








Figure 7: Comparison between S; and H, using the
projection operators when h = 1.

where ¢ is Kronecker’s delta, and K € R"™" is the Gram
matrix whose (i, j) element is defined by

K =u® pl),

(2]

In the matrix notation, we have (P; — P3)? = I, — KK T,

where |, is the r-dimensional identity matrix. Thus
Eq. (A.9) becomes

A1l d(H,,Sp)*=1—  max TKKTe.
(A.11) (M. 51) e & 8

Similarly, if we express (Py — P1)? with the base of
Sh, the matrix representation will be

(Py—P)2 =1, —K'K,
so that Eq. (A.10) becomes

(A12)  d(Sp, M) P=1- n' K Kn.

max
neRM, |Inl[=1

It is interesting to compare these two expressions.
In Eq. (A.11), the maximizer is the top eigenvector of
KKT, and is the same as the top left singular vector
of K. In Eq. (A.12), the maximizer is the largest
eigenvector of KT K, or the top right singular vector of K.
Therefore, whether the left or right singular vector is the
maximizer, the maximum value is the largest singular
value of K. Thus we have proved the following theorem.

Theorem 2. For H, C RY spanned by {u™, ..., u(},
and S, ¢ R" spanned by {p™), ..., u(™},

(A.13) d(H,,Sp)? = d(Sp, H,)? =1 — 02,
where o, IS the largest singular value of K.

If h =1, opax is trivially computed as

(A.14) Omax = 3 _ K(i, p)?.
i=1

From Eqgs. (A.13) and (A.14), we see that the CP score
in Eq. (2.3) was defined as z = d(H,, Sp)?. It is easy to
verify 0 < z < 1.

In closing Appendix, we explain why we chose the
dimension of the feature space to be one (see Section 2).
For example, consider the case h = 2. Suppose that S,
is spanned by g™ and p®, and that p = u(® and
p® 1 H,. In this case, the first column of K has a
single one and r — 1 zeros, and the second column is the
zero vector. Therefore, o,.x is one, giving the distance
zero. However, the zero distance in this case is quite
misleading since it does not at all mean either S, = H,
or S, C H,. Indeed, the distance is zero even if one
of the bases is completely missing. If A = 1, this type
of ambiguity does not appear. This is why we set the
dimension of the test space to be one.
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