firming the equivalence of these approaches experimentally,

we discuss the relative merits of each. We conclude that

(13)  Ji(G) = trace((G" 8,G) ' GTS,G). QRD plus LDA, which uses QRD as a pre-processing step

However, this criterion cannot be applied when the matrfi?(r LDA/GSVD, provides a fast algorithm for LDA/GSVD.

Sl_,j |s_smgular, a S|tuat|on_ that occurs frequently in many aE— LDA based on the GSVD

plications. For example, in handling document data in infor-_ o ) o

mation retrieval, it is often the case that the number of terdtgS well-known that theJ, criterion (1.3) is maximized

in the document collection is larger than the total number\§hen the columns otz are thel eigenvectors of5;'5;

documents (i.exn > n in the term-document matrix), and corresponding to thé largest eigenvalues [5]. In other

therefore the matriss,, is singular. Furthermore, for appli-Words, classical discriminant analysis solves

cations where the data points are in a very high-dimensiopgly) Sl S,m: = A

space and collecting data is expensigg, is singular be-

cause the value far must be kept relatively small. Such idor the z;'s corresponding to the largest’s. For these

the case for the image databases of facial recognition, as Wwéligenvectors, the maximum achieved/ig(G) = A1 +

as for gene expression data. This is referred to as the smali+ A= Sincerank(S,) of the eigenvalues of; 'S, are

sample size problem, or the problem of undersampled dag€ater than zero, #f > rank(5;), this optimalG preserves
Classical LDA expresses the solution in terms of dfiace(S,,'Sy) exactly upon dimension reduction.

eigenvalue problem whefi,, is nonsingular. By reformu- Assuming ihe cluster structure given in (1.1), [7] defines

lating the problem in terms of the generalized singular valff€m x n matrices

decomposition (GSVD) [17, 13, 6], the LDA/GSVD algo{2.5)

_rith_m [7] has extended the applicability to the case \_/vﬁ‘g,n H, = [A; — c(l)e(l)T,A2 B 6(2)6(2)T7 A C(k)e(k,)T]
is singular. Another way to make classical LDA applicable to - . -
the data matrixd € R™*" with m > n (and hences,, sin- Hp = [(cV) —c)e™ | (@ —c)e@ ... (™ — )]

gular) is to perform dimension reduction in two stages. Ti@g_e)
LDA stage is preceded by a stage in which the cluster strye- A= A el
ture is ignored. A common approach for the first part of this™ o = ovsan = = €

process is rank reduction by the truncated singular value dgrerec(®) = (1,...,1)T e Rm*Lande = (1,---,1)T €
composition (SVD). This is the main tool in principal comR™*!, Then the scatter matrices can be expressed as
ponent analysis (PCA) [4], as well as in latent semantic in-

dexing (LSI) [3, 1] of documents. Both Swets and We 7) T . T
[14] and Belhumeur et al. [2] have utilized PCA plus LDA Sw = HwH,,, Sy =HyH,, and Sy = HyH,,.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited 70



Anotherway to defineH, thatsatisfieq2.7) is and

(2.8) Dy, = diag(Br+1,- - -, Brs)

Hy = [yr(e®) — o), yia(e® — o), y/ag(c® —¢)]  S2ustY

andusingthism x k form reduces the storage requiremenﬂs> Qg1 2 -

and computational complexity of the LDA/GSVD algor.|thmanda2 LB —1fori=r+1,....r+s
As the product of am x n matrix and am x m matrix, ¢ ¢

Sy is singular whenm > n [11]. This means thatli Thjs form of GSVD is related to that of Van Loan [17]

cannot be applied when the number of available data poigts

is smaller than the dimension of the data. Expressings

'ZO{T+5>O, O<ﬁr+1§"'§ﬁr+8<17

a?/32, the eigenvalue problem (2.4) becomes (2.10) UTHI X = (3,0) and VTHTX = (2,,0),
(2.9) B HyHY x; = of Hy Hoy ;. where
This has the form of a problem that can be solved using the X =Q R™'W 0
GSVD of the matrix pair(H;}, HL). Paige and Saunders mxm 0 Lyt )
[13] defined the GSVD for any two matrices with the same
number of columns, which we restate as follows. This implies that
; T kxm I
THTEOREI\12.1. Su_ppose two matriced; < R**™ and XTH,HT X = ( §b 2 8 )
H, € R™™™ are given. Then for
HT and
K= ( b ) and t=rank(K),
H, . T ¥y, 0
X HwHwX:<0w v 0>'
there exist orthogonal matrice§ € RF** V ¢ R"*?,
W e R™, and@Q € R™*™ such that Letting z; represent théth column of X, and defining
TrT ny T
U'Hy,Q=%5W R, 0 ) a;=1Bi=0fori=1,....r
t m—t

and

and
iZO, i:lfor': 1,...,t7
VTHIQ = Su(WTE, 0_), @=00 e
t m—t we see that (2.9) is satisfied for< ¢ < t. Since
whee HyHT2; =0 and Hy,HTz; =0
Ib Ow . . . g
5, = Dy v D for the remainingn — ¢ columns ofX, (2.9) is satisfied for
loxt o, | nxt v 7 ’ arbitrary values ofy; and3; whent + 1 < i < m. The
b v columns of X are the generalized singular vectors for the

and R € R'*! is nonsingular with its singular values equalMatrix pair (H!', HY). They correspond to the generalized
to the nonzero singular values &f. The matrices singular values, or they;/5; quotients, as follows. The

first » columns correspond to infinite values, and the next

I, e R™" and I, € RU-7=9)x(t=r=s) s columns correspond to finite and nonzero values. The

following ¢ —  — s columns correspond to zero values, and

are identity matrices, where the lastm — t columns correspond to the arbitrary values.

This correspondence between generalized singular vectors
r=t—rank(H}) and s=rank(H; )+rank(H,)—t, and values is illustrated in Figure 1.
(k—r—s) X (t—r—s) (n—thr)xr A question that remains is which columns &f to
Op €R and O, €R include in the solutiorG. If S,, is nonsingular, both = 0
are zero matrices with possibly no rows or no columns, ar@ndm — ¢ = 0, sos = rank(H;") generalized singular
values are finite and nonzero, and the rest are zero. Hence
Dy = diag(ctrq1, ..y Qrys) we include inG the leftmosts columns ofX. For the case
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%zoo oo>g>0 ﬁ:0 m,@
b i e arbitrary
null(S,) null(S,)| null(Sw)
- - N
null(S,) null(S,,)| null(Sp)
r r+s t m

X

Figurel: Generalized singular vectors and their correspo
ing generalizedingular values.

whens,, is singular, [7] argues in terms of the simultaneous

optimization

(2.12) max trace(G* S,G) and mgvn trace(G* S, Q)

that criterionJ; is approximating. Lettingy; represent a
column ofG, we write

trace(GT S,G) = ZngSbgj
and
trace(GT S,,G) = ngsng.

If ; is one of the leftmost vectors, ther; € null(S,,) —
null(S). Becauser! Spx; > 0 andz? S, z; = 0, including

this vector inG increases the trace we want to maximize3-
while leaving the trace we want to minimize unchanged.

On the other hand, for the rightmost — t vectors,z; €
null(S,,) N null(S,). Adding the columnz; to G has no
effect on these traces, sine¢ S,,z; = 0 andz! S,z; = 0,
and therefore does not contribute to either maximizat
or minimization in (2.11). We conclude that, wheth&y,

is singular or nonsingularz should be comprised of the
leftmostr +s = rank(H;!') columns ofX, which are shaded g,

in Figure 1.
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As a practical matter, LDA/GSVD includes the first
k — 1 columns of X in G. This is due to the fact that
rank(H,) < k — 1, which is clear from the definition of
H, given in (2.8). Ifrank(H,) < k — 1, including extra
columns inG (some which correspond to the— r — s
zero generalized singular values and, possibly, some which
correspond to the arbitrary generalized singular values) will
have approximately no effect on cluster preservation. As
summarized in Algorithm 2.1, we first compute the matrices
H, andH,, from the data matrix A. We then solve for a very
limited portion of the GSVD of the matrix pai#/, HL).
This solution is accomplished by following the construction
in the proof of Theorem 2.1 [13]. The major steps are limited
to the complete orthogonal decomposition [6, 10] of

K= (g ).

which produces orthogonal matricés and ¢Q and a non-
singular matrixR, followed by the singular value decompo-
sition of a leading principal submatrix d?, whose size is
much smaller than that of the data matrix. Finally, we assign
the leftmostk — 1 generalized singular vectors €a

Hy
HT

w

ALGORITHM 2.1. (LDA/GSVD) Given a data matrid €
ARj. " with & clusters and an input vecter R™*1,
compute the matrbxG € R™*(*~1) which preserves the
cluster structure in the reduced dimensional space, using

J1(G) = trace((GTS,G) ' GT S,@G).
Also compute thé — 1 dimensional representatignof a.

1. ComputeH, and H,, from A according to (2.8) and
(2.5), respectively.

2. Compute the complete orthogonal decomposition
R 0
T —
P'KQ = ( 0 0 >,
where .
K = < ng > € R(k+n)xm

Lett = rank(K).

4. Compute W from the SVD oP(1 : k,1 : t), which is
UTP(1:k1: )W =%.

5

_ 5. Compute the first — 1 columns of
ion

—1
X:Q(é?“ w 0),andassignthem'r(i.

I
y=GTa
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3 Rank reduction based on the truncated SVD This meanse € span{a; — ¢/l < j < n}, and hence

As mentionedin the introduction, two-stage approaches % € span{a;|1 < j < n}. Accordingly,
dimension reduction typically use the truncated SVD in the

first stage. Either PCA or LSI may be used; they differ

only in that PCA centers the data by subtracting the global £,
centroid from each column of. In this section, we express

both methods in terms of the maximization #f(G) = q = rank(A),

trace(GT S,,G).

Ifwe letG € R™*! be any matrix with full column rank, we can writeA = U,%,V,", whereU, andV, denote the
then essentially, (G) has no upper bound and maximizatiofirst ¢ columns ofU and V', respectively, and, = %(1 :
is meaningless. Now, let us restrict the solution to the cagé : ¢). Thenrange(A) = range(U,), which implies that
whenG has orthonormal columns. Then there exiStse -

R™*(m=1) such that(G, G') is an orthogonal matrix. In range(U,) C range(Uy).
addition, sinceS,, is positive semidefinite, we have

range(U,) C range(A).

Hence R
trace(G* S,,G) < trace(GT S,,G) + trace((G')''S,,G") Up =U,W
= trace(S,y,). for some matri¥¥ € R2*? with orthonormal columns. This
yields
Reserving the following notation for the SVD df; -
, S(Up) = Sa(UW)
A=U%V", = trace(W U} S, U,W)
let the SVD ofH,, be given by < trace(U; SpnU,)
[ = J2(Uq)-
Hp=A-ce" =USVT. )
Since J»(U,) = trace(S,,) from (3.12), we preserve
Then trace(Sy,) if we takeU, asG. The same argument holds

for U; with [ > ¢, so LSI to any dimension greater than or
equal torank(A) also preservesrace(.Sy,).

. . Finally, in the range of reduced dimensions for which
Hence the columns d¥ form an orthonormal set of eigenpca and LSI preserverace(S,, ), they preserverace(S,)

vectors ofs,, corresponding tTO the.nonjr;creasjr;g eigenvalprace(S,) as well. This follows from the scatter matrix
ues on the diagonal of = %37 = diag(d7, .. .,5,). FOr  rejationship (1.2) and the inequalities

Sy =H,HL =UxxTU”.

p = rank(Hp,), trace(GT S,G) < trace(S.,)

k <
: . - <
if we denote the firsp columns ofU by U,, and letA, = trace(G15,G) < trace(S),

diag(s1, . ..,5;), we have which are satisfied for angz with orthonormal columns,
_ - sinceS,, and S, are positive semidefinite. In summary, the
Jo(Up) = trace(U, SnUy) individual traces ofS,,, S.,, andsS, are preserved by using
- trace((}g[}p/\p) PCA to reduce to a dimension of at leastk(H,,), or by

9 9 using LSI to reduce to a dimension of at legsik(A).
= 0'1 + -+ Up

(3.12) = trace(Sp,). 4 LS| Plus LDA

In this section, we establish the equivalence of the
LDA/GSVD method to a two-stage approach composed of

C_Iearly,. the same is true fdr, with I > p, S0 PCA to a LSI followed by LDA, and denoted by LSI + LDA. As dis-
dimension of at leastank(H,,) preservesrace(S,,). . . .
cussed in the previous section, fer= rank(A), we can

Now we show that LS| also preservasce(S,,). Sup- write A = U,%,V", whereU, and V;, denote the firsy

sgﬁjzx)\'i%n 1e_;]geennvector ofi,, corresponding to the 198N columns oft andV, respectively, an@, = ¥(1:¢,1: q).

Then theg-dimensional representation of after the LSI
n stage is
Smx = Z(aj —¢)(a; —c)Tx = Az

Jj=1

This means that we presertice(S,, ) if we takeU,, asG.

B=UJA,
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andthe second stage applies LDA f&. Letting the super- applied to B, which produces = rank(SZ) pairs, and
script B denote matrices after the LSI stage, we have LDA/GSVD applied toA, which produces = rank(S,,)
pairs.

HP =UlH, and HJ] =U!H,. So if G is an optimal LDA transformation faB, which
Y is theg-dimensional representation of the matrixvia LSI,
ence thenU,G is an optimal LDA transformation fod. In other
SbB _ UTHngUq and SB —UTH HTUq words, LDA applied taA produces
q w q wHtw .
Suppose Y =(U,G)"'A=G"UA=G"B,

SBx =SBy, which is the same result as applying LSI to reduce the
. ) . . dimension tog, followed by LDA. Finally, we note that if
ie. x and_)\ are an eigenvector-eigenvalue pair of the gefke dimension after the LS| stage is at leastk(A), that
eralized eigenvalue p2rob2lem that LDA solves in the secopdp _ UTAforl > g, the equivalency argument remains
stage. Then, fok = o /3%, unchanged.
27T T _ 27T T
p°U, HyH, Ujz = o”U, H,H,,Uyx. 5 PCA Plus LDA
Suppose the matriXU,, U}) is orthogonal. Then Justas we did in the previous section for LSI, we now show
UHtA = (UHTUzEVE = 0, and accordingly, that a two-stage approach in which PCA is followed by LDA
(UNTH, = 0 and (U/)"H, = 0, since the columns of is equivalent to LDA applied directly tal. In this case, for
q q w ’ . . .
both H, and H,, are linear combinations of the columns of = rank(H,,), thep-dimensional representation dfafter

A. Hence the PCA stage is
T 277T T _ 7T
3 <(g~/q)T) Hngqu = (ﬂ Uy HSH” UQ;C) B=U, 4,
q
2UTH, HTU, x and the second stage applies LDA/GSVDAo Letting the
= ( ? 0 vl ) superscriptB denote matrices after the PCA stage, we have
T ~ ~
_ o2 ((UU,q)T) HoHTU,z, HP =0TH, and HE =UTH,.
q
which implies Hence
B2H,HT (Uyz) = o Hy HE (U,z). Sy = Uy HyH U, and S = U, HyHyU,.

That is,U,x anda/( are a generalized singular vector an8uppose

value of the generalized singular value problem that LDA

solves when applied td. To show that thes&,2 vectors SBy = \SBy;

include all the LDA solution vectors ford, we show that

rank(S2) = rank(S,,). From the definition (2.6), we havei.e. x and\ are an eigenvector-eigenvalue pair of the gen-
eralized eigenvalue problem that LDA solves in the second
stage. Then, foh = o?/3?,

1 1
Hy,=A—cel = A1 — —ee?) = U2, VI (I — —ee” . - . -
ce ( nee ) q-q97%q ( nee ) 62UEHngUp$:a2UgHngpr~

and . .
Suppose the matril/,,, U, ) is orthogonal. Then
HP =UTH,,
UN'H,, =0= (U)'S,, U =0
andhence ) - (Np) e N
= (U)"SuU, + (U,)"SyU) =0
Hon = Uyl = (U7 S, 0, = 0 and (T)7 S0, = 0
p) Pwtp = p) PbYp =

Since H,,, and H2 have the same null space, their ranks = (U))"H, = 0 and(U,)" H, = 0.

are the same. This means that the number of non-arbitrary
generalized singular value pairs is the same for LDA/GSMBere we use (2.7), the scatter matrix relationship (1.2), and
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thefact thatS,, and.S, arepositive semidefinite. Hence

ur - B2UT HyHT U,
5 ((UZ)T> HHE Uy = ( p Hotly Uy )
_ <a2[7;;erH£ﬁpx>
0

ur T
= 02 ((UIP)T> H’U)Hw pr,

p

which implies
BPHHL (Uyx) = o®H, HE (U, ).

That is,f]pa: and«/f are a generalized singular vector a
value of the generalized singular value problem that L
solves when applied tal. As in the previous section, w
need to show that we obta#ll the LDA solution vectors for
A'in this way. From

(5.13) SE=UrS,U, =32,

we have that LDA/GSVD applied toB produces
rank(S2) = p non-arbitrary generalized singular valui X
pairs. That is the same number of non-arbitrary pairs

LDA/GSVD applied toA.

So if G'is an optimal LDA transformation foB, which - Figure2: Generalized singular vectors and their correspond-

is thep-dimensional representation of the matiwia PCA, ' ing generalizedsingular values when applying LDA/GSVD
thenU,G is an optimal LDA transformation fad. In other g B.

words, LDA applied ta4 produces

Y = (0,0)TA = GTf]pTA =GTB, where@ € R™*" andR € R"*", and letQ play the role
thatU, or U, played before. That is, we use the reduced QR
which is the same result as applying PCA to reduce tdecomposition instead of the SVD.
dimension t, followed by LDA. Note that if the dimension The n-dimensional representation df after the QRD
after the PCA stage is at leastnk(H,,), thatisB = U A stage is
for I > p, the equivalency argument remains unchanged. -
An additional consequence of (5.13) is that B=Q A,

null(SE) = {0} and the second stage applies LDAo Once again letting
m ’ the superscripB denote matrices after the first stage, we
Due to the relationship (1.2) and the fact tisgt and .S, are have

positive semidefinite, HE —QTH, and HE — QTH
b — b w w -
null(S2) = null(SZ) N null(SP). Hence

Thgs the PCA stc_alge elimina_tes_only the joint null space, SB = QTH,HFQ and SE=QTH,HTQ.
as illustrated in Figure 2, which is why we don't lose any
discriminatory information before applying LDA. Suppose

B_. _ B_..
6 QRD Plus LDA Sy x = AS,z;

To simplify the computation in the first stage, we notge. z and\ are an eigenvector-eigenvalue pair of the gen-
that the same argument holds if we use the reduced @fdlized eigenvalue problem that LDA solves in the second
decomposition [6] stage. Then, foh = a2/32,

A= QR, B*QTH,H! Qr = o*Q" H,HL Q.
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Supposethe matrix (Q, Q') is orthogonal. Then
(Q"YTA = (Q")TQR = 0, and accordingly(Q")T H, = 0

Table 1: MEDLINE Data Set

and (Q)TH,, = 0, since the columns of botH, and H,, class category no. of documents|
are linear combinations of the columns4f Hence 1 heartattack 20
T 2T T 2 coloncancer 40
3 ((g/)T> HbeTQx = (ﬂ @ H(;’Hb Qx) 3 diabetes 40
- r 4 oral cancer 40
_ (04 Q" HyH, QI) 5 toothdecay 40
0 dimension 7519 x 200

_ 2 QT H HT
ENCEI
which implies Table 2: Traces and Misclassification Rate (in %) with

normsimilarit
B2 H,HT (Qx) = o Hy HY (Qu). y

That is,Qx anda/( are a generalized singular vector and Method Full LSI PCA QRD
value of the generalized singular value problem that LDA__Dim 7519 x 200 | 198 x 200 | 197 x 200 | 200 x 200
solves when applied td. Similar to our argument for LSI,| trace(Sw) 73048 73048 73048 73048
we can show that we obtaail the LDA solution vectors for tracet(sg 652;9 6;;9 652;9 652;9
i i it centrol (J 0 (] (4
A in this way, by writing INN 0% 0% e o
3NN 51% 52% 51% 52%

HB =Q"H,, and H,, =QH5.

So if G is an optimal LDA transformation foB, which is

then-dimensional representation of the matdafter QRD, ]
thenQG is an optimal LDA transformation for. In other resultingfrom each method, as compared to the full space.
words, LDA applied ta4 produces Here we use a centroid-based classification method [12],

which assigns a document to the cluster to whose centroid

it is closest, and K Nearest Neighbor classification [15] for

K=1 and K=3. Closeness is determined by norm or Eu-

which is the same result as applying QRD to reduce tbkdean distance.

dimension ton, followed by LDA. To confirm the equivalence of the two-stage methods
and the single-stage LDA/GSVD, we report trace values

7 Experimental Results and misclassification rates for these in Table 3. Since

To confirm our theoretical results, we use five categori€g IS Singular, we cannot computeace(S,,'S,) of the
of abstracts from the MEDLINE database (see Table 1)71 Criterion.  However, we observe thatace(S.) and
Each category has 40 documents. There are 7519 terms &ftie(5y) are identical for LDA/GSVD and each two-stage
preprocessing with stemming and removal of stop words [g}€thod, and they sum to the final reduced dimension of
Since 7519 exceeds the number of documents (26Q), ¥ —1 = 4. Classn‘lcatlon' resu!ts gfter dimension reducjuon
is singular and classical discriminant analysis breaks do/.ach method do not differ significantly, whether obtained
However, LDA/GSVD and the equivalent two-stage metho8¥ centroid-based or KNN classification.
circumvent this singularity problem. .

Table 2 confirms the preservation of the traces of ifi- Conclusion
dividual scatter matrices upon dimension reduction by tfle address the problem of dimension reduction of very high-
methods we use in the first stage. Specifically, sindemensional or undersampled data, we have compared four
rank(A) = 198, using LSI to reduce the dimension to 198eemingly different methods. Our results are summarized
preserves the values oface(S,,) andtrace(S,) from the in Table 4, where; = rank(A4), p = rank(H,,), and the
full space. Likewise, PCA reduction tank(H,,) = 197 complete orthogonal decomposition is referred to as URV.
and QRD reduction tax = 200 preserve the individual After showing that both LS| and PCA maximizg(G) =
traces. The effect of these first stages is further illustratedtoyce(G S,,G) over all G with GTG = I, we confirmed
the lack of significant differences in misclassification ratése preservation ofrace(S,,) and trace(S;) with either
method or the computationally simpler QRD. The most
significant results show the equivalence of the single-stage

Y =(QG)TA=G"QTA=G"B,

Thttp://www.ncbi.nim.nih.ge/PubMed
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Table 3: Traces and Misclassification Rate (in %) with
normsimilarity

LDA/ LSI— 198 PCA— 197 | QRD— 200
Method GSVD + + +
LDA/GSVD | LDA/GSVD | LDA/GSVD
Dim 4 x 200 4 x 200 4 x 200 4 x 200
trace(Sw) 0.05 0.05 0.05 0.05
trace(Sp) 3.95 3.95 3.95 3.95
centroid 1% 1% 1% 1%
1NN 1% 1% 1% 1%
3NN 1.5% 1.5% 1.5% 1%
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