




accurate algorithm (Spectral-1) can produce higher-
quality clusterings than Newman’s because of the non-
greedy search heuristic. The Spectral-2 algorithm could
be viewed as a top-down divisive search alternative
to Newman’s bottom-up agglomerative search, in a
general hierarchical clustering context, with attendant
advantages and disadvantages to each in terms of the
greedy search strategy, as well as having significant
differences in their computational characteristics.

Other search heuristics approaches are also possible
and may lead to different trade-offs between cluster
quality and computation time. For example, combining
both of our algorithms into a hybrid algorithm may yield
a fruitful trade-off between speed and cluster quality.
For graphs where the number of clusters to search over
is large, Newman’s hierarchical clustering approach may
be the preferred method given that it operates directly
on the graph without any need for embedding the graph
into a Euclidean vector space. Our algorithms, in
contrast, use sparse eigenvector techniques which scale
quadratically with the number of clusters to search over.
However, when the number of clusters to search over is
small, and n the number of nodes increases, the O(n2)
complexity of hierarchical clustering can quickly become
intractable. In contrast, the two algorithms we propose
here will scale relatively well to large graphs.

6 Conclusions

In this paper we have shown how the recently proposed
Q function can be used to find high quality graph clus-
terings. We give a precise analytical expression which
when maximized returns a discrete assignment matrix
X that represents the optimal partitioning of a graph
according to the Q function for fixed k. Because maxi-
mizing this expression is NP-Complete, we show how the
discrete maximization can be approximated as a contin-
uous one that is easily solvable by performing eigenvec-
tor decomposition on a matrix LQ, which we call the Q-
Laplacian. We present two algorithms which attempt to
search over different values of k to find the best value of
k and the accompanying best clustering. The first algo-
rithm we present searches independently for a best clus-
tering for each value of k. Unlike Newman’s algorithm,
which optimizes Q by local iterative improvement, this
algorithm seeks a direct global maximum of Q. The
second algorithm we present is similar to Newman’s al-
gorithm in that it uses a local greedy search heuristic;
however, it is based on a top-down strategy of splitting
clusters that lead to higher values of Q and is thus much
faster than the other two algorithms for K ¿ n. Em-
pirical results suggest that both methods provide high
quality graph clusterings on a variety of graphs that ex-
hibit community structure, and both methods scale lin-

early in the number of edges, allowing for applications
to large sparse graphs.

Acknowledgements The data used were generously
made available by the Cognitive Science Laboratory
at Princeton University (WordNet), Mark Newman
(College Football) and Sam Roweis (NIPS).

References

[1] C. Alpert and S. Yao, Spectral partitioning: the
more eigenvectors the better. In Proceedings of 32nd
ACM/IEEE Design Automation Conference, 1995, pp.
195-200.

[2] Z. Bai, J. Demmel, J. Dongarra, A. Ruhe, and H. Vorst,
eds., Templates for the Solution of Algebraic Eigen-
value Problems: A Practical Guide, SIAM, Philadel-
phia, 2000.

[3] M. Brand and K. Huang. A unifying theorem for
spectral embedding and clustering. 9th International
Conference on Artificial Intelligence and Statistics,
2002.

[4] F. Chung. Spectral graph theory. Number 92 in CBMS
Regional Conference Series in Mathematics. American
Mathematical Society, 1997.

[5] C. Elkan. Using the triangle inequality to accelerate k-
Means. In Proceedings of the Twentieth International
Conference on Machine Learning, 2003, pp. 147-153.

[6] M. Fiedler. Algebraic connectivity of graphs.
Czechoslovak Mathematical Journal, 23 (1973),
pp. 298-305.

[7] K. Hall. An r-dimensional quadratic placement algo-
rithm. Management Science, 11(3)(1970), pp. 219-229.

[8] G. Miller. WordNet: An on-line lexical database.
International Journal of Lexicography, 3 (1990), pp.
235-312.

[9] M. Newman and M. Girvan. Finding and evaluating
community structure in networks. Physical Review E,
69, 026113 (2004).

[10] M. Newman. Fast algorithm for detecting community
structure in networks. Physical Review E, 69, 066133
(2004).

[11] A. Ng, M. Jordan, and Y. Weiss. On spectral cluster-
ing: analysis and an algorithm. In Advances in Neural
Information Processing Systems 14, 2002, pp. 849-856.

[12] J. Shi and J. Malik. Normalized cuts and image seg-
mentation. In IEEE Transactions on Pattern Analysis
and Machine Intelligence, 22 (2000), pp. 888-905.

[13] S. White and P. Smyth. Algorithms for discovering rel-
ative importance in graphs. In Proceedings of Ninth
ACM SIGKDD International Conference on Knowl-
edge Discovery and Data Mining, 2003, pp. 266-275.

[14] Y. Weiss. Segmentation using eigenvectors: A unifying
view. In Proceedings OF IEEE International Confer-
ence on Computer Vision, 1999, pp. 975-982.




