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Appendix A

Lemma 4.1. Let P = [p1, p2, . . . , pw] and
Q = [q1, q2, . . . , qw] be two frequent continuities
and P.timelist = Q.timelist. For any frequent conti-
nuity U , if P ·U is frequent, then Q ·U is also frequent,
vice versa.

Theorem 4.1. Let P = [p1, p2, . . . , pw, pw+1] and Q =
[p1, p2, . . . , pw, p′w+1] be two continuities. If pw+1 ⊂
p′w+1 and Sup(P ) = Sup(Q), then all extensions of P

must not be closed.

Proof. Since pw+1 is a subset of p′w+1, wherever
p′w+1 occurs, pw+1 occurs. Therefore, P.timelist ⊇
Q.timelist. Since Sup(P ) = Sup(Q), the equal
sign holds, i.e. P.timelist = Q.timelist. For any
extension P · U of P , there exists Q · U (Lemma
4.1), such that Q · U is a super-continuity of P ·
U , and (P · U).timelist = P.PWL|U |

⋂
U.timelist=

Q.PWL|U |

⋂
U.timelist = (Q · U).timelist. Therefore,

P · U is not a closed continuity.

Theorem 4.2. Let P = [p1, p2, . . . , pw, pw+1] and Q =
[p1, p2, . . . , pw, p′w+1] be two continuities. If pw+1 ⊂
p′w+1 and Sup(P ) = Sup(Q), then all extensions of P

must not be closed.

Proof. Consider the continuity U = [p1, p2,

. . . , pw, pw+1∪ p′w+1]. U.timelist=P.timelist
⋂

Q.timelist. Since P.timelist = Q.timelist, we have
U.timelist=P.timelist=Q.timelist. Using Theorem
4.2, all extensions of P and Q can not be closed be-
cause Sup(U) = Sup(P ) = Sup(Q).

Appendix B

We also prove the correctness of the ClosedPROWL
algorithm below.

Lemma 4.2. The time list of a continuity P =
[p1, p2, ...., pw] is P.timelist =

⋂w

i=1
pi.PWLw−i.

We define the closure of an itemset p, denoted c(p),
as the smallest closed set that contains p. If p is closed,
then c(p) = p. By definition, Sup(p) = Sup(c(p)) and
p.timelist = c(p).timelist.

Theorem 4.3. A closed continuity is composed of only
closed itemsets and don’t care characters.

Proof. Assume P = [p1, p2, . . . , pW ] is a closed
continuity, and some of the pis are composed
of non-closed itemsets. Consider the continu-
ity CP = [c(p1), c(p2), . . . , c(pW )], CP.timelist =⋂w

i=1
c(pi).PWLw−i =

⋂w

i=1
pi.PWLw−i = P.timelist.

Therefore, P is not a closed continuity. We thus have
a contradiction to the original assumption that P is
a closed continuity and thus conclude that “all closed
continuities P = [p1, p2, . . . , pW ] are composed of only
closed itemsets and the don’t-care characters”.

Theorem 4.4. The ClosedPROWL algorithm gener-
ates all closed frequent continuities.

Proof. First of all, the anti-monotone property “if a con-
tinuity is not frequent, all its super-continuities must be
infrequent” is sustained for closed frequent continuities.
According to Theorem 4.3, the search space composed
of only closed frequent itemset covers all closed frequent
continuities. ClosedPROWL’s search is based on a com-
plete set enumeration space. The only branches that
are pruned as those that do not have sufficient support.
The sub-itemet pruning only removed non-closed conti-
nuities (Theorem 4.2). Therefore, ClosedPROWL cor-
rectly identifies all closed frequent continuities. On the
other hand, sub-continuity checking remove non-closed
frequent continuities. Therefore, the ClosedPROWL al-
gorithm generates all and only closed frequent continu-
ities.




