




B. Proof of Theorem 3.2
Proof. For simplicity of notations, we provide the proof
assuming that the regression function generates one re-
sponse, and it is relatively straightforward to generalize to
the K-response case. Suppose during the regression process
with respect to y, the region R in question is split into
two subregions R1 and R2 (R1

S
R2 = R), subject to the

criterion (3.5). In other words, the following inequality
holds for any two subregions S1 and S2 (S1

S
S2 = R):
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Substituting (3.4) into the weighted squares and cancel-
ing out the identical weighted square response

P
x∈R wly

2
l on

both sides, (B-10) becomes:

 
P

xl∈R1

wlyl

!2

P
xl∈R1

wl
+

 
P

xl∈R2

wlyl

!2

P
xl∈R2

wl

≥

 
P

xl∈S1

wlyl

!2

P
xl∈S1

wl
+

 
P

xl∈S2

wlyl

!2

P
xl∈S2

wl
(B-11)

Since yl ∈ {1,− 1
K−1

}, we further partition R1 into R+
1

when yl = 1 and otherwise R−1 (R+
1

S
R−1 = R1). Hence,
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Applying the same trick to all the components and
canceling out the common terms on both sides of (B-11),
the following inequality holds:
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Note that zl = y2
l ∈ {1, 1

(K−1)2
}, therefore,
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Also note that 
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Substituting (B-13), we derive this inequality:
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Thus we arrive at the following inequality,
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where d is the weighted mean for the square response.
Hence the optimal splitting variable and value that

minimize the weighted least squares with respect to y also
minimize that with respect to z. Thus, we can reach the
conclusion by induction. ¤

C. Proof of Corollary 3.1
Proof. Substitute (B-12) into (3.4) and similarly (B-14) into
the weighted mean of z, we derive the following equation:
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