














Each row of the matrix is simply a time series shifted
(rotated) by one from its neighbors. For notational
convenience, we denote the i row as T, which allows us
to denote the rotation matrix in the more compact form of
RT={T",T..,T"}.

Note that we do not need to actually build the full
matrix if space is premium, however doing this simplifies
the notation and allows some optimizations [20].

As we have already seen in Figure 1 and Figure 2
(and as we shall see again in Figure 11 and Figure 12), we
cannot generally expect images be perfectly aligned. We
therefore define the Rotation invariant FEuclidean
Distance between two time series.

DEFINITION 4.2. Rotation invariant Euclidean Distance:

Given two time series 7} and 7, of length n, the rotation
invariant Euclidean distance between them is defined as

RED(T,,T,)=min ED(T;,T;) Q)
1<j<n
The rotation invariant Euclidean distance provides an
intuitive measure of the distance between two shapes, at
the expense of efficiency. The time complexity to
compare two time series of length n is O(n®). Note that

this rotation invariant Euclidean distance is denoted as
“D(T}, T;)” in definition 2.4 and 2.5.

4.1 Min-error SAX

As illustrated in Figure 6 we can convert any time series
into a SAX word. The conversion of time series into SAX
is at the heart of dozens of research -efforts
[81[19][22][27][35] and a well-understood process.
However in the special case that the time series comes
from a shape, we are offered a unique chance to improve
the quality of approximation with no space overhead.
Recall that, as illustrated in Figure 3, we convert shapes
into time series with a simple “unwinding” process. Note
that the starting point for this process is completely
arbitrary. This observation allows an optimization,
because it may happen that some of the arbitrary starting
points will lead to better SAX approximations.

For example, assume we have two arrow images 4
and B, where B is simply A4 being rotated by 15 degrees.
Their time series and corresponding SAX representations
are shown in Figure 7.

At the first sight, they look similar. But note that for
in the top version of the arrowhead, the first symbol ¢
matches perfectly with a plateau in the time series, while
in the bottom version of the arrowhead, this plateau
segment spreads across two segments (the first and the
last segments). Intuitively, we may expect that the SAX
word cbadab gives better approximation than bottom one
cadcac. Based on this observation, every time we convert
a shape time series into a SAX word, we test all possible
circular shifts of the time series and choose the one that

has the smallest reconstruction error. We apply this
optimization throughout the paper.
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Figure 7: An arrowhead image with different rotations. Top) the
first SAX symbol ¢ approximates the first 40 data points
perfectly. Bottom) however the same plateau time series is
divided into two parts (the first and last segments of time series).

4.2 Random Projection Motif Discovery

The image motif discovery problem lands itself to a
simple brute force solution. We simply need to compare
each shape in ©Q to every other shape using rotation
invariant Euclidean distance, and record all those shapes
that are within threshold & of each other. This can be
trivially achieved with a pair of nested loops. The
problem with this solution is its high time complexity
O(|QI’n?) , which is clearly intractable for large datasets.
Note that O(r”) is the time for a single rotation invariant
comparison. There are some optimizations for rotation
invariant comparison to reduce its complexity close to
linear for most datasets [20]. It is the quadratic
dependence on |Q| that makes the brute force algorithm
untenable for larger datasets.

We propose a motif discovery algorithm which
reduces the number of rotation invariant comparisons as
much as possible. The intuition of our solution is that two
similar shapes are likely to have similar SAX
representations (for the moment ignores the problem of
rotation invariance). Actually this observation is at the
heart of dozens of research efforts [8][22][26][27].

Our algorithm takes advantage of techniques that can
efficiently find approximately repeated patterns in
discrete strings [37]. The work of Tompa and Buhler and
follow-up work by many researchers show that
approximately repeated patterns can be found by hashing
randomly “masked” versions of the strings in question.
Information about which strings collide with others can
then be used to prune the search space. Here “masked”
simply means that one or more positions in the strings are
ignored during the hashing process. The idea is that two
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words might be similar, but differ in just a few locations,
as in abca and aaca. By randomly masking and therefore
ignoring some positions, the algorithm has a chance to
ignore the “misspelled” position and discover the
similarities. A surprising fact is that only a small constant
number of iterations of masking and hashing are needed
to find all motifs with high probability [37].

This solution, known as random projection, requires
two modifications before we can apply it to image motif
discovery. First, we need to do some modification to
make it be able to find rotation invariant similarities
between time series or circular shifts of SAX words.
Second, unlike the usage of random projection on DNA
strings, we are not finished after discovering motifs in
SAX words. We must check the raw time series pointed
by the SAX words to make sure they are true motifs.

As the first modification, for each SAX word 7
corresponding to an image, we add every possible circular
shift of it to the list of words to be hashed. We call this
list the rotation matrix R7. So that if two images 7; and 7}
are similar, but are rotated differently, they may still be
similar under some circular shifts. For example in Figure
8, the i shape in the arrowheads datasets maps to the
SAX word 7= bach, so we add bacb, acbb, cbba, and
bbac to the rotation matrix.

‘ b a c b

\ /1:1; a c b b

c b b a

—\/\/\/\/ b b a c
’ b c b b

[ b b b

\ /;} b | b | b | ¢
W b |b|c|b

Figure 8: An example of representing an image with rotation
variant SAX words. Because the length of SAX string is 4,
every image time series has four possible rotations.

The redundancy of having all possible circular shifts
may appear to hurt the space complexity, but recall that a
SAX word only requires yf4] bits. With all possible

circular shifts this becomes ,?[;] bits per original shape.

This is still much smaller than the raw time series, and
completely inconsequent compared to the raw images.

After getting all possible circular shifted SAX words
for each image time series, we start random projection. As
in [37], several randomly chosen columns are masked off,
and the rest columns are hashed into the buckets. At the
same time, a collision matrix is maintained to keep record

of collisions. Because similar shapes have high possibility
to be hashed to the same bucket, after many times of
random projections, these similar pairs will have larger
values in collision matrix. Figure 9 illustrates the random
projection process.

. . / i —j b
e ¢ i ab
RT,| 2 b
Cc b 1 — _] ch
b a
. . i ba
b b ; bb
RT; b
e e 2 i
b [
2 i

i j

Figure 9: Random projection performed on SAX words. The
mask size is 2 and the (randomly chosen) mask is {2, 4}.
Columns 2 and 4 are masked off and the substrings at column
{1, 3} are hashed to buckets. The value in collision matrix at the
bottom right records the number of collisions between
arrowheads 7;and T; after one projection.

In order to give the algorithm a high probability to
ignore “misspelled” positions, we need to perform several
iterations of random projections. A natural question is
when to stop. The simplest stopping criterion is user
interruption. We can treat the random projection process
as an anytime algorithm, letting user interrupt the
execution at any time and retrieve the best-so-far result.
Another stopping criterion will be keeping random
projection until collision matrix requires more than linear
space. In this case, the number of iterations can be O(|Q|).
But in practice generally it is significantly smaller than
0O(|Q]). According to our experiments, 20 to 100 iterations
are enough to catch similar images. So we hardcoded
number of iterations to 30 for experiments in this paper.

During the random projection, we change mask size
dynamically. Initially mask size is set to zero, which
means at the beginning all SAX words are compared in
full length. Then in each iteration, the mask size increases
by 1. The iteration repeats until the user issues an
interruption or the predefined number of iterations is
reached. After projection, if some cells have values that
are significantly larger than the average in collision
matrix, we treat them as motif candidates. We then
calculate the rotation invariant Euclidean distance
between the original time series of these candidates.
Thanks to the lower bounding property of SAX
representation, the last step can be conducted very
efficiently. If MINDIST( ., fj) < ¢, we only need to check
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i if and only if MINDIST(,,,) < & or MINDIST( f/. J4,)

< ¢. We will show in Section 5 that our algorithm is very
effective in catching image motif candidates during
projection step and locating true motifs by examining
these candidates. Note that we only consider the image
pairs that have the largest collision value as candidates.
As we will show in Section 5, the number of these ties is
less than 0.1% of total number of pairs |2, and it is
enough to give us high precision of true motifs. Table 3
outlines our motif discovery algorithm, where Q is the
image dataset, K is the number of motifs to be mined, & is
distance threshold for image motifs.

Table 3: Motif Discovery Algorithm.

1 Function {K-motifs} = Motif-discover(Q, K, &, num_iteration)
2 {T;}=SAX(Q); //convert image time series to SAX
3 generate RT(fj) ; //rotation invariance matrix in fig. 8
4 K-moifs = & ;

5 iteration = 0;

6 M = zeros; // initialize collision matrix as zero matrix
7 while iteration < num_iteration and user_not_interrupt

8 Random_Projection(RT) ;

9 Update(M) ; // update collision matrix M
10 iteration = iteration + 1;

1 end;

12 | Sort(M);

13 k=0;

14 for each (p,q) in M that has the largest value

15 if {p,g} N {k-motif} 1= @ and RED(T,, T,) <

16 add p, q to {k-motif}

17 elseif k<K

18 k=k+1,;

19 add p, q to {k-motif}

20 end;

21 end;

4.3 Time and Space Complexity

Motif discovery is generally computationally expensive,
which in worst case needs O(N?) time, where N is the size
of dataset. In this subsection, we will show that our motif
discovery algorithm requires only linear space and time.
We first look at space complexity. Assume we have
N image time series of length n, with corresponding SAX
words of length m. As illustrated in Figure 8, the rotation
matrix RT has m*N rows and m columns. Note that
although the length of time series varies from one
hundred to several thousands, its SAX word length is
much shorter, usually from 10 to 100 based on our
experiments. Furthermore, each SAX word only needs
m*log,a bits (a is the alphabet size, usually from 3 to 5),
so the actual size of RTis in linear space, and much less
than original size of dataset. In addition, collision matrix
M is implemented as sparse matrix, which takes up much
smaller size compared to full matrix. Although in the
worst situation, the matrix will be filled with
num_iteration®*|RT| non-zero values (iteration number is

usually a small value from 20 to 100, from our
experiments and also as pointed in [8]).

The most time-consuming part of our algorithm is the
random projection with collision recording process. Its
time complexity is O(num_iteration*|RT]), which is
linear.

5 Experimental Evaluation

In this section, we demonstrate the utility of image motifs
and provide a detailed study of the effectiveness and
efficiency of our algorithm.

5.1 Mining Butterfly Images

There is an increasing interest in using computers to aid in
the study of zoology, particularly in morphometrics, the
study of organism shape and form [34]. This is especially
true in entomology because entomologists are challenged
by the extraordinary number of insect species, with more
than 925,000 species described — more than all other
animal groups combined. Even if we were to limit our
attention to just the order of Lepidoptera (butterflies and
moths), we must deal with more than 20,000 species.

To demonstrate the potential utility of motifs in
entomological morphometrics, we performed a simple
experiment. The experiment was contrived in that we had
a strong suspicion as to the final result, however it at least
hints at the utility of our ideas.

We chose to work with an extraordinarily diverse
group with about 5,000 members, the Nymphalidae, one
of the five families of butterflies. Within Nymphalidae
there are 12 subfamilies, including Danainae and
Limenitidinae. We collected several hundred examples of
each group and performed motif join. The 1* Inter-class
motif is shown in Figure 10.

The fact that the Inter-class 1¥-Motif pair is not only
similar in shape, but in color and pattern is at first
surprising, given the extraordinary variation that exists
within both subfamilies. However this convergence in
physical appearance is not a coincidence, but rather an
example of Miillerian mimicry. Miillerian mimicry is a
result of the evolutionary pressure for toxic species mimic
each other to display similar warning signals
(aposematism), because predators that better associate
these signs with unprofitability have higher survival rates
than those that do not. Mulerian mimicry drives the
evolution and establishment large regional mimetic rings
often seen in tropical habitats, made up from the
summation of tens of mimicry rings, each containing
dozens of species, most belonging to Nymphalidae
butterflies, but a few species belonging to other butterfly
families (e.g., Papilionidae, Pieridae, Arctiidae and
others) [15].
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Figure 10: Top) Some examples from two subfamilies of
Nymphalidae, Limenitidinae and Danainae. Bottom) The Inter-
class 1¥-Motif pair is not only similar in shape, but in color and
pattern, a fact which can be explained by Miillerian mimicry.

5.2 Annotating Historical Manuscripts

In this experiment, we demonstrate one potential
application of inter-class K-Motifs, mining historical
texts. The need for algorithms to automatically index and
annotate old manuscripts has been brought to the forefront
by Google’s announcement of a long term plan to digitize
tens of millions of old texts in the next decade [36]. While
the bulk of the old volumes will contain nothing but text,
we can expect millions of images will also be digitized
and benefit from enhancement of annotation.

We consider a classic text, British Desmidiaceae, vol.
2 (1905) by the father and son team, West & West [40].
This is a fundamental work on desmids (single-celled
freshwater green algae). The book was published when
microscopy was a mature science, but before microscopic
photography was possible. It contains color and
monochrome  drawings of  exceptional quality.
Approximately 1,150 taxa are described in the five
volumes.

The modern reader is impressed by the quality of the
illustrations, and stunned by the diversity of algae shapes.
However they cannot help but curious if the alien looking
illustrations are faithful reproductions of reality or
fanciful imaginings’. To test this we used our algorithm to
find Inter-class K-Motifs between two image datasets, Q

2 Note that contemporary publications using the microscopes

astronomical analogue, the telescope, had “discovered” and detailed
complex systems of canals on Mars [10].

is the set of pages from the text in question, and ¥ are the
results of a Google image query for “Desmidiaceae,
Micrasterias, Closterium, Euastrum” (keywords used in
the original text). Figure 11 shows one page from the text,
and three of the linked images from the web.

PLATE XLI

Figure 11: Right) Plate 41 from the classic text, British
Desmidiaceae, vol. 2 (1905) by West & West. Left) After
finding the Inter-class K-Motifs, individual figures have been
linked to images returned by a Google image query. Only three
linked images are shown for clarity.

Note that the algorithm only considered the shape
information, however the color and texture similarity of
many of the matches, for example “B” in Figure 11,
strongly suggests that the results are not spurious. In
Figure 12 we give a visual intuition as to why two shapes
are considered so similar in the time series representation.

British
Desmidiaceae,
vol. 2 (1905),
plate 41, fig. 5

=, Micrasterias
oscitans

Figure 12: A visual explanation of why two shapes from Figure
11 were linked as Inter-class Motifs. The real image was taken
by Fabio Rindi and David John (who retain the copyright). It
shows a Micrasterias oscitans found in a bog pool in Galway,
Ireland on 22™ of Sep 2005.
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In Figure 13 we show another example on a page
featuring drawings of the genus Closterium.

49

T \

Figure 13: Left) Plate 11 from British Desmidiaceae, vol. 2
(1905) by West & West. Right) After performing a shape-motif-
join, individual figures have been linked to images returned by a
Google image query ‘Closterium’.

Note that in all these examples, the need for rotation
invariance is apparent.

5.3 Efficiency of Motif Discovery Algorithm

In the previous subsections, we have shown that our motif
discovery algorithm is very effective in finding image
motifs. In this subsection, we will further demonstrate that
our approach is not only effective but also efficient, which
allows us to discover motifs in linear time with high
precision. All the datasets used here are freely available at
our website [41].

We test on six image datasets, including SQUID [28],
mpeg-7 shapes [23], yoga, chicken [29], Swedish-leaf®,
and MNIST[24]. SQUID contains 1,100 different seca
animal images. Mpeg-7 shapes dataset consists of 1,400
different shapes of animals, insects, crafts etc. Yoga
dataset is generated from video sequences of male and
female performing yoga actions. Chicken dataset has
images of chicken legs, breasts etc. with different
rotations. Swedish leaf dataset has 15 species of leaves.
MNIST contains 10,000 instances of handwriting number
‘0’ to ‘9’. There are several reasons why we choose these
datasets to test. Firstly, all these datasets contain rotated
shapes. We can verify that our motif discovery algorithm
is able to locate similar shapes with different rotations.
Secondly, each of these datasets has very similar shapes,
which guarantees that they contain image motifs. Finally,
these diverse datasets include different kinds of images,
such as marine animals, human actions sequences, and
Arabian numbers etc. Figure 14 shows example images
from these six datasets.

3 http://www.cs.umd.edu/~hbling/Research/Botany/data.htm
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Figure 14: Examples of shapes from six datasets, A - mpeg-7
shapes, B - SQUID, C - yoga, D - chicken, E - Swedish leaves, F
- MNIST.

We randomly select 1,000 instances from each
dataset. Chicken dataset has only 446 images, so we make
1,000 instances by rotating them with random angles.
These 6,000 images are converted into time series.
Because the lengths of these time series vary from 128 to
3,280, we unify their lengths to 1,024.

We compare three strategies for motif discovery:
brute force method, brute force with early abandon, and
our motif discovery described in Section 4. Brute force
method performs an exhaustive search, computing
rotation invariant Euclidean distance for each pair of
images. Suppose we have N image time series of length n,
then brute force requires N° rotation invariant
comparisons. Brute force with early abandon prunes
distance computation by the threshold (best-so-far
minimum distance in the computation). We randomly
select 500, 1000, 2000 and 4000 instances from all 6000
instances, execute three methods ten times to get the
average results. Both the number of rotation invariant
Euclidean distance computations and the running time of
the three strategies are given in Figure 15.

Time improvement over BruteForce Euclidean Distance Computations

1
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Average running time (%)
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Figure 15: Compared to brute force method, only 0.076%
distance computations are needed by motif discovery algorithm.
The running time is 2 to 3 orders of magnitude shorter.

We can see that the motif discovery algorithm prunes
more than 99.99% computations of the brute force
method, and only takes about 3% to 7% computation of
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the early abandon method. For running time, we record
time spent on motif discovery from three parts: converting
time series to SAX, random projection, and searching true
motif in candidate time series. Although the first part can
be done offline, we still include it in execution time
because it is nearly constant. The time spent on the
second part is almost constant, since in practice we simply
set length of SAX word m to 20 and the iteration number
as 30 (user can use different parameter settings in a
certain range, but according to our experiments, it will not
affect much of the accuracy in motif discovery). Actually
the most time-consuming part is in phase three, finding
true motifs from candidates. Notice that as shown in the
right of Figure 15, SAX projection pruned more than
99.99% computations, indicating that the third part is also
very efficient. Overall, our motif discovery algorithm is 2
to 3 orders of magnitude faster than brute force method,
which is clearly shown in the left of Figure 15.

In addition to efficiency, the motif discovery is very
effective in finding true motif images. We compare the
motifs found by our algorithm with those found by brute
force method, which guarantees to catch all true motif
images. Table 4 shows that our method achieves very
high accuracy (the ratio that number of true motifs found
by our method over the number of true motifs found by
brute force method).

Table 4: Accuracies of motif discovery algorithm. Because the
number of motifs is averaged over ten times run, we record them
as real values. ¢ is the distance threshold given in definition 2.2.

500 1000 2000 4000
Dataset size
F=10 | ¢=10 | =05 ¢ =03
Number Brute force 59 16.4 18.3 17.2
of Motif 52 15.8 18.2 17.2
motifs discovery
0,
Accuracy (%) 85.14 | 9531 | 99.83 | 100
(motif discoverylbrute force)

6 Conclusions

We have introduced the new problem of finding
approximately repeated shapes in large image databases.
Although the brute force approach needs quadratic time,
we propose a novel algorithm that uses random projection
to identify potential image motifs efficiently.
Experimental results show that our approach can
efficiently find image motifs with high precision.

Ongoing work includes collaboration  with
anthropologists on a detailed study of projectile-point
cultural artifact transfer, and an application to the study
on convergent evolution in the order Coleoptera (beetles).
We are also considering combing the shape information
currently used with (appropriately weighted) information
about color and texture to find image motifs.
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