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7 Appendix
The detailed proofs of the following Lemma 1 and

Lemma 2 can be found in [17]. We only state them
here.

LEMMA 1. Under the conditions of Theorem 1,

(7.9) P(IC1 <) < A,

LEMMA 2. For any sufficiently large n, let A = {C :
C € Cy, such that |C| > s and% > a}. Let
A={A#0}. If 1 > 16" (log, n + 2), then

(7.10) P(A) < As(a,l)
Proof of Theorem 1: Let E be the event that

{A < l—a It is clear that E can be expressed as

T¥al:
the union of two disjoint events F; and E5, where

Ey={|C|<[C*}nE

and X
E,={|C|>|C*}nE

On the other hand, by the definition of A, inequality

A< L‘r—g can be rewritten equivalently as
|ICnC*| |OCmOﬂ:>1+a
ICnex|  |ICner| T 1o

Moreover, when || > |C*], one can verified the trivial
fact that |C' N C*¢| > |C'°N C*|, which also implies that

lelatersd
|Cn o

m'ﬂ0|<1

Jencr
cnc| ~

ICnex|
Furthermore, one can verified that Fy C F), where

. > * 1
B = {|C]> [0 n 140l 0C  Tal
ICNnC* — 11—«

Therefore, it suffices to bound P(E) by P(E;) and
P(FE}) separately.

Immediately, one can bound P(E;) by A;(l) via
Lemma 1. It remains to bound P(E}). Notice that
inequality
2|CﬁC | > 1+a mplies 7| ﬂAO | >

1+2— 2 =
iCncs| — 1-a C]

Therefore, by Lemma 2, one can bound P(E}) by

P(E}) < P (B

€12 12) < As(anl),

where the first inequality holds because the uncondi-
tional probability is always less or equal to the condi-
tional probability. Consequently, we have

(7.11) P(ASLZ) < Ay(l) + Al 1).

Proof of Corollary 1: Theorem 1 implies that if we
can bound both A;(l,) and Ay (¥(n)~1,1,) by 2n~2 for
any sufficiently large n, then Borel -Cantelli Lemma can
be applied to establish the almost sure convergency.
When n is sufficiently large, the condition [, >
16¢(n)(log, n + 2) and ¢ (n) — n, implies 1, > 2(3(p —
po)? log, €)' log, n. By plugging this lower bound of [,
into Ay (l,,), one can get A1(l,) < 2n~2. Meanwhile, by
plugging the condition that I,, > 161)(n)(log, n+2) into
As(1(n)~1,1,), one can get Ag(1h~t(n),l,) < 2n~2.
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