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tMost of the 
urrent subspa
e 
lustering methods �ndnon-overlapping 
lusters of similar obje
ts. We presenta new subspa
e 
lustering algorithm that has two valu-able 
apabilities not available in most of the 
urrentmethods. First, it �nds possibly overlapping subspa
e
lusters; and se
ond, it 
an dis
over 
lusters that pre-serve some user-spe
i�ed interesting properties. Ourmethods build a latti
e of these subspa
e 
lusters and itfurther enables dis
overy of meaningful linkage-
hainsin terms of obje
ts or attributes among distant 
lusters.Our algorithm 
an be applied to graph data, so
ial net-work data, and biologi
al data to obtain a better un-derstanding of the substru
tures inherent in the dataspa
e.1 Introdu
tionClustering seeks to identify homogeneous groups of ob-je
ts based on the values of their attributes. We viewa data spa
e as a table in whi
h rows 
orrespond toindividual data obje
ts and 
olumns 
orrespond to at-tributes. When the number of attributes (dimensions)be
omes large, similarity de�ned on the whole attribute-set be
omes low for almost any subset of obje
ts, whi
hmakes �nding full-dimensional 
lusters diÆ
ult. Dimen-sion redu
tion te
hniques su
h as prin
iple 
omponentanalysis make the �nal interpretation of the 
lustersvery diÆ
ult. Subspa
e 
lustering is a good solutionfor �nding 
lusters in su
h data spa
es, by de�ningsimilarity only on a sele
ted subset of attributes (re-gional similarity) for a set of 
lustered obje
ts. Ea
hsubspa
e 
luster is a group of similar obje
ts within itsown subset of dimensions. Several methods have beenproposed re
ently for dis
overing interesting subspa
e-
lusters [1, 2, 3, 4, 5, 6℄.Most of the existing subspa
e 
lustering methods�nd non-overlapping 
lusters, that is, ea
h obje
t be-longs to at most one subspa
e 
luster. However, �ndingoverlapping subspa
e 
lusters is useful and ne
essary inmany appli
ations for the following reasons.Multi-domain fun
tionalityEa
h subspa
e 
luster signi�es some fun
tional

a b 
 d e fa 1 1 1 0 0 1b 1 1 1 0 0 0
 1 1 1 1 1 1d 0 0 1 1 1 1e 0 0 1 1 1 1f 1 0 1 1 1 1Table 1: Pairwise multi-fun
tionalitya1 a2 a3 a4 a5a 1 1 1 0 0b 1 1 1 0 0
 1 1 1 1 1d 0 0 1 1 1e 0 0 1 1 1Table 2: Obje
t-attribute multi-fun
tionalitygroup of obje
ts in the domain. It is very 
ommon thatsome obje
ts parti
ipate in multiple fun
tional groupsand hen
e should belong to multiple subspa
e 
lusters.For example, a parti
ular gene may play a
tive role inmultiple biologi
al pro
esses. We show two di�erentexamples situations here. The �rst is in the form ofpairwise similarity between a set of obje
ts as shown intable 1. The same set of obje
ts form the row and the
olumn labels in the table, as is the 
ase for a graphin
iden
e matrix. An entry of `1' in the table indi
atesthe obje
ts of the pair are similar to ea
h other. Thetable shows two 
learly de�ned 
lusters, one with ob-je
ts fa; b; 
g, and the other with obje
ts f
; d; e; fg. 
is a multi-fun
tional obje
t in the sense that it belongsto more than one subspa
e 
luster.The se
ond example is in the form of a table ofobje
t-attribute pairs as shown in table 2. Clustersin this type of data are de�ned by the shared obje
t-attribute values. The example shown in the table 2has two 
lusters, one with obje
ts fa; b; 
g in subspa
efa1; a2; a3g, and the other with obje
t f
; d; eg in sub-spa
e fa3; a4; a5g. Obje
t 
 o

urs in both the 
lusters



whi
h are within di�erent subspa
es, and attribute a3is 
ommon between the two subspa
es.Conne
tion between distantly related obje
tsA good 
riterion for 
onne
tion path between twoobje
ts 
an be de�ned at the 
luster level instead ofthe single obje
t level. the 
onne
tions among theindividual obje
ts. Consider the example in table 1, ifwe are trying to �nd a good 
onne
tion between b andf , two paths satisfy the shortest path 
riterion, pathb! a! f and path b! 
! f . However, sin
e fa; b; 
gand f
; d; e; fg are 
lusters, the 
onne
tion a ! f ismore likely to be a 
ase of spurious 
onne
tivity, andthe preferen
e should go to b ! 
 ! f . de�ned. Weshow in this paper that the 
luster level 
onne
tions arebest 
aptured by the latti
e built from all the denseregions found in the data.Our Contribution We present in this paper a newsubspa
e 
lustering algorithm that 
an �nd overlap-ping subspa
e 
lusters satisfying di�erent 
onstraints.A latti
e stru
ture is built from the subspa
e 
lusters,and 
onne
tive relationships among the obje
ts and at-tributes of a 
luster 
an be revealed by the latti
e. Ouralgorithm is 
apable of dealing with similarity measuresas well as some kinds of dis
repan
y as the metri
 for
lustering obje
ts together. Also, our algorithm simul-taneously 
lusters on both the obje
ts spa
e and theattributes spa
e.2 Related Resear
hSubspa
e 
lustering in CLIQUE [1℄ is a density-basedmethod whi
h partitions the data spa
e into non-overlapping re
tangular units. A sear
h is performed to�nd dense units within all possible subspa
es. The prun-ing strategy is based on the fa
t that \if a k-dimensionalregion is dense, then all the k-1 dimensional regions thatit 
ontains must also be dense". ENCLUS [4℄ followsthe density based idea, but uses entropy as a heuristi
 toprune away uninteresting subspa
es. PROCLUS [2℄ isa variation of the k-medoid algorithm, and it returns apartition of the data points into 
lusters together withthe set of dimensions on whi
h ea
h 
luster is 
orre-lated. Bi-
lustering algorithms [5, 6℄ are proposed tomeet the requirements in bioinformati
s �eld where weneed to �nd sets of genes showing similarity under a setof 
onditions. Greedy sear
h is used in [5℄ to �nd thesubsets of genes and subsets of 
onditions for whi
h ameasure 
alled mean square residue s
ore is minimized,and the algorithm returns non-overlapping bi-
lusters.Work presented in FLOC[6℄ is a further improvementon the bi-
lustering idea by allowing the �nding of mul-tiple bi-
lusters simultaneously.

3 Our Approa
h3.1 Problem Des
ription A data spa
eDS is givenby a set of attributes A = fa1; a2; : : : ; ang and apopulation of obje
ts O = fo1; o2; : : : ; omg. Ea
h oihas a value for ea
h of the attributes in A. A subspa
e
luster 
 of the data spa
e DS is de�ned as < Oi;Ai >,where Oi � O and Ai � A. We 
all Oi and Ai theobje
t set and the attribute set of the subspa
e 
lusterrespe
tively. The symbol dij denotes the jth attributeof the ith obje
t. The following de�nitions, used in ouralgorithm, are de�ned on 0/1 binary valued data spa
es.Definition 3.1. A subspa
e 
luster 
 =< Oi;Ai > on0/1 valued data spa
e is a dense region if oij are `1'for all oi 2 Oi and aj 2 Aj .Definition 3.2. A dense region 
 =< Oi;Ai > is amaximal dense region if all regions that are propersupersets of 
 are not dense.A region 
i is said to be proper superset of 
j ifeither Oj � Oi, or Aj � Ai, or both. That is, adense region is maximal if and only if adding any obje
t(attribute) will for
e the enlarged region to 
ontain `0'entries. We have proved that our de�nition of maximaldense region is equivalent to the 
on
ept's de�nitionin formal 
on
ept analysis [9℄. (The proof is omitteddue to spa
e limitation.) So all the dense regions forma latti
e stru
ture based on the following order: for twodense regions 
1 =< O1;A1 > and 
2 =< O2;A2 >, wede�ne 
2 � 
1 if O2 � O1. 
2 is 
alled a 
hild of 
1,and 
1 is 
alled a parent of 
2. 
1 is 
alled the 
over(dire
t parent) of 
2 if 
2 � 
1, and for all 
i: 
2 � 
i(
i 6= 
1 and 
i 6= 
2), we have 
1 � 
i; 
orrespondingly,
2 is 
alled the dire
t 
hild of 
1.The prime operator 0 is de�ned as: O0i := fa 2Ajdoa = 1 for all o 2 Oig, and A0i := fo 2 Ojdoa = 1for all a 2 Aig. Then a maximal dense region 
 =<Oi;Ai > is a pair where O0i = Ai and A0i = Oi. We 
allmaximal dense region as dense region in the remainingdis
ussion. The latti
e built from dense regions is
onstru
ted using the following rules:� Ea
h node in the latti
e is a dense region;� If node 
1 is a 
over for node 
2, put 
1 above 
2and add an edge between them;� The latti
e top is 
top =< O00;O0 >, and latti
ebottom is 
bottom =< A0;A00 >.We de�ne a path in a latti
e to be a 
ontiguoussequen
e of edges between nodes. Two nodes are saidto be 
onne
ted if there exists a path between them.3.2 AlgorithmOutline Our method has three mainphases. Phase-0 transforms a multi-valued data spa
e toa binary data spa
e. In phase-1, dense regions are found



and the latti
e is built. In phase-2, 
onne
tions aresear
hed through the latti
e. Algorithms for building
on
ept latti
es �nd all 
on
epts without any pruningand therefore have a high 
omplexity. Our de�nition ofdense region is mathemati
ally equivalent to a formal
on
ept [9℄, the semanti
s of dense regions 
an beused as pruning tool to dis
over subspa
es with di�erentsemanti
s for the 
lusters. That is,a 
ombination ofthe binary transformation (phase-0), pruning strategy(phase-1) and sear
h strategy (phase-2) produ
e 
lusterssatisfying di�erent P-property. Formally, P-
luster isde�ned as the follows:Definition 3.3. Let B(DS) denote set of all denseregions in data spa
e DS. A subspa
e 
luster 
 =<Oi;Ai > on data spa
e DS is 
alled a P-
luster ifit satis�es some property P. Here P is de�ned as afun
tion: P: B(DS)! f0; 1g3.3 Phase-0: To Binary Data For multiple valueddata sets, a fun
tion F is applied to the original datato 
onvert it into binary valued data. The following aresome example F fun
tions and are similar to the ideas ofs
ale de�ned in the formal 
on
ept analysis [9℄, but herethey have di�erent semanti
s interpretations. Choi
e ofF signi�
antly determines the P property of the 
lustersfound by the algorithm. For similarity-based 
lusters,we de�ne F as a fun
tion that maps ea
h attribute valueoij into a 0/1 ve
tor: F : oij ! f(0j1)�gChoi
e of F from Equalityfun
tions 
an �nd 
lus-ters in whi
h obje
ts have same values for the attributes,and when F is from rangefun
tions we �nd 
lusters inwhi
h obje
ts have values in 
ertain ranges.We have used another F 0 fun
tion whi
h 
an beused to �nd 
lusters of obje
ts with dis
repent attributevalues. We de�ne dis
repant F 0 as fun
tions that mapea
h attribute value pair into 0/1: F 0: oij�okj ! f0; 1g.An example where this may be useful is the situationwhere negatively 
orrelated genes provide insights intothe stru
tures of some bio
hemi
al pathways [10℄.We de�ne F 0(oij ; okj) = 1 if oij 6= okj or they arein di�erent ranges for real valued attributes. Clustersfound satisfy the P property that all obje
ts in every
luster are di�erent for all the attributes of the 
lusters.3.4 Phase-1: Pruned Latti
es Obje
tive of thisphase is to build the latti
e of dense regions using thebinary data spa
e (from phase-0). Many exhaustivealgorithms are available to �nd all 
on
epts (=
lus-ters) in formal 
ontexts [8, 9℄. These algorithms havehigh 
omplexity be
ause the number of possible 
on-
epts in
reases exponentially with the number of ob-je
ts. Our algorithm is motivated by the 
on
ept sear
halgorithms, but uses an additional Pruning feature.

We show that the proposed pruning methods 
an re-stri
t the sear
h spa
e e�e
tively.3.4.1 Size Pruning We 
onsider the following twotypes of size 
onstraints: minimum number of obje
tsand minimum number of attributes in a 
luster. Algo-rithm 1 given below �nds all dense regions that have atleast s obje
ts. It is based on the fa
t that the obje
tAlgorithm 1Let L be the list of 
andidate dense regions, andinitially empty;forea
h ai 2 Aforea
h Si =< Oi;Ai >2 LO  ai0 \ Oiif jOj > s and O 62 Ladd L L[ < O;Ai [ ai >else if jOj > n and < O;Aj >2 L< O;Aj > < O;Aj [Ai [ ai >set Oi of any dense region 
 must be interse
tion of all(ai)0 2 Ai, where Ai � A. It �nds all the dense regionsthat have at least s obje
ts, and the latti
e stru
ture isbuilt after the dense regions are found.3.4.2 E�e
tiveness of Size Pruning We tested thesize 
onstraint on 
ongressional voting data set fromthe UCI repository [11℄. This data set in
ludes votesfor 435 
ongressmen on 16 issues. Ea
h attribute hasthree possible values: 'y', 'n', and '?'. Using algorithm1 without any size 
onstraint, there are 227032 maximaldense regions (
on
epts) in this data. Figure 1 shows thenumber of dense regions found and pruned for di�erentsize 
onstraints on the obje
t set. With the in
reasingthreshold on the number of obje
ts, the number of denseregions found de
reases signi�
antly and the numberof pruned dense regions in
reases. The most e�e
tiveregion for the size 
onstraint pruning is [0,20℄.3.4.3 Semanti
 Pruning We 
an also set semanti

onstraints for pruning, and only those dense regionsthat satisfy the 
onstraints will be found. Dense regionsin binary valued data spa
es have simpler semanti
s:regions of all 1's or regions of all 0's. For multiplevalued data spa
es, dense regions 
an have mu
h ri
hersemanti
s. All 
ombinations of values of di�erentattributes 
an 
onstitute dense regions, while not allof them maybe semanti
ally meaningful.3.4.4 E�e
tiveness of Semanti
 Pruning Wetested the semanti
 
onstraints on the same data set.The 16 issues are grouped into �ve 
ategories, with ea
h
ategory having 4-8 issues. The semanti
s 
onstraint isset as: a dense region is interesting when all the 
on-
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Figure 1: Size Constraint pruning: number of denseregions found and prunedgressmen in this region agree with ea
h other on at least�% of the issues in any of the �ve 
ategories. The resultsshow that the number of dense regions found de
reasesquadrati
ally with the in
rease of �, and the number ofpruned regions in
reases quadrati
ally.3.5 Phase-2: Sear
h for Conne
tions and Com-binations All dense regions found are not equally in-teresting. Paths among nodes of the latti
e and merg-ers of some dense regions (leading to non-dense 
lusters)may have valuable semanti
 
ontent. We 
onsider thefollowing two types of 
luster shapes. The �rst type is asymmetri
 matrix, su
h as the graph in
iden
e matrix.The se
ond type is a non-symmetri
 matrix, resultingin a re
tangular shape in the dataspa
e.3.5.1 Symmetri
-re
e
tive Matrix Many of thesymmetri
-re
e
tive matri
es, su
h as graph in
iden
ematrix and pairwise similarity data, have a 
ommonalitythat the obje
t set is the same as the attribute set.The latti
e of dense regions built from this type of datahas a lot of spe
ial 
hara
teristi
s whi
h 
an be usedto fa
ilitate the mining pro
ess. For 
larity purpose,we 
all graph vertex as vertex, and dense region in thelatti
e as node.Definition 3.4. A dense region 
 =< Oi;Ai > is
alled square dense region if jOij = jAij.Definition 3.5. A dense region 
 =< Oi;Ai > is
alled 
ore if Oi = Ai.A 
ore in graph data 
orresponds to a 
lique, animportant subgraph. They are used to de�ne 
losely
onne
ted obje
ts, su
h as human 
ommunities, genefun
tional groups.Observations: All square dense regions 
 =< Oi;Ai >in latti
e of symmetri
 and re
e
tive matri
es data

that satisfy Oi \ Ai 6= � are 
ores. The latti
e ofdense regions for symmetri
 and re
e
tive matri
es issymmetri
 w.r.t the 
ores. That is, for any path in thelatti
e starting from a 
ore to the latti
e top, there is a
orresponding path starting from the same 
ore to thelatti
e bottom, with every node 
 =< Oi;Ai > in the�rst path having a 
orresponding node 
 =< Ai;Oi >in the se
ond path. So, for a latti
e of symmetri
 andre
e
tive matrix data, only half of the latti
e is neededto en
ode all the 
onne
tivity information. This 
anhelp us design more eÆ
ient algorithms for building thelatti
es.Find dense regions of various p-properties:Definition 3.6. A region is 
alled �-dense if theper
entage of 1 entries in the submatrix ex
eeds somethreshold �.Definition 3.7. For a dense region 
, we de�neL
 =< OL
 ;AL
 >, where OL
 is the union of the ob-je
t sets of dire
t parents of 
, and AL
 is the union ofthe attribute sets of all the dire
t parents of 
.Observation For any dense region 
, any two obje
tsin OL
 are at most 1-hop from ea
h other. Here, onehop means one intermediate vertex.More generally, if we go more than one level upthe dire
t-parent relationships, the maximum distan
ebetween any two obje
ts in the resulting 
ombined
luster is at most (n + m � 1)-hops from ea
h other,where n and m are the number of 
over operations takenat two bran
hes.It is ineÆ
ient to sear
h for �-dense regions startingfrom every node. A better way is to start from the
ores, and form larger 
lusters by taking the union of theobje
t sets of the 
overs of the 
ores and the resultant�-dense 
lusters have an upper bound on the maximumhops between any pair of obje
ts within ea
h 
luster,and also density maximality.Conne
tion between 
ores: The latti
e stru
turereveals important information about 
onne
tions be-tween 
ores. We 
onsider the following three types ofrelationships for a pair of 
ores, assuming the latti
e top
top =< O; � >.Type I: If all paths between two 
ores pass the latti
etop, then these 
ores are dis
onne
ted.Type II: If two 
ores have at least one 
ommon parent,there is at least one multi-fun
tional obje
t for thetwo 
ores.Type III: If two 
ores are 
onne
ted by at leastone path, but share no parent ex
ept 
top, thenthere are some obje
ts outside both the 
ores thatprovide the 
onne
tion between the 
ores. These



obje
ts 
an be easily identi�ed by following the
over and dire
t 
hild links.3.5.2 Non-symmetri
 Matrix Most of the 
lustersin obje
t-attribute datasets are non-symmetri
, that is,they are re
tangular shaped submatri
es of the dataspa
e. So 
ores do not exist but the square dense regionsstill exist. A size 
onstraint on both the obje
t spa
eand the attribute spa
e will turn in a mu
h smaller setof dense regions that may a
t as the 
ores, whi
h we
all q-
ores. After the q-
ores are identi�ed, similarstrategies 
an be used to �nd �-dense regions betweenthe q-
ores. Conne
tions between the q-
ores 
an alsobe 
ategorized into similar three types but the sear
hneeds to be performed within both halves of the latti
e.4 Algorithm EvaluationWe have designed a syntheti
 data generator whi
his an updated version of the one presented in [7℄ byallowing one obje
t to be in multiple 
lusters. Our�rst test used the number of obje
ts as the 
ontrolvariable. Ea
h attribute has a real value in [0, 100℄interval and is transformed into a binary equivalentby using a range fun
tion (the F fun
tion in phase-0) into ten equal length intervals. For a data set with20 dimensions and �ve non-overlapping dense regions of�ve dimensions ea
h, the running time in
reases linearlywith the number of obje
ts. Addition of 10% obje
ts asrandom noise still dis
overs all the dense regions withthe same time 
omplexity. The same test was repeatedwith overlapping dense regions. Subspa
es overlappedin both, the obje
ts and the attributes. There werefour dense regions with two overlapping pairs, ea
h pairsharing two attributes and 40% obje
ts. The runningtime is larger than that for the non-overlapping denseregions but still in
reases only linearly.We tested the s
alability of the algorithm as thenumber of attributes is in
reased from 20 to 100. Allthe datasets had 10,000 obje
ts and two overlappingdense regions in 5-dimensional subspa
es. The resultsshow that the algorithm time grows quadrati
ally withthe number of attributes. We also tested the e�e
t ofsize 
onstraint on the running time of the algorithm. Asintuitively expe
ted, the smaller the size 
onstraint, thekarger is the number of 
lusters found and more time istaken by the algorithm.5 Con
lusionsWe have presented a new subspa
e 
lustering algorithmthat 
an �nd possibly overlapping subspa
e 
lustersin the data. A latti
e is built from all the denseregions found, from whi
h other 
lusters of interestingproperties 
an be 
onstru
ted and paths among 
lusters


an be identi�ed. Our algorithm provides a very goodinterpretation of the relationships among overlappingsubspa
e 
lusters. It is the �rst attempt that de�nessubspa
e 
lusters as 
ombinations of 
ores in a latti
ea

ording to some partial ordering. This providestremendous amount of 
ontrol and information aboutthe stru
tural properties of the subspa
es that may be
onstru
ted with the latti
e of subspa
e 
ores. Manyextensions of this resear
h are possible. Algorithmsto �nd dense regions that satisfy both the obje
t setsize 
onstraint and attribute set size 
onstraint 
an bedesigned, whi
h may help in making the algorithm inphase-1 more eÆ
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