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Abstract

The term “data surveying” refers to the preliminary ex-

amination of a dataset to assess its overall character, and

this process typically involves simple descriptive statistics

to characterize the available variables, along with detection

of data anomalies (e.g., outliers or incomplete records) and

possibly other “interesting” or “unusual” features that may

be worthy of careful scrutiny. In the survey sampling liter-

ature, an important distinction is made between responses

that are missing at random, the simplest form of ignorable

missing data, and non-random alternatives that can lead to

non-ignorable missing data. The distinction is practically

important because non-ignorable missing data can cause se-

vere biases in analytical results, while ignorable missing data

typically causes an undesirable but less serious increase in

the variability of these results. Analogous distinctions can

also be usefully made for other types of data anomalies (e.g.,

i.i.d. vs. correlated outliers) or other unusual data subsets of

potential interest. In particular, the observation of system-

atic behavior with respect to time, position, or other ordered

index sequences (e.g., primary key in a database) can often

give insight into the nature or generation mechanism of these

data subsets. Motivated by these observations, this paper

considers the problem of detecting structure in distinguished

subsets of data records, including missing data, outliers and

other “interesting data records.” Depending on the nature of

the dependences considered, this problem is closely related

to a number of others, including the detection of “streaks”

in athletic performance records, the quantification of associ-

ation between variables, or binary classification.

1 Introduction

Pyle [18] describes data mining in terms of three com-
ponents: data preparation, data surveying, and data
modeling. The second of these steps—data surveying—
is concerned with identifying and characterizing what is
present in the dataset. Useful data surveying tools in-
clude simple descriptive statistics (e.g., how many vari-
ables constitute each data record? what kind are they
(nominal, ordinal, or real)? what are the ranges and
typical values for each?), along with somewhat more
complex characterizations like entropy measures [18,
Ch. 11]. In addition, it is also useful to characterize
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both data anomalies (e.g., outliers and missing data)
and other “interesting” or “unusual” data subsets that
may be worthy of separate analysis. The problem of in-
terest in this paper is the detection of significant struc-
ture in these subsets, which may lead to useful insights
concerning their nature and origin.

As a particularly important example, a useful dis-
tinction is made in the survey sampling literature be-
tween data values that are missing at random (MAR)
and those that are systematically missing [20]. The
MAR model generally represents ignorable missing data,
which may be regarded as a nuisance that causes the
uncertainty of our analytical results to increase, effec-
tively reducing our sample size. Conversely, nonignor-
able missing data patterns in which the probability of
being included in the dataset depends on the missing
data values themselves are generally more serious as
they can cause large biases in our results. Further, the
identification of nonignorable missing data can be the
first step in discovering why these data values are miss-
ing, which can have important practical implications.

Although it is not as widely discussed, a somewhat
analogous distinction is that between outliers that are
randomly distributed throughout the dataset and de-
pendent outliers, sometimes known as “patchy outliers.”
In particular, Davies and Gather [6] express concern
that, “in almost all simulations in the literature the out-
liers are taken to be iid random variables.” To illustrate
that such working assumptions are not always appropri-
ate, they discuss a highly contaminated weather balloon
dataset in which the outliers do not conform to this as-
sumption. This distinction is important because outlier
sequences of the same magnitude and concentration but
with different dependence structures can have very dif-
ferent influences on dynamic characterizations like spec-
trum analysis or linear system identification [16]. Again,
detection of systematic patterns in outliers or other data
anomalies can be useful in determining the mechanisms
and sources responsible for these anomalies.

The analogy between dependent outliers and sys-
tematic missing data becomes clear if we adopt the re-
placement model for outliers [14]. There, the sequence
{yk} of available data samples is modelled as:

yk = (1− zk)xk + zkok,(1.1)



where {xk} is the nominal (i.e., uncontaminated) data
sequence of interest, {ok} is a sequence of outlying val-
ues, and {zk} is a binary selection sequence, assuming
the value zk = 0 whenever the nominal data value is ob-
served, and zk = 1 whenever the outlying data value is
observed. The outlier analog of the missing at random
data model then corresponds to assuming that {zk} is
an iid binary sequence (i.e., a sequence of Bernoulli tri-
als). Similarly, the outlier analog of systematic missing
data corresponds to the case where the binary sequence
{zk} either exhibits a significant dependence structure
(e.g., patchy outliers) or depends on other contaminated
variables. In particular, common mode effects (e.g., par-
tial system failures) can be responsible for the presence
of outliers in several different variables simultaneously,
again in violation of the random occurrance model. The
influence of these strongly correlated outlier sequences
in different variables can profoundly influence the re-
sults of otherwise reasonable joint characterizations like
cross-correlation analysis [15, Sec. 8.1.2].

Useful distinctions can also be made between ran-
dom and systematic occurrance of other types of anoma-
lous, interesting, or unusual data records Rk within a
dataset D. Specific examples include inliers, defined as
observations that lie within the distribution of nomi-
nal (i.e., non-anomalous) data values, but which are in
error [21], near-duplicate records (e.g., web documents)
[3], or subsets of data records that have been deemed
“interesting” by some quantitative interestingness mea-
sure [12]. DesJardins [7] notes that isolated inliers may
not be a problem and may be almost indistinguishable
from nominal data values, but that moderate-sized sets
of inliers can have more serious analytical consequences.
(It is important to note that the term “inlier” is some-
times used as a synonym for “nominal data” [13], quite
distinct from the meaning assumed here.) Finally, an-
other case where data records of particular interest are
not randomly distributed thoughout a dataset is the
case of alarms in telecommunication network data [22].
There, different alarm sequences are known to be cor-
related and to occur in intermittent bursts; one of the
key practical challenges is in extracting cause informa-
tion from the complicated patterns generated by these
related alarm sequences.

The general problem considered in this paper is the
following one. We are given a class K of data records
{Rk} that are of particular interest. This class could
consist of missing or incomplete records, outliers, inliers,
near-duplicate records, or records identified on the basis
of some interestingness measure, either objective or
subjective [12]. The essential requirement here is that
we have available a classification scheme that partitions
data records into those belonging to class K and those

not belonging to this class. Given this partitioning,
define the status sequence {zk} as:

zk =
{

1 if Rk ∈ K
0 if Rk /∈ K,(1.2)

generalizing the binary sequence {zk} on which the re-
placement outlier model (1.1) is based. An obvious ex-
tension of this idea would be to consider multiple classes
of interesting data records, but this paper considers only
a single class K. The key problem of interest here thus
reduces to the characterization and interpretation of
the binary sequence {zk}. As one reviewer noted, it
is important to emphasize that the utility of the re-
sults obtained from analyses like those described here
depends strongly on the accuracy of the classification
procedure that generates the status sequence {zk}. To
keep the length of this paper manageable, the problem
of missclassification is minimized here by considering
cases like missing data where accurate construction of
the sequence {zk} is straightforward.

2 The problem of assessing patchiness

The primary question considered in this paper is
whether the records belonging to class K occur ran-
domly or systematically through the dataset D, based
on their record index k. If the dataset consists of a se-
quence of real values indexed by time and if the class
K corresponds to local outliers in this sequence, the
question considered here reduces to one of determining
whether these outliers are isolated or patchy. More gen-
erally, even if the records are much more complex and
the record index has no obvious interesting interpreta-
tion, the detection of patchiness in the status sequence
{zk} can lead us to discover unexpected structure in
these records, a point illustrated in Sec. 6.

Despite the simplicity of the concept—records from
class K are either grouped together into patches or they
are not—the practical assessment of patchiness in bi-
nary data sequences is harder than it sounds. This point
is illustrated in Fig. 1, which shows a portion of the
status sequence {zk} discussed in Sec. 6.2. Briefly, this
sequence identifies a subset of adverse event incident
reports in the U.S. Food and Drug Administration’s
Adverse Event Reporting System (AERS) database in
which an outcome of “death” is listed. The visual ap-
pearance of this binary sequence is strongly suggestive
of patchiness, but it is desirable to have a quantitative
characterization that permits us to objectively assess
patchiness and quantify its extent.

The assessment of patchiness in status sequences is
essentially the same as that of detecting “streakiness”
in sports performance statistics. As a specific exam-
ple, Albert and Williamson consider the question, “Was
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Figure 1: Binary status sequences derived from the
AERS database example discussed in Sec. 6.2.

Javy Lopez a ’streaky hitter’ when he played for the
Atlanta Braves in 1998?” [1]. These authors discuss
several different approaches to this problem, and the
one they adopt is a simulation-based Bayesian strategy
that incorporates any one of several different paramet-
ric streakiness models and draws inferences about the
model parameters. In addition, this approach also re-
quires a “streakiness statistic” and the authors consider
six of these: two are based on moving averages, two are
based on characterization of runs of successive 0’s or
1’s in individual at-bat results, one is based on a logis-
tic model relating the probability of hitting in a given
game to batting averages in previous games, and one
is based on the standard deviation of batting averages
across subgroups of games.

The approach to assessing patchiness adopted in
this paper is based on the empirical patchiness measures
described in Sec. 4, together with a random permuta-
tion strategy that provides a reference standard for tests
of the patchiness hypothesis. To assess the performance
of these measures, they are first applied to simulated se-
quences based on the patchy sequence model described
in Sec. 3. One of these measures is then applied in Sec.
6 to the AERS database mentioned above.

3 A patchy sequence model

To assess the performance of patchiness characteriza-
tions like those described here, it is useful to have a
simulation procedure for generating patchy sequences
with well-defined, controllable characteristics. Here, the
following patchy sequence model is used as the basis for
for such a procedure. The idea is to specify a distribu-
tion {pw} of patch widths w and use this distribution

to generate a binary sequence {zk} of length N having
patches of successive 1’s that are drawn from this dis-
tribution. Specifically, given {pw}, the sequence {zk}
is generated as follows. First, a sequence {wk} of N
possible patch widths is generated having probabilities
pw for w = 0, 1, . . . , w∗ where w∗ ≤ N is width of the
widest patch considered. The binary sequence {zk} is
then constructed according to the following procedure:

0. Initialize: set k = 1

1. Do while k ≤ N :

- wk = 0 ⇒ zk = 0 and k → k + 1,

- wk = 1 ⇒ zk = 1 and k → k + 1,

- wk = w > 1 ⇒ zk = zk+1 = · · · = zk+w = 1
and k → k + w.

2. Return {zk} for k = 1, 2, . . . , N .

Note that taking p1 = q and p0 = 1−q yields a Bernoulli
sequence with probability q that zk = 1; an example is
shown in the upper plot in Fig. 2, which was obtained
by taking p0 = 0.95 and p1 = 0.05. Conversely, taking
pw > 0 for w > 1 yields binary sequences with patches
of width w. As a specific example, the sequence shown
in the lower plot in Fig. 2 was obtained by setting
p0 = 0.95 and p3 = 0.05, giving a sequence that always
exhibits patches of length 3, an outcome that occurs 5%
of the time. Note, however, that since each 1 generated
by this model occurs three times in succession, the
probability that zk = 1 is 15% rather than 5% as in
the Bernoulli example. More generally, note that the
expected number of 1’s in the binary sequence {zk}
generated according to the procedure just described is

Na = N
N∑

w=0

wpw.(3.3)

Hence, if we wish to generate a patchy sequence of
fixed length N having a specified value for Na (e.g.,
a patchy outlier sequence with “10% contamination”),
it is necessary to reduce the probabilities pw accordingly
for w > 0 to account for the patch effects. This
modification is equivalent to increasing the probability
p0, an idea closely related to the use of zero-inflated
Poisson models [4, 11], zero-inflated binomial models
[11], or zero-inflated negative binomial models [4] in
analyzing count data.

4 Empirical measures of patchiness

To assess the patchiness of a status sequence {zk} of
length N , this paper considers three closely related em-
pirical measures. The first is the empirical concentration
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Expanded Portion of a Non-patchy Binary Sequence
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Expanded Portion of a Patchy Binary Sequence

Figure 2: Two simulated binary sequences: a non-
patchy Bernoulli sequence, assuming the value zk = 1
with probability 5% (top), and a sequence that exhibits
only patches of width 3 (bottom).

measure:

φ̂w =
Nw(w + 1)

N − 1
,(4.4)

which represents the fraction of the maximum possible
number of patches of width w, based on the following
definitions. A patch of width w in the binary sequence
{zk} is defined by the following two conditions, which
must hold for some index k satisfying k ≥ 2 and
k ≤ N − w:

zk = zk+1 = · · · = zk+w−1 = 1
and zk−1 = zk+w = 0.(4.5)

It follows from this definition that the maximum possi-
ble number of patches satisfies:

Nww ≤ (N − 2)− (Nw − 1).(4.6)

The term on the left-hand side of this inequality counts
the number of points included in the patches of width
w, while the first term on the right-hand side is the
maximum number of points in the sequence {zk} that
can assume the value zk = 1 (i.e., z1 and zN must both
be zero), and the second term on the right-hand side is
the minimum number of zero values required to separate
successive patches of width w. It follows from Eq. (4.6)
that

Nw ≤ N − 1
w + 1

,(4.7)

meaning that the empirical concentration measure φ̂w

satisfies 0 ≤ φ̂w ≤ 1 for all patch widths w.
The numerical results presented in the following

examples were computed in the S-plus software package;

while it is possible to compute φ̂w by brute force, this
involves a very slow nested loop construction, and it is
much faster to use an algorithm based on the following
observations. First, define the complementary sequence
{zc

k} to the status sequence {zk} by:

zc
k = 1− zk.(4.8)

Next, note that the two defining conditions given in Eq.
(4.5) for a patch of width w may be expressed as:

zc
k−1 = zk = zk+1 = · · · = zk+w−1 = zc

k+w = 1
⇔ zc

k−1 · zk · zk+1 · · · zk+w−1 · zc
k+w = 1.(4.9)

The advantage of this observation is that it immediately
yields the following expression for the number Nw of
patches of width w in the sequence {zk}, i.e.

Nw =
N−w∑

k=2

zc
k−1 · zk · zk+1 · · · zk+w−1 · zc

k+w.(4.10)

To compute φ̂w over a range of values from 1 to
some maximum patch width w∗, simply construct a
matrix with N rows and w∗ columns where each column
contains the vector appearing on the right-hand side of
Eq. (4.10). The number Nw can then be efficiently
computed as the vector of row sums of this matrix and
φ̂w can be computed directly from this result.

By itself, a sequence of values {φ̂w} computed from
a given binary status sequence {zk} is not easy to in-
terpret: does φ̂w = 0.3 give strong or weak evidence
in support of the hypothesis that {zk} exhibits an un-
usually large number of patches of width w? Con-
versely, how small must φ̂w be to suggest fewer patches
of width w than we would expect under the homoge-
neous Bernoulli alternative? In subsequent discussions,
this latter phenomenon will be called sparseness. To ad-
dress these questions, this paper adopts a permutation
strategy [10], analogous to that used previously in as-
sessing the significance of clustering results [17]. Specif-
ically, given a sequence {zk}, applying a random permu-
tation to the index sequence should destroy any patch-
iness that may be present, effectively reducing the ran-
domized sequence {z̃k} to a Bernoulli sequence. Hence,
if the number of patches of width w is unusually large
in the original sequence, relative to a Bernoulli alter-
native, this randomization should cause φ̂w to decrease
significantly. Similarly, if the sequence {zk} contains
significantly fewer patches of width w than expected
under the Bernoulli alternative, randomization should
cause φ̂w to increase. Repeating this process for M
statistically independent random permutations gives a
sequence {φ̃j

w} of patchiness measures that can be used



0.
0

0.
05

0.
10

0.
15

1 2 3 4 5 6 7 8 9 10

Patch Width, w

F
ra

ct
io

n 
of

 P
os

si
bl

e 
P

at
ch

es
 o

f W
id

th
 w

Figure 3: Empirical patchiness characterization for the
Bernoulli sequence shown in the upper plot in Fig. 2.
The line through the solid circles corresponds to the
computed values of φ̂w. The boxplots each summarize
the φ̃j

w values obtained from 200 randomizations of the
original sequence.

to assess the significance of the original patchiness mea-
sure φ̂w. In particular, φ̂w gives evidence of patchiness if
it lies above the range of the randomization results, and
it gives evidence of sparseness if it lies below this range.
Since these comparisons define a two-sided hypothesis
test, φ̂w values falling outside this range are significant
at the level 2/M .

Fig. 3 summarizes the results obtained for the
Bernoulli sequence shown in the upper plot in Fig. 2 us-
ing the empirical patchiness characterization proposed
here, for patch widths between w = 1 and w = 10.
The values of φ̂w computed from the original sequence
{zk} are shown in Fig. 3 as solid circles, connected
by a line, and the results {φ̃j

w} obtained for 200 inde-
pendent randomizations are summarized with boxplots.
Overall, the results are exactly what we expect for a
Bernoulli sequence, which may be taken as a reference
standard of “non-patchiness.” Specifically, these results
show no evidence of patchiness since none of the φ̂w

values fall outside the range of values generated by the
200 randomizations. Also, note that the quantity φ̂w

shown here is not the same as the patchy contamination
at width w γ̂w, defined as the number of contaminants
contributed by patches of width w and given by

γ̂w =
Nww

N
=

(
w

w + 1

)(
N − 1

N

)
φ̂w.(4.11)

In particular, note that γ̂1 ' 0.05, corresponding to
the total contamination level of the Bernoulli sequence
considered here, while φ̂1 ' 0.10, twice this level.

For comparison, Fig. 4 shows the corresponding
results obtained from the patchy sequence shown in
the bottom plot in Fig. 2, which consists entirely of
patches of width 3. As before, the original φw values
are represented by the solid circles connected with
the smooth curve, and the 200 randomization results
{φ̃j

w} are summarized with boxplots. Because of the
special character of the status sequence {zk} considered
here, these results illustrate both significant patchiness
and significant sparseness, relative to the Bernoulli
alternative. In particular, since no patches of widths 1
or 2 appear in this sequence, φ̂1 = φ̂2 = 0 here and these
results fall well below the range of the corresponding
randomization values. In other words, these results
correctly reflect the extreme sparseness of the sequence
{zk} with respect to patches of widths w = 1 and w = 2.
Conversely, the results for φ̂3 lie well above the range
of the randomization results, giving strong evidence
in support of the patchiness hypothesis for w = 3.
None of the other results are significant, as they all fall
within the range of the corresponding randomizations.
Note, however, that although the value of φ̂6 is not
significant relative to the randomizations, it is the only
nonzero result other than φ̂3, reflecting the fact that
two successive patches of width 3 were generated here
by the random sequence generator described in Sec. 3
with no intervening zero value, converting them into a
single patch of width 6.

The visual similarity of this result to a second har-
monic in a power spectrum suggests the following alter-
native graphical representation of the results presented
here. Define ψ̂w as the patch spectrum of width w, given
by

ψ̂w =
Nww∑N
k=1 zk

=

(
(N − 1)w

(w + 1)
∑N

k=1 zk

)
φ̂w.(4.12)

Note that this quantity represents the fractional contri-
bution of patches of width w to the total number of 1’s
in the {zk} sequence. Because ψ̂w is linearly related to
φ̂w by a constant that is invariant under random per-
mutations, it follows that the randomization results ψ̃j

w

may be computed directly from the corresponding ran-
domization results φ̃j

w, i.e.,

ψ̃j
w =

(
(N − 1)w

(w + 1)
∑N

k=1 zk

)
φ̃j

w.(4.13)

An advantage of ψ̂w over φ̂w is that, while both patchi-
ness measures are normalized to lie in the unit interval
[0, 1], this upper limit has a more useful interpretation
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Figure 4: Empirical patchiness characterization φ̂w for
the patchy binary sequence shown in the lower plot in
Fig. 2, in the same format as Fig. 3.

for the patch spectrum ψ̂w than it does for the empir-
ical patchiness measure φ̂w. For example, note that if
φ̂1 = 1, the sequence {zk} is completely specified: it
is a periodic sequence of odd length N that takes the
value zk = 0 whenever k is odd and zk = 1 whenever k
is even. Although this sequence certainly can arise, it
is not a typical status sequence we might expect to see
in practice. Conversely, the result ψ̂1 = 1 is easily seen
to arise if and only if every data anomaly is isolated, a
much more likely situation in practice, and one that we
might well be interested in detecting.

More generally, the scaling of the patch spectrum
ψ̂w appears to be much more informative than that of
the empirical patchiness measure φ̂w, as may be seen by
comparing Figs. 4 and 5. In particular, the fact that
ψ̂3 ' 1 demonstrates clearly that almost all of the 1’s
in the sequence {zk} appear in patches of width w = 3,
a point that is not obvious from the numerical values
of φ̂w plotted in Fig. 4. Similar conclusions apply for
the Bernoulli sequence: the patch spectrum results in
Fig. 6 show that ∼ 65% of the 1’s in this sequence
occur in patches of width w = 1, ∼ 20% in patches of
width w = 2, and the remaining ∼ 15% in patches of
width w = 3. Again, this quantitative interpretation is
not obvious from the numerical values for φ̂w shown in
Fig. 3. Overall, because the results for ψ̂w are easier to
interpret than those for φ̂w, the remainder of this paper
focuses entirely on the patch spectrum ψ̂w.

5 Two numerical summary statistics

Although plots like Figs. 3 through 6 give useful qualita-
tive characterizations of patchiness, it is desirable to also
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Figure 5: Computed patch spectrum ψ̂w for the patchy
binary sequence shown in the lower plot in Fig. 2, in
the same format as Fig. 3.

have simple numerical summary statistics. The follow-
ing discussion presents two such summaries: the z-score
zw of the patch spectrum ψ̂w relative to the randomized
results {ψ̃j

w}, and a quantity αw that gives a normalized
measure of the distance ψ̂w lies from the most extreme
ψ̃j

w value, relative to the range of possible ψ̂w values.
More specifically, let µ̃w denote the mean of the

M randomized values {ψ̃j
w} and let σ̃w denote the

standard deviation of these values. The z-score for the
ψ̂w value computed from the original data sequence is
then defined as

zw =
ψ̂w − µ̃w

σ̃
.(5.14)

If, as in the case of ψ̂w for w > p, all of the randomized
values ψ̃j

w are equal (e.g., zero in this case), it follows
that σ̃ = 0. When ψ̂w also exhibits this common value,
again as in the case of ψ̂w for w > p, the value of zw

will be defined as zero; otherwise, zw will be defined as
±∞, depending on the sign of ψ̂w − µ̃w.

If the randomized values {ψ̃j
w} exhibit an approxi-

mately normal distribution, we would expect to see no z-
scores larger in magnitude than |zw| ∼ 3 for non-patchy
status sequences {zk} (specifically, the probability of ob-
serving a normal random variable with a z-score of mag-
nitude larger than 3 is approximately 0.3%). However,
the shape of some of the boxplot summaries is strongly
suggestive of significant asymmetry, bringing the appro-
priateness of approximate normality assumptions seri-
ously into question. Still, it follows from Chebyshev’s
inequality [2, p. 75] that:

P
{∣∣∣∣

x− µ

σ

∣∣∣∣ > β

}
= P{|z| > β} ≤ 1

β2
,(5.15)
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Figure 6: Computed patch spectrum ψ̂w for the
Bernoulli sequence shown in the upper plot in Fig. 2,
in the same format as Fig. 3.

for any finite variance distribution. Hence, even under
this very weak distributional assumption, it follows that
z-scores of large magnitude are unlikely. In particular,
note that |zw| > 10 has probability less than 1% even
under this extremely conservative working assumption.

The second summary statistic considered here is
αw, defined as follows. First, define the minimum and
maximum random permutation values as:

ψ̃−w = min
j
{ψ̃j

w},

ψ̃+
w = max

j
{ψ̃j

w}.(5.16)

The αw value is then defined as:

αw =





ψ̂w−ψ̃+
w

1−ψ̃+
w

ψ̂w > ψ̃+
w

0 ψ̃−w ≤ ψ̂w ≤ ψ̃+
w

−
(

ψ̃−w−ψ̂w

ψ̃−w

)
ψ̂w < ψ̃−w .

(5.17)

Note that αw is nonzero if and only if ψ̂w is signifi-
cant with respect to the random permutation values
{ψ̃j

w}. For ψ̂w values lying above the range of these
permutation values, αw is positive, bounded above by
its maximum achievable value of 1. Since this behavior
is precisely what we expect for a patchy status sequence,
positive αw values may be interpreteted as a measure of
the strength of evidence in support of the hypothesis
that {zk} exhibits an unusally large number of patches
of width w, relative to the Bernoulli model. In particu-
lar, note that αw ' 1 implies that essentially all of the
anomalies identified by the status sequence {zk} occur
in a patch of width w that has low probability under
the Bernoulli model. Conversely, a sparse sequence will

exhibit fewer patches of width w than expected under
the Bernoulli model, and this will give rise to negative
αw values, with the same general interpretation. Specif-
ically, negative αw values lie between−1 and 0, and they
may be viewed as a measure of the strength of evidence
in support of the sparseness hypothesis that {zk} ex-
hibits significantly fewer patches of width w than would
be expected under the Bernoulli model. More specifi-
cally, αw ' −1 implies that patches of width w that are
expected to be present under the Bernoulli model are
largely absent in the observed status sequence {zk}.

For the patchy status sequence {zk} shown in the
bottom plot in Fig. 2, nonzero αw values are observed
only for w = 1, 2, and 3, and these values are α1 =
α2 = −1 and α3 = 0.95. These results reflect first, the
complete absence of patches of width w = 1 and w = 2,
both expected under the Bernoulli alternative, and an
overwhelming predominance of patches of width w = 3,
which are relatively rare under the Bernoulli alternative.
For comparison, none of the αw values computed from
the Bernoulli sequence shown in the upper plot in Fig. 2
are nonzero, in perfect agreement with our expectations.

It is particularly instructive to consider the z-scores
for this example. For the patchy sequence shown in the
bottom plot in Fig. 2, nonzero z-scores are obtained for
all patch widths w between 1 and 7, although four of
these values are quite small in magnitude (specifically,
z4 = −0.4, z5 = −0.1, and z7 = −0.1. The results
for patch widths of 1 and 2 exhibit negative z-scores,
consistent with the absence of expected patches of these
widths in this example: z1 = −15.1 and z2 = −4.3.
Not surprisingly, the results for patches of width 3
exhibit the largest magnitude z-score seen: z3 = 32.6.
What is somewhat surprising is that z6 = 9.9, an
extremely large z-score, especially for a result that is not
significant with respect to the random permutations.
Less extreme but somewhat similar results are obtained
for the Bernoulli sequence shown in the top plot in
Fig. 2: z1 = −3.6, z2 = 2.2, and z3 = 5.0, with
much smaller values for w = 4 and w = 5 (z4 =
z5 = −0.1). The large magnitudes of some of these
non-significant z-scores further emphasizes the point
noted above that approximate normality should not be
assumed for the permutation values {φ̃j

w} here, since
many of these z-scores would be extremely significant
under the Gaussian model. As a practical matter, the
best strategy is probably to consider only the z-scores
for those values having nonzero αw values.

6 Applications to the AERS database

The following examples serve both to illustrate the ap-
plication of the patch spectrum ψ̂w to real data, and
to demonstrate that the characterization of patchiness



can lead to the identification of unusual structure even
when applied to record indices (i.e., access keys) k with
little or no inherent real-world significance. Both ex-
amples are based on the U.S. Food and Drug Admin-
istration’s Adverse Event Reporting System (AERS)
database, which summarizes medical adverse events re-
ported in conjunction with the use of specific drugs.
A detailed description is available through the website
http://www.fda.gov/cder/aers/. In general terms,
exploratory analysis of this database is of interest be-
cause it can provide evidence of significant associations
between specific drugs and adverse reactions, or be-
tween pairs of drugs. As a specific example, DuMouchel
presents a Bayesian characterization of interesting drug-
event combinations [9]. This database is examined here
for two reasons: first, that it represents a real database
of moderately large size as a practical testbed for the
analysis methods described here and second, because
unrecognized structure in a dataset can have a delete-
rious influence on analyses based on working assump-
tions that are inconsistent with this structure. As a
specific example, Dodge [8] discusses the analysis of a
dataset that has been adopted as a standard benchmark
in the applied statistics literature (the Brownlee stack-
loss dataset), noting that many authors have analyzed
this dataset based on the assumption that the measure-
ments represented a uniformly sampled time-series. He
argues convincingly that this is not the case, bringing a
number of these earlier conclusions (e.g., identification
of specific observations as outliers) into question.

The AERS database is organized by quarter and
year, and the specific data values used in both exam-
ples considered here were obtained from the the fol-
lowing five datasets from first quarter 2001 portion
of this database: DEMO01Q1 gives demographic in-
formation, REAC01Q1 lists specific adverse reactions,
DRUG01Q1 lists the drugs involved, OUTC01Q1 gives
outcome information (e.g., “death,” “hospitalization,”
or “other”), and RPSR01Q1 gives information pertain-
ing to the source of each adverse event report. These
files are linked via an integer primary key designated the
ISR (Individual Safety Report) number for each record,
which corresponds to a report logged by the FDA. For
example, each record in the DEMO01Q1 dataset con-
sists of the ISR, together with 13 other values, includ-
ing the date the manufacturer first recieved information
reported to the FDA, the name of the manufacturer
sending the report, and the age and gender of the pa-
tient associated with the report. Similarly, each record
in the REAC01Q1 data file consists of the ISR and a
single character string describing a reported reaction.
Since each report typically lists more than one adverse
reaction, however, ISR’s generally appear more than

once in the REAC01Q1 dataset, unlike the DEMO01Q1
dataset, where each ISR appears only once. Analogous
observations apply to the DRUG01Q1 and OUTC01Q1
data files: each adverse event report may have more
than one entry.

6.1 Application 1: missing data As is often the
case, the fraction of missing data in the datasets that
make up the AERS database varies strongly between
fields. For example, the file DEMO01Q1 contains
51, 012 records, each corresponding to a unique ISR
number. Since this field is used as the primary access
key for matching records across the first quarter 2001
datasets, is extremely well-maintained, containing nei-
ther duplicate nor missing entries. Similarly, the FDA
report date, the field indicating the date that the FDA
was notified of the reported adverse event, is also free
of missing data. In contrast, some of the other twelve
fields exhibit significant fractions of missing data:

• patient age: ∼ 27.5% missing,

• patient gender: ∼ 6.8% missing,

• manufacturer reporting date: ∼ 8.4% missing,

• date of adverse event: ∼ 28.7% missing.

Further, certain subsets of the data may exhibit much
higher missing data percentages. As a specific example,
consider the set of records for which both the manu-
facturer reporting date and the date of adverse event
are missing. While this situation only arises in ∼ 0.9%
of the total data records, within this subset of records,
gender is also missing about 38% of the time, and age
is also missing about 59% of the time.

To explore this case further, consider the follow-
ing question: do these missing records occur at random
throughout the DEMO01Q1 data file, or do they exhibit
evidence of significant patchiness? One reason this ques-
tion is interesting is that, if these particular incomplete
records group together by ISR number, they may also
exhibit other common characteristics that are of signifi-
cantly greater interest. To consider this question, define
the binary status sequence {zk} as:

zk =





1 if both event date and manufacturer date
are missing,

0 otherwise.
(6.18)
Values of ψ̂w were computed for w = 1 to w = 20
and these results satisfied the normalization condition,
indicating that all patches had been found. Comparing
these results with the corresponding values ψ̃j

w for M =
200 random permutations show that too few patches of
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Figure 7: Computed patch spectrum ψ̂w and M =
200 corresponding random permutation results for the
AERS missing data status sequence {zk} for patch
widths w = 1, 2, and 3.

width w = 1 were seen in the sequence {zk} relative
to the Bernoulli alternative, and too many patches of
widths 2, 3, 4, 5 and 7 were observed.

Fig. 7 shows these results for patch widths w = 1,
2 and 3. Specifically, the solid circles in this plot
represent the patch spectrum values ψ̂w computed from
the original status sequence for these values of w, while
the boxplots summarize the range of ψ̃j

w values obtained
for the 200 random permutations considered here. It is
clear from this plot that the value ψ̂1 lies well below the
range of the randomizations, indicating as noted above
that there are too few patches of width w = 1, relative
to the Bernoulli alternative. Similarly, the values of ψ̂2

and ψ̂3 both lie above the range of the randomization
values.

The patch spectrum results ψ̂w and their associated
randomizations ψ̃j

w are summarized in Fig. 8 for patch
widths w = 3 through w = 10. This plot was separated
from Fig. 7 to emphasize small but significant details;
in particular, note that the scale of Fig. 7 spans the
range from 0 to 1 on the vertical axis, while Fig. 8
spans the narrower range from 0 to 0.05. This plot
emphasizes that, while patches of width w = 3 do occur
in the randomizations, they are much less frequent than
in the non-randomized results. In addition, it is clear
that patches of width w = 4, 5, and 7 appear in the
original sequence but not in the 200 randomizations.

It is instructive to examine the results for w = 7 in
more detail, which corresponds to a single patch. Ex-
amination of these seven adverse event reports reveals
that:
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Figure 8: Computed patch spectrum ψ̂w and M =
200 corresponding random permutation results for the
AERS missing data status sequence {zk} for patch
widths w = 3 through w = 10.

• the same FDA report date is listed for all ISR’s,

• both age and gender are always missing,

• none of the fields in dataset DEMO01Q1 that
identify manufacturer contain entries,

• none of these ISR’s have a corresponding entry in
the RPSR01Q1 report source information file,

• the ISR’s all implicate different drugs,

• all ISR’s list the same, single reaction: “drug
maladministration.”

The key points here are first, that this collection of
seven successive records share many unusual character-
istics in common. Hence, even though ISR number is a
completely un-interesting data field by itself, patches of
successive ISR’s sharing a few anomalous characteristics
(here, missing manufacturer report date and event date)
actually share a much wider range of unusual character-
istics. The second key point is that the patches detected
by the method described here represent extremely small
subsets of the data: in this example, a sequence of 7
anomalous records is detected, out of a total of 51, 012
(approximately 0.01%).

6.2 Application 2: death outcomes Of the
51, 012 adverse event reports with records in the
DEMO01Q1 dataset, 5, 048 have “death” listed as an
outcome in the OUTC01Q1 dataset. Here, we adopt
this outcome as a subjective interestingness measure
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Figure 9: ISR patch spectrum ψ̂w for patches of width
w = 1, 2 or 3 for the 1Q 2001 AERS data listing “death”
as the outcome.

[12] and consider the following status sequence:

zk =
{

1 if ISR k has outcome “death,”
0 otherwise.(6.19)

Fig. 9 shows the patch spectrum ψ̂w values for w = 1,
2, and 3, denoted by solid circles connected by a line,
with the results from 200 random permutations shown
as boxplots. It is clear from this plot that isolated ISR’s
(i.e., patches of width w = 1) occur less frequently than
would be expected under the Bernoulli alternative, that
patches of width w = 2 are consistent with what we
would expect from a Bernoulli sequence, and patches
of width w = 3 occur more frequently than we would
expect for a Bernoulli sequence. Fig. 10 shows the
corresponding results for w between 3 and 20, again
plotted on a different scale to show the details more
clearly. It may be seen from this figure that the
status sequence {zk} defined in Eq. (6.19) exhibits an
unusually large number of patches of widths 3 through
10. Even more unusual is the result for patches of width
w = 19, which have essentially zero probability under
the Bernoulli model.

A more complete quantitative summary of these re-
sults is given in Table 1, which lists the values computed
for ψ̂w, the associated z-score zw, the corresponding αw

value, and the number of patches Nw for all results giv-
ing nonzero ψ̂w values between w = 1 and w = 50.
Since these ψ̂w values sum to 1, they account for all of
the ISR’s listing “death” as their associated outcome.
In fact, it follows from the results shown in Table 1
that approximately 12.5% of the death ISR’s occur in
successive groupings of width 3 or more, with the most
extreme one having a width of w = 35. Also, note that
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Figure 10: ISR patch spectrum ψ̂w for patches of width
w = 3 through w = 20 for the 1Q 2001 AERS data
listing “death” as the outcome.

this example illustrates the separate utility of the zw

and αw values. In particular, the fact that the αw val-
ues are small but nonzero means that, while no single
patch width w > 2 contributes a majority of interesting
ISR’s, these patches are all significant relative to the
Bernoulli alternative. In particular, it is not difficult to
show that αw ≤ ψ̂w whenever αw > 0 and that this
bound holds with equality if and only if ψ̃+

w = 0, further
implying that ψ̃j

w = 0 for all randomizations j. In this
case it also follows that σ̃ = 0, which is responsible for
the infinite z-scores shown in Table 1 for w = 8, 9, 10,
12, 19, and 35 since this condition holds for these cases.

It is particularly instructive to look at the most
extreme case, w = 35. As indicated in Table 1, only
a single patch of this width occurs, and examining the
corresponding records from the DEMO01Q1 file reveal
that 31 of these 35 successive ISR’s share a common
reporting manufacturer (Company A). To examine this
result further, we can adopt this reporting manufacturer
as a measure of interestingness and repeat the previous
analysis. Specifically, define the binary status sequence:

zk =
{

1 if reported by Company A,
0 otherwise.(6.20)

A plot of the patch spectrum computed from this
sequence is shown in Fig. 11 for w = 1 through w = 10.
Although this plot does not show the peak at width
w = 31 that led to the construction and examination of
this status sequence, it is clear from Fig. 11 that the
number of isolated ISR’s is vastly smaller than would
be expected under the Bernoulli alternative, and that
the number of patches of widths 2 through 8 is much
larger than would be expected. Even more significantly,



w ψ̂w zw αw Nw

1 0.7173 −13.0 −0.0918 3621
2 0.1573 −0.7 0.0000 397
3 0.0576 9.5 0.0228 97
4 0.0166 9.0 0.0088 21
5 0.0149 24.0 0.0119 15
6 0.0059 22.5 0.0036 5
7 0.0055 56.5 0.0042 4
8 0.0079 +∞ 0.0079 5
9 0.0018 +∞ 0.0018 1

10 0.0020 +∞ 0.0020 1

12 0.0024 +∞ 0.0024 1
19 0.0038 +∞ 0.0038 1
35 0.0069 +∞ 0.0069 1

Table 1: Patch spectrum ψ̂w, z-scores zw, αw values
and number of patches of width w present in the status
sequence for the AERS ISR’s with outcome “death.”

the single patch of width 31 in the Company A status
sequence—the only patch of width wider than 10 in this
sequence—accounts for approximately 26% of the total
number of ISR’s associated with this manufacturer.

Further examination of the Company A results
reveals the following details. Altogether, this company
appears as reporting manufacturer in 118 ISR’s. Of
these, 111 list “death” as an outcome, with the following
additional characteristics:

a. patient gender is missing in all ISR’s,

b. one or both of the following reactions is listed for
every ISR: “Non-Accidental Overdose,” or “Over-
dose Nos (Not Otherwise Specified),”

c. the same manufacturer date is listed, corresponding
to the date the manufacturer initially recieved
notification of the adverse event.

In view of these results, it seems likely that the patch-
iness seen in these ISR sequence is due to the manner
in which these adverse events were reported and pro-
cecessed by the FDA. Despite the fact that this patch
generation mechanism is not especially interesting, it
has led us to focus on a very interesting group of ISR’s.
In particular, the results presented here demonstrate
that the detection and interpretation of patchiness in se-
quences of data records can ultimately lead us to groups
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Figure 11: Patch spectrum for the Company A binary
sequence defined in Eq. (6.20).

of records that are very strongly associated by charac-
teristics that may be of significant interest (e.g., death
by drug overdose).

7 Summary

This paper has considered the problem of detecting,
characterizing, and interpreting non-random member-
ship patterns of some class K of data records in a larger
dataset. Specific examples include missing or incom-
plete records, various types of data anomalies (e.g., out-
liers, inliers, or near-duplicate records), or record classes
selected by either objective or subjective interestingness
measures. The fundamental basis for these results is the
binary status sequence {zk} defined in Eq. (1.2) indi-
cating whether the record Rk belongs to class K or not.
The main tools introduced here to characterize this se-
quence are the patch spectrum ψ̂w introduced in Sec.
4 and the associated summary statistics zw and αw in-
troduced in Sec. 5. The effectiveness of these tools was
demonstrated first for a pair of simulation-based exam-
ples (a non-patchy Bernoulli sequence and a sequence
exhibiting only random patches of width w = 3), and
then with respect to status sequences constructed from
the FDA’s AERS adverse event database. These exam-
ples illustrate that, even though the patches appearing
in these record sequences are almost certainly data en-
try artifacts, they are interesting because the records
involved were processed together for a reason related to
some underlying common structure. For example, ob-
servation that 31 of 35 records in the longest observed
patch of successive ISR’s with “death” listed as an out-
come were associated with the same manufacturer led
to an examination of all ISR’s associated with this man-



ufacturer. In turn, this led to the discovery that 111 of
the 118 reports associated with this manufacturer were
fatal drug overdoses, all with the same reporting date.

These examples also illustrated that, even in very
long binary status sequences, the observation of wide
patches is rare enough that they are easy to detect even
if they represent an extremely small portion of the total
sequence. For example, the AERS sequences considered
here were of length 51, 012, but the analysis methods
presented here had no difficulty detecting single patches
of width ∼ 10 as unexpected features in the data,
even though they correspond to ∼ 0.02% of the data.
As a corollary, this observation means that even if
some unusual event or data recording anomaly places
a single small patch of interesting records together, the
fact that they are grouped together greatly enhances
our ability to detect them. As a practical matter,
even if this grouping is primarily due to the details
of the data entry procedure, the fact that a group of
records sharing the same characteristic of interest were
entered together usually means that these records share
several characteristics in common, as in the examples
considered here. The results presented here suggest that
patchiness analysis may be a very useful first step in
uncovering these associations.

Finally, note that once we have constructed the bi-
nary status sequence {zk}, we can apply a range of stan-
dard binary data analysis methods like logistic regres-
sion to explore possible relationships with other vari-
ables [5]. Alternatively, since {zk} defines a binary clas-
sification of records, we can also adopt the methodol-
ogy of case-control studies [5, p. 217] or case-referent
studies [19, p. 7]. There, the idea is to match each
member of the “interesting class” (i.e., each record Rk

with zk = 1) to one or more records from the “nominal
class” (i.e., records Rk with zk = 0), usually subject
to an approximate matching constraint on other record
characteristics. The objective of these studies is to iden-
tify systematic differences in other characteristics that
may be responsible for the difference in interestingness.
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