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Abstract

RELIEF is considered one of the most successful algorithms for
assessing the quality of features due to its simplicity and effective-
ness. It has been recently proved that RELIEF is an online algo-
rithm that solves a convex optimization problem with a margin-
based objective function. Starting from this mathematical interpre-
tation, we propose a novel feature extraction algorithm, referred
to as LFE, as a natural generalization of RELIEF. LFE collects
discriminant information through local learning, and is solved as
an eigenvalue decomposition problem with a closed-form solution.
A fast implementation is also derived. Experiments on synthetic
and real-world data are presented. The results demonstrate that
LFE performs significantly better than other feature extraction al-
gorithms in terms of both computational efficiency and accuracy.

1 Introduction

Feature extraction and selection are two fundamental prob-
lems in machine learning research. Not only can their proper
design reduce system complexity and processing time, but
they can also enhance system performance in many cases. A
commonly used method for feature extraction and selection
is to pre-multiply a projection matrix to pattern vectors with
the aim to optimize a certain criterion function. (By conven-
tion, we denote a pattern as a column vector.) For example,
in feature selection, the off-diagonal elements of a projection
matrix are all set to zero, and the diagonal elements are re-
stricted to take values from the set{0, 1}. Based on the crite-
rion functions used in search for informative features, feature
selection algorithms are traditionally categorized as wrapper
and filter methods [1]. In wrapper methods, the performance
of a learning algorithm is used to evaluate the goodness of se-
lected feature subsets, while in filter methods criterion func-
tions evaluate feature subsets by their information content,
rather than optimizing the performance of any learning al-
gorithm directly. Hence, filter methods are computationally
much more efficient, but usually perform worse than wrap-
per methods. Given a criterion function, feature selection is
reduced to a search problem. An exhaustive search is opti-
mum but quickly becomes computationally infeasible with
the increase of problem size. Some heuristic combinational
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searches, such as forward and/or backward selection [2], are
usually employed. These algorithms have shown some suc-
cesses in practical applications. However, none of them can
provide any guarantee of optimality.

The counterpart to feature selection is feature weight-
ing, wherein the diagonal elements of a projection matrix
are allowed to take real-valued numbers, instead of from
the binary ones. This enables the employment of some
well-established optimization techniques and allows for ef-
ficient algorithm implementation. Among the existing fea-
ture weighting algorithms, RELIEF [3] is considered one of
the most successful ones due to its simplicity and effective-
ness [4]. It has been recently shown that RELIEF is an online
algorithm that solves a convex optimization problem aimed
at maximizing a margin-based objective function [5]. The
margin is defined based on the one-nearest-neighbor clas-
sifier. Compared with filter methods, RELIEF usually per-
forms better due to the performance feedback of a nonlin-
ear classifier when searching for useful features; compared
with conventional wrapper methods, by optimizing a convex
problem, RELIEF avoids any exhaustive or heuristic com-
binatorial search, and thus can be implemented efficiently.
These two merits explain the success of RELIEF in practical
applications.

One major shortcoming of feature weighting and selec-
tion is their inability to capture the interaction of correlated
features [6]. In some applications, such as face recogni-
tion, where to preserve the physical meaning of individual
features is not needed, feature extraction is more appropri-
ate than feature weighting and selection. Starting from the
mathematical interpretation that RELIEF represents an im-
plementation of a convex optimization problem, we propose
a novel feature extraction algorithm, referred to as LFE, as
a natural generalization of RELIEF by lifting the diagonal
constraints on a pre-multiplied projection matrix. LFE col-
lects discriminant information locally, and is solved as an
eigenvalue decomposition problem globally with a closed-
form solution. A fast implementation of LFE is also derived.
We demonstrate that LFE can be implemented easily with
a comparable computational cost to that of principal com-
ponent analysis. LFE learns a distance metric matrix to ap-
proximately optimize the leave-one-out accuracy of a near-
est neighbor classifier, and hence LFE has an explicit mecha-
nism to remove irrelevant features. Experiments on synthetic
and real-world data are presented. The results demonstrate
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that LFE performssignificantlybetter than other feature ex-
traction algorithms in terms of computational efficiency and
accuracy.

The remainder of the paper is organized as follows. In
Section 2, we provide a mathematical interpretation of RE-
LIEF. In Section 3, we propose a new feature extraction al-
gorithm, referred to as LFE. A fast implementation of LFE is
derived and computational complexity analysis is presented.
In Section 4, some related work is briefly reviewed. In Sec-
tion 5, numerical experiments are performed. We finally con-
clude this paper in Section 6.

2 Mathematical Interpretation of RELIEF

We first present a brief review of RELIEF. LetD =
{(xn, yn)}N

n=1 ⊂ RI × {±1} be a training dataset, where
xn is then-th data sample andyn is its corresponding class
label. The basic idea of RELIEF is to iteratively estimate
feature weights according to their ability to discriminate be-
tween neighboring patterns. In each iteration, a patternx is
randomly selected and then two nearest neighbors ofx are
found, one from the same class (termed thenearest hitor
NH) and the other from the opposite class (termed thenear-
est missor NM). The weight of thei-th feature is then up-
dated as:wi = wi + |x(i) −NM(i)(x)| − |x(i) −NH(i)(x)|,
for 1 ≤ i ≤ I.

We provide a mathematical interpretation for the seem-
ingly heuristic RELIEF algorithm. Following the margin
definition in [7], we define the margin for a patternxn as
ρn = d(xn−NM(xn))−d(xn−NH(xn)), where NM(xn)
and NH(xn) are the nearest miss and hit ofxn, respectively,
andd(·) is a distance function. For the purpose of this paper,
we defined(x) =

∑
i |xi|, which is consistent with the dis-

tance function used in the original RELIEF algorithm. Other
distance functions may also be used. Note thatρn > 0 if
only if xn is correctly classified by the one-nearest-neighbor
classifier. Ideally, we may want to scale each feature so that
the leave-one-out error

∑N
n=1 I(ρn(w) < 0) is minimized,

where I(·) is the indicator function andρn(w) is the mar-
gin of xn computed with respect tow. Since the indicator
function is not differentiable, we instead use a linear utility
function so that the averaged margin in a weighted feature
space is maximized:
(2.1)

max
w

N∑
n=1

ρn(w) =
N∑

n=1

(
I∑

i=1

wi|x(i)
n − NM(i)(xn)|

−
I∑

i=1

wi|x(i)
n − NH(i)(xn)|

)
,

s.t. ‖w‖22 = 1,w > 0 ,

where the constraint‖w‖22 = 1 prevents the maximization
from increasing without bound andw > 0 ensures that
the learned weight vector induces a distance measure. By

definingz =
∑N

n=1(|xn − NM(xn)| − |xn − NH(xn)|),
where| · | is the point-wise absolute operator, Eq. (2.1) can
be simplified to read

(2.2) max
w

wTz, s.t.‖w‖22 = 1,w > 0 .

The Lagrangian of Eq. (2.2) isL = −wTz + λ(‖w‖22 −
1) +

∑I
i=1 θi(−wi), whereλ and θ > 0 are Lagrangian

multipliers. Taking the derivative ofL with respect tow and
setting it to zero yields∂L/∂w = −z + 2λw − θ = 0
and w = (z + θ)/2λ. Below, we derive a closed-form
solution forw. We first prove thatλ > 0. Suppose there
existszi > 0.1 Then zi + θi > 0. If λ < 0, then we
would havewi < 0, which contradicts the constraintw ≥ 0.
By using the Karush-Kuhn-Tucker condition [8], namely∑

i θiwi = 0, it is easy to verify the following three cases:
(1) zi = 0 ⇒ θi = 0 andwi = 0; (2) zi > 0 ⇒ zi + θi >
0 ⇒ wi > 0 ⇒ θi = 0; and (3)zi < 0 ⇒ θi > 0 ⇒ wi =
0 ⇒ zi = −θi. It follows that the optimum solution can be
calculated in a closed form asw = (z)+/‖(z)+‖2, where
(z)+ = [max(z1, 0), · · · ,max(zI , 0)]T .

By comparing the expression ofw with the weight
update rule of RELIEF, we conclude that RELIEF is an
online algorithm to solve the optimization scheme Eq. (2.1).
This is true except whenwi = 0 for zi ≤ 0, which usually
corresponds to irrelevant features.

RELIEF maximizing the averaged margin was first ob-
served in [7], but no mathematical proof was provided. From
our analysis, we find that RELIEF is a feature weighting al-
gorithm that utilizes the performance of a nonlinear classi-
fier in searching for useful features, yet results in a simple
convex problem with a closed-form solution. This clearly
explains the simplicity and effectiveness of RELIEF in real
applications.

3 Learning Distance Metric Matrix

A natural extension of RELIEF is to use a full distance
metric matrix instead of a diagonal one. Let us consider the
following optimization problem:
(3.3)

max
W

N∑
n=1

ρn(W) =
N∑

n=1

mT
nWmn −

N∑
n=1

hT
nWhn ,

s.t. ‖W‖2F = 1,W > 0 ,

where mn = xn − NM(xn), hn = xn − NH(xn),
and ‖W‖F is the Frobenius norm ofW, defined as√∑

i,j w2
i,j =

√∑
i λ2

i , with {λi}I
i=1 being the set of

1This assumption isvery weak since if it does not hold it simply says
that on average the distance between a pattern and its nearest miss is larger
than the distance of the pattern from its nearest hit, which is very rare in real
applications.
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eigenvaluesof W. Eq. (3.3) has the same physical mean-
ing as Eq. (2.1).

The direct optimization of Eq. (3.3) is computationally
arduous. We therefore derive a closed-form solution. Some
organization is merited. First, sinceW is a distance metric
matrix, it is symmetric and positive-semidefinite, and thus
can be written asW = AAT , whereA = [a1, · · · ,aI ]. We
further assume that{ai}I

i=1 are pairwise orthogonal, that is,
〈ai,aj〉 = 0, for anyi 6= j. This can be easily done through
the eigenvalue decomposition ofW as follows:
(3.4)
W = ΦΛΦT = ΦΛ

1
2 Λ

1
2 Φ ,

= [
√

λ1φ1, · · · ,
√

λIφI ][
√

λ1φ1, · · · ,
√

λIφI ]T ,

Where {φi}I
i=1 and {λi}I

i=1 are the eigenvec-
tors and eigenvalues ofW, respectively. Let
A = [a1, · · · ,aI ]=[

√
λ1φ1, · · · ,

√
λIφI ]. The task

then is to solve for the set{ai}I
i=1. The first term of the

objective function in Eq. (3.3) can be rearranged:

(3.5)

∑N
n=1 mT

nWmn

= tr
(
W

∑N
n=1 mnmT

n

)
,

= tr (WΣm) , (Σm ,
∑N

n=1 mnmT
n )

= tr
(
Σm

∑I
i=1 aiaT

i

)
=

∑I
i=1 aT

i Σmai .

As a result, the objective function of Eq. (3.3) can be
expressed as follows:
(3.6) ∑N

n=1 mT
nWmn −

∑N
n=1 hT

nWhn ,

=
∑I

i=1 aT
i (Σm −Σh)ai . (Σh ,

∑N
n=1 hnhT

n )

Similarly, the optimization constraint can be expressed as a
function of the column vectors{ai}I

i=1:
(3.7)

‖W‖2F =
∑

s,t w2
s,t =

∑
s,t

(∑
i a

(s)
i a(t)

i

)2

,

=
∑

i,j

(∑
s a(s)

i a(s)
j

)2

=
∑

i,j

(
aT

i aj

)2

An equivalent optimization problem of Eq. (3.3) can thus be
formulated:

(3.8)
max{ai}I

i=1

∑I
i=1 aT

i (Σm −Σh)ai ,

s.t.
∑

i,j

(
aT

i aj

)2 =
∑

i

(
aT

i ai

)2 = 1 .

The equality in the constraint is due to the orthogonality of
{ai}I

i=1. Though we do not list the orthogonality constraint
explicitly in the optimization, we will later see that this
constraint is automatically fulfilled. The Lagrangian of
Eq. (3.8) is:
(3.9)

L = −
I∑

i=1

aT
i (Σm −Σh)ai + λ

(
I∑

i=1

(
aT

i ai

)2 − 1

)
.

DefineΣmh , Σm −Σh to simplify the notation. Taking
the derivative ofL with respect toai and setting it to zero
yields:
(3.10)

∂L
∂ai

= −2Σmhai + 4λaT
i aiai = 0 ,

⇒ Σmhai/‖ai‖2 = 2λ‖ai‖22ai/‖ai‖2 ,
⇒ Σmhāi = 2λ‖ai‖22āi , (Assume‖ai‖2 6= 0.)

where āi = ai/‖ai‖2. If we defineσi = 2λ‖ai‖22, then
Σmhāi = σiāi is the eigen-system ofΣmh. Note that the
above equation also holds ifai = 0. Therefore, the solutions
{ai}I

i=1 can be written as

(3.11) ai =
√

βiāi, βi ≥ 0, 1 ≤ i ≤ I .

Substituting Eq. (3.11) into Eq. (3.8), we obtain an
optimization problem of the following form:

(3.12)
maxβ βTσ ,
s.t. ‖β‖22 = 1, β > 0 ,

This problem is identical to the one expressed by Eq. (2.2).
The conclusion drawn in the last section can be directly
applied here: for{i|σi > 0, 1 ≤ i ≤ I},

(3.13) βi = σi/

√ ∑

{j|σj>0}
σ2

j ,

(3.14) ai = āi

√√√√σi/

√ ∑

{j|σj>0}
σ2

j ,

andfor {i|σi ≤ 0, 1 ≤ i ≤ I},
(3.15) βi = 0 and ai = 0 .

Note that the orthogonality constraint of{ai}I
i=1 is automat-

ically fulfilled.

3.1 Feature Extraction One direct application of Eq.
(3.3) is for feature extraction. The physical meaning of Eq.
(3.3) is that we project the data onto a subspace spanned
by {ai} so that the average margin in the projected sub-
space is maximized. Recall that principal component analy-
sis (PCA) determines the projection directions so that the
mean-squared reconstruction error is minimized. The solu-
tions are the eigenvectors of a covariance matrix correspond-
ing to the largest eigenvalues, and the reconstruction error is
simply the sum of the discarded eigenvalues. Similarly, we
can regard the objective function of Eq. (3.3) as the total dis-

criminant power, which can be shown to be
√∑

{i|σi>0} σ2
i

by plugging Eqs.(3.13), (3.14) and (3.15) into Eq. (3.12).
Forming a projection matrixA by only using{ai} corre-
sponding to the largest eigenvalues ofΣmh, the suffered
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discriminant powerloss is proportional to the sum of the
squared positive eigenvalues that are discarded. More pre-
cisely, letσ1 ≥ · · · ≥ σT > 0 > σT+1 ≥ · · · ≥ σI .
By using the firstt eigenvectors witht < T , the discrimi-

nant power loss is
∑T

i=t+1 σ2
i /

√∑
{j|σj>0} σ2

j . We name

the newly proposed algorithm as Local Feature Extraction,
or LFE for short, since the discriminant information is col-
lected through local learning.

LFE has several nice properties. First, since local
learning is a highly nonlinear process, LFE is capable of
extracting nonlinear discriminant information. Second, the
implementation of LFE is very easy. We will later show
that the computational cost of LFE is of the same order
as that of PCA. Third, LFE has an explicit mechanism
to eliminate irrelevant features. This property is inherited
from RELIEF that approximately optimizes the leave-one-
out accuracy of the nearest neighbor classifier (see Eq. (2.1)).
It can be shown that the diagonal elements of matrixW
approximately equal to the weights learned in RELIEF. That
is, if there exists an irrelevant feature, then the corresponding
diagonal term ofW will take a small value near zero. This
property is experimentally verified in our experiment (see
Fig. 3).

3.2 Fast Implementation of LFE The major computa-
tion complexity of LFE comes from the eigenvalue decom-
position ofΣmh. Therefore, LFE has the same computa-
tional complexity as PCA. However, in many practical ap-
plications, such as face recognition, the data dimensionality
is much larger than the number of available training sam-
ples. Both PCA and LFE can be implemented efficiently
since the information is encoded in a much smaller subspace.
The derivation of the fast PCA implementation is straightfor-
ward, and herein we only present a fast implementation for
LFE.

We first denoteX = [x1, · · · ,xN ]. For notational sim-
plicity, we assume that the data has been centered, that is,∑N

n=1 xn = 0. Let XXT = Ψ∆ΨT be the eigenvalue
decomposition of the scatter matrixXXT , where the eigen-
values in∆ are sorted in a decreasing order. The patternx
can be expressed asx = Ψ1y, whereΨ1 contains the eigen-
vectors corresponding to the firstN largest eigenvalues of
XXT andy = ΨT

1 x. Then,Σmhāi = σiāi can be written
as

(3.16) Ψ
[

Σmhy 0
0T 0

]
ΨT āi = σiāi ,

whereΣmhy is the same asΣmh, but is computed withy.
Defining ãi = ΨT āi and pre-multiplyingΨT to both sides
of Eq. (3.16) yield

(3.17)

[
Σmhy 0
0T 0

] [
ãi,1

ãi,2

]
= σi

[
ãi,1

ãi,2

]
.

It immediately follows thatΣmhyãi,1 = σiãi,1 and ãi,2 =
0. Note thatΣmhy is anN×N matrix that has much smaller
dimensions thanΣmh, and both matrices share the same set
of non-zero eigenvalues. With̃ai computed,̄ai = Ψãi =
Ψ1ãi,1.

We now discuss the computational complexity of LFE
and PCA. IfN > I, the complexity of LFE and PCA is
O(NI2)+O(I3), where the first term is for the computation
of a scatter matrix and the second term is for the eigenvalue
decomposition. IfN < I, the complexity of PCA and LFE
areO(IN2)+O(N3) andO(IN2)+2O(N3), respectively.
In both cases, LFE has a comparable computational cost to
PCA.

4 Related Work

We briefly review some feature extraction algorithms that
we will compare with LFE in our experiments. PCA is
probably one of the most commonly used algorithms in the
literature for feature extraction. This is largely because it
has a clear physical meaning and can be implemented easily.
One major drawback of PCA, however, is that the top ranked
principal components are not necessarily the ones containing
the most discriminant information. We do not consider other
PCA-type algorithms (e.g. kernel PCA) in the experiment
because these algorithms, though performing better than
PCA in detecting nonlinear embedding, all ignore class label
information in a learning process and suffer from the same
problems as PCA. Linear discriminant analysis (LDA) tries
to overcome the problem of PCA by projecting data onto a
subspace so that the ratio between the determinant or trace
of the between-class scatter matrix and that of the within-
class scatter matrix in the projected subspace is maximized.
However, LDA can at most generateC − 1 features, where
C is the number of classes. Moreover, it is well known that
LDA is not robust when the feature dimensionality is high
compared to the sample size.

In [9], a local learning based feature extraction algo-
rithm, referred to as DANN, is proposed. DANN projects
data onto a subspace spanned by the eigenvectors corre-
sponding to the largest eigenvalues of an average local
between-class scatter matrix. Favorable results have been
reported in [9], indicating that DANN has the capability to
extract discriminant information and remove irrelevant fea-
tures. However, the objective function optimized by DANN
is not directly related to the performance of any specific
learning algorithm. Hence, DANN can be regarded as a fil-
ter method in the context of feature extraction. We will later
see in the experiment that the performance of DANN relies
heavily on the correct estimation of the number of extracted
features.

More recently, a distance metric learning algorithm
named neighborhood component analysis (NCA) is pro-
posed in [10]. The basic idea of NCA is to estimate a dis-
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Table 1:DataSummary
database training test features
banana 400 4900 2
twonorm 400 7000 20
waveform 400 4600 21
ringnorm 400 7000 20
splice 1000 2175 60
thyroid 140 75 5
face 500 1456 5100

Figure1: Facedataset: female (top row) and male (bottom
row).

tance metric matrix (or equivalently a projection matrix) to
minimize the error probability under stochastic neighbor-
hood assignment. Our work shares the similar basis to NCA
in the sense that both learn a projection matrix based on
local information. However, unlike LFE, NCA is a non-
convex optimization problem, and its implementation com-
pletely relies on gradient descent. Hence, NCA does not
scale well to a classification problem with a large feature
dimensionality. For example, in the face recognition prob-
lem that we consider in our experiment, an image is of size
85× 60. To learn a full metric matrix, NCA essentially per-
forms gradient-descent search in a space of size5100×5100,
which is computationally infeasible.

Another related algorithm is LMNN [11]. Unlike NCA,
LMNN is posed as a convex problem, and thus the reach
of the global solution is guaranteed. However, a special
optimization solver is needed for efficient implementation.
It is reported that LMMN performs similarly to NCA [11].

5 Experiments

We conduct some experiments to demonstrate the effective-
ness of LFE on six UCI datasets [12] and the AR face recog-
nition (face) dataset [13]. The six UCI datasets includeba-
nana,twonorm,waveform, ringnorm,diabetics, thyroid, and
splice. For theface dataset, the task is to classify female
against male (see Fig. 1 for some sample images). The data
information is summarized in Table 1. Note that in theface
dataset the feature dimensionality significantly outnumbers
the training samples. It is computationally infeasible to di-
rectly apply NCA in the original feature space. We therefore
first perform PCA that projects data onto its leading50 prin-
cipal components and then perform NCA.

database NCA DANN LFE PCA
banana 12.6 3.6 3.3 3.0
twonorm 41.6 4.7 4.8 4.7
waveform 38.8 4.4 4.3 4.2
ringnorm 39.4 4.7 4.7 4.7
splice 383.6 8.4 8.4 4.8
thyroid 4.9 3.2 3.3 3.2
face 185.7 24.9 23.8 8.6

Table 3: CPU time (second) per run (Pentium4 2.80GHz
with 2.00GB RAM)

5.1 Experiments on UCI DatasetsWe first compare LFE
with RELIEF, PCA, NCA, and DANN on the UCI datasets.
In order to demonstrate that LFE has an explicit mechanism
to eliminate irrelevant features, we add 10 independent
Gaussian distributed irrelevant features to each pattern. We
compare RELIEF and LFE to illustrate when and how LFE
can improve classification performance of RELIEF. It should
be emphasized that feature weighting and extraction are used
in different scenarios. In the experiment we actually use
RELIEF-F [14], which usesM , instead of just one, nearest
hits and misses in computing sample margins to ensure
greater robustness of the algorithm against noise. The value
of M is found through 10-fold cross-validation on training
data. For the same reason, we search for multiple nearest
neighbors in LFE.

KNN is used to estimate the classification errors of each
algorithms for two reasons. First, KNN is a very sim-
ple yet effective classifier. Given a proper distance metric
used to identify nearest neighbors, KNN often yields com-
petitive results to some advanced classification algorithms.
For this reason, many distance metric learning algorithms
(e.g., [10, 11]) are specifically designed to improve the per-
formance of KNN. Second, using KNN makes our exper-
iment computationally feasible. KNN is certainly not an
optimal classifier for each dataset. However, the focus of
this paper is not on the optimal classifier design but on fea-
ture extraction. KNN provides us with a platform where we
can compare different feature-extraction algorithms with a
reasonable computational cost. The number of the nearest
neighbors is estimated through 10-fold cross-validation us-
ing training data. In Section 5.2, we perform an experiment
on using LFE to improve the performance of SVM.

To eliminate statistical variations, each algorithm is
run 20 times for each dataset. In each run, a dataset
is randomly partitioned into training and testing, and10
irrelevant features are added. The testing errors of DANN,
NCA, LFE and PCA as a function of the number of extracted
features for each dataset, averaged over 20 runs, are plotted
in Fig. 2. In Table 2, the testing errors and the standard
deviations (STDs) are reported. For RELIEF, after finding
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Table 2: The testing errors and STDs (%) on six UCI datasets. When the difference between weighted and unweighed
approaches (KNN performed on the original data) are more than three STDs, the results are boldfaced.0.01+(0.01−)
means LFE performs better (worse) than RELIEF or NCA at0.01 p-value level.

Dataset KNN RELIEF DANN NCA LFE p-value p-value
(LFE/RELIEF) (LFE/NCA)

banana 37.1(2.1) 12.3(0.7) 23.0(4.4) 25.4(4.4) 18.2(2.5) < 0.001− < 0.001+

splice 26.6(1.8) 11.4(0.9) 14.1(0.7) 13.9(0.4) 12.0(0.7) 0.02− 0.002+

waveform 12.6(0.7) 10.8(0.5) 11.1(0.8) 10.9(0.5) 9.8 (0.6) < 0.001+ < 0.001+

ringnorm 39.2(1.3) 31.3(2.8) 24.1(2.7) 26.8(1.2) 22.0(1.3) < 0.001+ < 0.001+

twonorm 3.9(0.3) 3.5(0.4) 2.9(0.3) 3.8(0.5) 2.6(0.2) < 0.001+ < 0.001+

thyroid 17.0(3.0) 9.5(3.0) 8.8(3.4) 7.0(2.6) 6.2(2.8) 0.001+ 0.36+

featureweights, wefirst remove the features corresponding
to the negative weights, and then perform classification on
the weighted feature space. For both DANN and LFE,
the optimum number of features used in KNN is estimated
through cross-validation. For NCA, due to the computational
reason, we simply record the minimum value of the average
error of each dataset. For a rigorous comparison of LFE
with RELIEF and NCA, a Student’s paired two-tailed t-test
is also performed. The p-value of the t-test reported in Table
2 represents the probability that two sets of compared results
come from distributions with equal means. A p-value of 0.05
is considered statistically significant. For comparison, the
classification errors of KNN performed on the original data
are also reported. From these experimental results, we arrive
at the following observations:

(1) From Fig. 2, we observe that with respect to clas-
sification errors and the effectiveness in reducing data di-
mensionality, LFE performs the best, DANN and NCA the
second, and PCA the worst. The performance of DANN is
conditioned heavily on the correct estimation of the num-
ber of extracted features, whereas both LFE and NCA are
very robust against this parameter, which makes model se-
lection easy in real applications. Compared with NCA,
LFE performs significantly better on five out of six datasets
(p-value< 0.01, Table 2).

(2) In Table 3, we report the CPU time per run of
PCA, NCA and LFE for each dataset. NCA is much more
computationally expensive than DANN and LFE, while the
latter two has a comparable computational cost to PCA.

(3) Both RELIEF and LFE can significantly improve
the performance of KNN performed on the original datasets.
However, the performance of feature weighting and extrac-
tion largely depends on the characteristic of the studied
datasets. We particularly examine four datasets that have sig-
nificant performance differences between RELIEF and LFE.
As one moves frombananato splice, waveform, andring-
norm, and then totwonorm, the degree of correlation in-
creases significantly, manifested in the learned distance met-
ric matricesW plotted in Fig. 3. As a result, LFE performs

worse than RELIEF on the first two datasets, but significantly
better on the last three ones (p-value< 0.001). From this
experiment, we conclude that when there exists feature in-
teraction, LFE has a clear advantage over RELIEF.

(4) An important feature of LFE, compared to other
feature extraction algorithms such as PCA and DANN, is
that LFE has anexplicit mechanism to eliminate irrelevant
features, a nice property inherited from RELIEF. We observe
in the plotted distance metric matrices (Fig. 3) that the lower
right corner (the last 10 rows and columns) that corresponds
to artificially added irrelevant features takes small values
near zero. This explains why as to the error curves of LFE
becomes flatten after reaching the minimum errors in almost
all datasets (Fig. 2).

5.2 Experiments on Face DatasetWe finally compare
LFE with DANN, NCA and PCA on thefacedataset. The
testing results of DANN, PCA and LFE as a function of the
top 50 extracted features, averaged over 20 runs, are plot-
ted in Fig. 4. Due to the high computational cost associated
with NCA, we only perform NCA on four levels of feature
numbers (i.e., 10, 20, 30, 40, 50). The results are quite con-
sistent with those of the UCI datasets. LFE reaches the min-
imum classification errors around20 features, and DANN,
PCA and NCA perform worse than LFE for nearly all feature
numbers. With20 features, the classification errors (STDs)
of LFE, NCA, DANN, and PCA are 8.0 (1.0)%, 11.8(1.8)%,
11.4 (0.7)% and 13.5 (1.3)%, respectively. Our algorithm
performs significantly better than others (p-value< 0.01).
A similar experiment is preformed in [7] to compare differ-
ent feature selection algorithms. With 100 features, RELIEF
achieves about80% accuracy, which is significantly worse
than that of LFE with only 20 features.

In Table 3, the CPU times of LFE, DANN, NCA and
LFE are listed. Both DANN and LFE are much computa-
tionally efficient than NCA, though NCA is only performed
on a 50-dimensional PCA subspace.

We have so far shown that LFE can significantly im-
prove the performance of KNN. In fact, any classification
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Figure2: Classification errorsof PCA, LFE, NCA and DANN on the UCI datasets. In terms of both classification errors
and the effectiveness in reducing data dimensionality, LFE performs the best, DANN and NCA the second, and PCA the
worst.
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Figure3: Distance metric matriceslearned on (a)banana, (b)splice, (c)waveform, (d) ringnorm, and (e)twonorm. The
lower right corner (the last 10 rows and columns) corresponds to irrelevant features, and thus takes small values near zero.
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Figure4: Classification errorson thefacedataset.

algorithm that uses a distance function to define similari-
ties among patterns can benefit from distance metric learn-
ing. For example, in SVM with RBF kernel, the classi-
fication performance relies on the accurate estimation of
a kernel matrix, theij-th entry of which is computed as
Kij = exp(−‖xi − xj‖2/δ) whereδ is the kernel width.
It is difficult to directly learn a distance metric in the SVM
framework since the margin maximized by SVM is nonlin-
early related to a distance metric through a kernel matrix.
Below, we conduct an experiment on using LFE to improve
the performance of SVM. Due to the high computational
cost involved in the estimation of the structural parameters
of SVM (i.e. the kernel width and the regularization para-
meter) that are determined by grid searching through 10-fold
cross-validation on the training data for each feature extrac-
tion algorithms, we only perform SVM on two levels of fea-
ture numbers. With 20 features, the testing errors (STDs)
of LFE, DANN and PCA are 5.9 (0.9)%, 6.6 (1.0)% and
7.5 (0.9)%, respectively, and with 50 features, 4.1 (0.8)%,
4.5 (0.8)% and 4.9 (0.8)%, respectively. Though the per-
formance difference between PCA and LFE is diminished,
largely due to the robustness of SVM, LFE performs signifi-
cantly better than PCA (p-value< 0.01).

6 Conclusion

In this paper, we have provided a very easy-to-understand
interpretation for RELIEF that explains its success in practi-
cal applications. The mathematical interpretation has moti-
vated us to propose a new feature extraction algorithm as a
natural generalization of RELIEF. Compared to PCA, our al-
gorithm also has a clear physical meaning and can be imple-
mented easily with a comparable computational cost. Unlike
many other feature selection algorithms, by approximately
optimizing the leave-one-out accuracy of the nearest neigh-

bor classifier, our algorithm provides a built-in mechanism
for automatically removing irrelevant features during learn-
ing. We have experimentally demonstrated that LFE per-
forms significantly better than PCA, NCA and DANN. Given
the popularity of PCA and the excellent performance of LFE,
we believe that our algorithm should find widespread use in
similar applications.
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