Finding Subgroups having Several Descriptions:

Algorithms for Redescription Mining

Arianna Gallo*

Abstract

Given a 0-1 dataset, we consider the redescription mining
task introduced by Ramakrishnan, Parida, and Zaki. The
problem is to find subsets of the rows that can be (approxi-
mately) defined by at least two different Boolean formulae on
the attributes. That is, we search for pairs («, 3) of Boolean
formulae such that the implications « — (8 and 8 — « both
hold with high accuracy. We require that the two descrip-
tions a and [ are syntactically sufficiently different. Such
pairs of descriptions indicate that the subset has different
definitions, a fact that gives useful information about the
data. We give simple algorithms for this task, and evalu-
ate their performance. The methods are based on pruning
the search space of all possible pairs of formulae by different
accuracy criteria. The significance of the findings is tested
by using randomization methods. Experimental results on
simulated and real data show that the methods work well:
on simulated data they find the planted subsets, and on real
data they produce small and understandable results.

1 Introduction

Discovering interesting subgroups is one of the key
concepts in data mining. Subgroups can be discovered
by clustering, where the dataset is typically partitioned
into disjoint sets, or by pattern discovery, where each
pattern defines the subgroup in which the pattern is
true, and thus the patterns can be overlapping. The
interestingness of a subgroup is typically measured by
how likely or unlikely such a subgroup would be to arise
at random.

In general, a subgroup is defined either by the
explicit values of the variables of the data (subgroups
defined by patterns) or by distances between rows
(clusters). Here we consider only subgroups defined
by using formulae on the values of the variables. Any
predicate a(t) defined for the rows t of the dataset D
defines a subgroup {t € D | a(t) is true}. For example,
if the data is 0-1, then the formula A = IAN(B =0VC =
1) defines a subgroup.
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In this paper we consider the redescription mining
task introduced by Ramakrishnan, Parida, and Zaki
[16, 22, 15] that is the task of finding subgroups having
several descriptions. That is, we want to find formulae
a and [ such that the sets {t € D | a(t) is true} and
{t € D | B(¢) is true} are about the same. If o and
are logically equivalent, this holds trivially, but we are
interested in finding formulae that are not equivalent,
but still happen to be satisfied by about the same rows
of D. (One might call such formulae D-equivalent.)

Another way of looking at the task is that we search
for formulae a and (8 such that the rules a — 3 and
(8 — « both hold with high accuracy.

Consider the following two transactional datasets,
given here in matrix form, where 1 means the presence
and 0 the absence of an item:

tid A B C D FE
1 1 0 1 0 O
2 0 0 1 0 0
3 1 1 0 0 1
4 1 0 0 1 1
5 0o 1 1 0 0
6 1 1 0 1 0

tid F G H 1

1 0 0 1 0O

2 1 1 0 1

3 0 1 1 0

4 1 1 0 0

) 1 0 1 0

6 1 0 0 1

The datasets have the same transaction (row) iden-
tifiers but different sets of attributes. They might arise
from two different studies on the same entities.

Note that the subgroup {1,3,4} is defined by the
formula A=1A(B =0V E = 1) in the first table. The
formula FF =0V (G = 1 AT = 0), using the attributes of
the second table, is true for exactly the same set {1, 3,4}
of rows. We say that the subset {1,3,4} has several
descriptions and that the formulae are redescriptions of
each other.

As another example, consider the following table:
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tid A B C D E F
1 1 0 1 1 0 O
2 0 1 1 0 1 O
3 o 1 0 1 1 1
4 1 0 0 0 0 1
) 11 0 0 1 1
6 0 1 0 1 0 O
7 11 1 1 1 1
8 1 0 1 0 0 O
9 1 1 1 1 1 0

Here, the subset {1, 4, 5, 8} of rows can, for example,
be defined in three different ways:

A=1A(B=0VD=0)
B=0V(A=1AC=0)
(C=1ANE=0)V(D=0AF=1).

and

Why search for groups with several descriptions?
The fact that in D the set of rows satisfying a and g
are about the same tells us something interesting about
the data, provided a and 3 are not logically equivalent.
If, for example, the set of persons whose genetic marker
data satisfies a Boolean query for certain markers hap-
pens to coincide more or less exactly with the persons
whose marker data satisfies another query for a com-
pletely different markers, then there is some indication
that the regions of the genome might somehow be func-
tionally connected.

In this paper we present algorithms for finding
subgroups with several (typically two) descriptions.
That is, we give methods that will produce pairs of
formulae that are almost equivalent on the given dataset
D. The methods are based on a search in the space of
possible formulae; different pruning strategies are used
to avoid useless paths in that space. Our goal is to
produce a small set of pairs of formulae, where both
formulae in each pair define about the same subset
of rows. We define several notions of strength and
interestingness for the pairs of formulae, and show how
these measures can be used in pruning the search space.

Our algorithms are based on heuristic methods and
our emphasis is on finding approximate redescriptions of
arbitrary Boolean formulae. Thus our algorithms work
on a different basis than many previously-proposed algo-
rithms for redescription mining (e.g. [22, 15]), that usu-
ally concentrate on finding exact redescriptions of spe-
cial type (e.g., monotone DNF's or only conjunctions).

If we allow arbitrarily complex formulae, then any
dataset will have lots of subgroups with multiple de-
scriptions. Thus we have to control for spurious results
arising just by chance. We do this by using random-
ization methods, in particular swap randomization [8].
We generate a large set of randomized versions of the

input data, and run our algorithms on them. Only if
the results on the real data are stronger than on, say,
99% of the randomized datasets we report a subgroup.

The rest of this paper is organized as follows. We
introduce the notation and other preliminaries and
define the problems in Section 2. Section 3 explains
two algorithms and results from experiments with these
algorithms are reported in Section 4. Some of the
related work is covered in Section 5 and Section 6
contains concluding remarks.

2 The Problems

This section contains the notation used, describes the
terminology used in redescription mining, and gives
our definitions for the redescription mining problems.
Our definitions differ slightly from the previous defini-
tions [16, 22, 15], most notably by introducing thresh-
olds for support and p-value of a redescription.

2.1 Notation. Given a set U of items, a transaction
t is a pair (tid, X), where tid is a transaction identifier
and X C U is the set of items of the transaction. A
dataset D is a set of transactions: D = {t1,...,t,}.
Multiple datasets are distinguished via a subscript, i.e.,
D1 and Dy are different datasets.

We consider multiple datasets Dy, D, ... over item-
sets Uy, Us,.... We assume that the datasets have an
equal number of transactions and that the sets of their
transaction ids are identical. We use n to denote the
number of transactions in each dataset. The itemsets
U; and Uj, on the other hand, are supposed to be dis-
joint for all ¢ # j.

We identify items as variables in Boolean queries.
We let T'(U) denote the set of all possible Boolean
formulae over the variables corresponding to items in
U. Such formulae are called descriptions. Set T'y(U) C
['(U) contains all queries that have at most k variables.
If dataset D is over itemset U, then by I'(D) we mean
I'(U). Given a query «, we denote by I(a) C U the set
of items appearing in «.

A set I of items can also be viewed as a truth
assignment assigning the value true to the items in I
and false to all other items. We say that «([l) is true
if v is satisfied by a truth assignment corresponding to
I. If t; = (tidj, I;), we say that a(t;) is true if a(I;)
is true. We let a(D) to be the set of transaction ids
from D for those transactions which satisfy «, that is,
a(D) = {tid; : (tid;,I;) € D and a(I;) is true}. The
frequency freq(a) is defined as |a(D;)|. Furthermore,
if a; € T'(D;), then by freq(aq,aq,...,a,) we mean
N7y i(D;)], i.e., the size of the set of all transaction
ids such that those transactions satisfy each of the
formulae «;.
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2.2 Jaccard similarity and redescriptions. If X
and Y are two sets, the Jaccard similarity [7] between
them is defined to be

|XnY|

JX,Y) = IXuY|

It is a commonly used measure of the similarity of
XandY: f X =Y, JX,)Y)=1landif XNY =0,
JX,Y)=0.

If « € I'(Dy) and B € I'(D3) are Boolean formulae
over the items in two datasets, the Jaccard similarity
for the queries is defined as

Ja, B) = J(af

As the transaction ids of D; are identical to those
of Dy, the value J(a(D;),3(D2)) lies in the interval
between [0,1]. If J(a(D1),8(D2)) = 1, a and
are called exact redescriptions of each other, and if
J(a(D1), 8(D32)) > Jmin for some Jyin € (0,1), they
are are called approzimate redescriptions (with respect
t0 Jmin). In the following, we refer to tuples of Boolean
formula simply as redesciptions.

For multiple databases D; and queries «; € I'(D;)
fori=1,...,m, we define

Dy), B(Ds)).

Ja1, ..., am) = J(ai1(Dq),.

\ﬂ 10‘2( i)l
UL s (D))

2.3 The p-values. Two queries a and § can be
true for exactly the same set of transactions, but the
pair («, 8) can still be uninteresting for our purposes.
The first case in which this happens is when « and
[ are logically equivalent; we avoid this possibility by
requiring that the set of variables (items) used in « and
0 are disjoint.

The second case is when the equality of the queries
is a straightforward consequence of the marginal proba-
bilities of the items. Suppose for example that two items
A and B are almost always 0. Then the queries A =0
and B = 0 have high support, their Jaccard similarity
is large, but there is no new information in the pair.

To avoid this type of results we prune our result
set using p-values. For calculating the p-value we
consider a null model for the database, representing
the “uninteresting” situation in which the items occur
independently from each other in the database. The
p-value of an itemset I represents the surprisingness of
I under this null model. The smaller the p-value, the
more “significant” the itemset is considered to be. More
details on the different ways for computing the p-value of
a given pattern are given in [4] and [5]; we summarize

aam(Dm))

the approach here briefly. See [19, 20, 10] for other
approaches.

Let p; be the marginal probability of an item 1, i.e.,
the fraction of rows in the database that contain item
i. Then the probability that an itemset I is contained
in a transaction is p; = [];c; p;. The probability that
an itemset I occurs in the dataset at least freq(I) times
is then obtained by using the binomial distribution:

(2.1) p-value(I) =

3 (%)ia=por—

s=supp(I)

Equation (2.1) encodes the situation where the
items occurring in a transaction are independent from
each other, and gives the “strength” of the surprising-
ness of an itemset I under this assumption.

Note that we could consider also other p-values. For
instance, another p-value could measure the significance
of a set of transactions containing a certain item, this
time with the assumption that the transactions contain
that item independently of each other. The p-value of
an itemset can now be computed as the maximum of
these two p-values [4].

As we already pointed out, an itemset I can be
interpreted as a truth assignment assigning the value
true to all the items in I and false to all other items.
For instance, if the itemset I is defined as the set of
items {A,B,C}, the rule a(I) corresponds to A =
1ANB =1AC = 1. Such formula is satisfied in a
given transaction only if all the three literals are present
in the transaction. For a certain conjunctive query
«, the probability p, that « is true for a transaction
is computed under the assumption of independence of
variables occurring in «. The probability can be defined
recursively:

DBD~ ifa=8Ay
Pa=141—-pg if a =-0
p3+ Dy —pppy fa=p8Vry.

We can now generalize (2.1) for formulae:

(2.2)

3 (!)pat—par

s=freq(a)

p-value(a) =

2.4 Problem definitions. In this subsection we give
the definition of redescription mining that is used
throughout this paper. Our definition has minor dif-
ferences to previous definitions [16, 22, 15].

We look for redescriptions that are true for a
reasonable large set of transactions, whose Jaccard
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similarity is high enough, and the p-value is small
enough. We will also use a threshold for maximum
frequency; the purpose of this threshold partly coincides
with that of p-value, as it is used to prune results that
are not significant because they cover most of the data.
Apart the Jaccard similarity, these thresholds were
not presented in previous definitions of redescription
mining [16, 22, 15]. Thus, our definitions can be seen as
generalizations of those definitions.

The first problem version is formulated for the case
where there are several databases with the same set of
transactions, and the second version is for the case of a
single database. In the single database case, we search
for queries that do not share items.

PROBLEM 2.1. Given m > 2 datasets D1, Do, ..., Dy,
each containing the same set of transaction ids and
disjoint set of items, and thresholds omin, Omaz, Jmin,
and Pyqy for minimum and mazimum support, Jaccard
similarity, and p-value, respectively. Find a set of m-
tuples of Boolean formulae, (a1, ;... ,am) € T'(D1) X
I'(D3) x -+ x T'(Dy,), so that

(23) freQ(ala ceey am)/n € [O'mina O'maz]
(24) J(Oq, e am) 2 Jmin
(2.5) p-value(as, ..., 0m) < Prag.

A slightly different version of this problem arises
when we are given only one dataset. In that case we
search for Boolean formulae satisfied by approximately
the same set of transactions, but being defined by using
disjoint sets of items.

PROBLEM 2.2. We are given a dataset D, an integer
m > 2, and the thresholds as in Problem 2.1. The
task is to find a set of m-tuples of Boolean formulae,
(a1,...,am), a; € T(D), so that the conditions (2.3)—
(2.5) hold and that for i # j

(2.6) ai(D) Na;(D) = 0.

Notice that the condition (2.6) is implied in Prob-
lem 2.1 by the assumption of mutual disjointness of U;’s.

3 Algorithms

In this section we present two algorithms for the re-
description mining, namely the GREEDY algorithm and
the MID algorithm. The algorithms are heuristic search
methods that try to form useful pairs or tuples of
queries.

3.1 The Greedy Algorithm. The GREEDY algo-
rithm performs a level-wise search using a greedy heuris-
tic to prune the search space. In addition to the thresh-
old values, it also uses two other parameters to control

ALGORITHM 3.1 The GREEDY algorithm for Prob-
lem 2.1.

Input: Datasets Di,..., D,,, thresholds omin, Omax,
and Ppax and a maximum number of formula tuples N and a
maximum number of variables per query K.
Output: A set F of m-tuples of Boolean queries with at most K
variables.

1. F — {(al,...,am) S Fl(Dl) X oo
(a1, ..., qm) satisfies (2.3)—(2.5)}

Jmin,

X Fl(Dm)

2: Order F using J(al, ..., a.,) and keep top N redescriptions.

3: for (a1,...,am) € F do

4: Vi —U\I(a;),i=1,...,m

5: for i« 1,...,m do

6: WL' — VL

7: for i € V; do

8: Try to expand «; to o) using i with A, V, and —

9: if J(at,...,0k, .. am) > J(ar,. .., 04, ..., m) and
freq(aa, ..., (x,’i, ce @) /N € [Omin, Omax| then

10: W; «— W; \ {i} and save o}

11: Select the o with highest J(a1,...,a, ..., am)

12: a; — of and V; « Vi \ (W; UI(a)))

13: if max{I(a;)} < K and there is V; # 0 then
14: goto line 5
15: return F

the result, namely the maximum number of initial re-
descriptions to process and the maximum number of
variables per Boolean formula. The pseudo-code of the
algorithm is given as Algorithm 3.1.

The GREEDY algorithm works as follows. First
(in lines 1-2) it finds the initial redescriptions, that is,
tuples of formulae with each formula having only one
variable. This is done via an exhaustive search. The
redescriptions are ordered according to their Jaccard
similarity, and only the best ones are considered in the
remaining of the algorithm.

In the next step, the algorithm considers each initial
redescription separately. In each redescription, it starts
by considering formula o which it tries to expand using
the items from set Vi (line 8). So if oy = (A = 0),
the algorithm creates formulae (A = 0V B = 1),
(A=0AB=1),(A=0vB=0),and (A=0AB=0).
If any of the created formulae does not decrease the
Jaccard similarity of the redescription and keeps the
support within the limits, then the item i is removed
from the set W of “useless” items and the formula is
saved with the new Jaccard similarity. When all items
and formulae are tried, the algorithm selects the one
that improves the Jaccard similarity most and replaces
the old formula with that. It also removes from the
set V7 of available items the item added to «; and the
items from set Wy, i.e., the items that only decreased
the Jaccard similarity (lines 11-12). Algorithm then
proceeds to formula as, and so on.

When all formulae are considered, algorithm checks
if the maximum number of variables per formula is
reached. If not, and if there still are items that can be
added to the formulae, algorithm starts again from for-
mula a;. Otherwise algorithm returns all redescriptions
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that are in F. If wanted, the redescriptions in F can
once more be pruned according to the P,y threshold.

The way the GREEDY algorithm prunes its search
space can lead to sub-optimal results in many ways.
First, of course, the algorithm can prune initial pairs
that could be used to create good descriptions. Second,
the algorithm prunes the level-wise search tree in a way
that can yield to pruning of items that could be used
later. The pruning is similar to that of many frequent
itemset mining algorithm’s (e.g., APRIORI) but, unlike
in frequent itemset mining, the anti-monotonicity prop-
erty does not hold here because of the disjunctions.

The time complexity of the algorithm depends
heavily on the efficiency of the pruning phase. If
K, the maximum number of variables per formula, is
not limited, then the algorithm can take exponential
running time with respect to the maximum number of
items in datasets. Another variable that has exponential
effect to the running time of GREEDY is the number of
datasets, m. Assuming all datasets have equal number
k of items, just creating the initial pairs takes O(2™n™)
time. However, in practice m is usually small and does
not cause serious slowdown of the algorithm.

If m is very small, say m = 2, a simple improvement
is applicable to the GREEDY algorithm: instead of
only iterating over formulae «; in fixed order, try all
permutations of the ordering and select the best. We
employ this improvement in our experiments, where m
is always 2. With larger values of m the number of
permutations, of course, becomes quickly infeasible.

Modifications for Single Dataset. We can mod-
ify the GREEDY algorithm to work with the setting of
Problem 2.2, i.e., when only one dataset D is given.
First, the initial m-tuples are computed over the 2™ (‘gll)
possible Boolean formulae in T'y (D). The sets V; and
W; in Algorithm 3.1 are replaced with two sets, V and
W, which are used with all formulae. In that way the
algorithm ensures that the formula tuples satisfy the
disjointness condition (2.6). Also in this case, if m is
small, we can, and in the experiments will, apply the
aforementioned improvement of iterating over all per-
mutations of the ordering of the formulae.

3.2 The MID Algorithm. The GREEDY algorithm
starts from singleton queries, i.e., queries with only
one variable, and iteratively adds new variables using
Boolean operators.

The approach described in this section starts in-
stead from a set of itemsets, i.e., a set of positive con-
junctive queries, and iteratively adds new itemsets us-
ing Boolean operators. At each step, the p-value of the
query is used for pruning non-interesting queries. Since
in real-world tasks the number of all the possible item-

sets is often massive, we only extract a condensed and
lossless representation of them, i.e., a set of closed item-
sets [14]. A closed itemset is an itemset with no frequent
superset having same support. We can focus only on
closed itemsets since for any non-closed itemset there
exists a closed itemset with lower p-value [4].

In this section we describe MID, an algorithm
for Mining Interesting Descriptors of subgroups. The
sketch of the MID algorithm is given in Algorithm 3.2.
The algorithm starts by mining the set of frequent closed
itemsets from the given dataset(s) and sorting them by
p-value (line 1). In this step we compute the p-value
of an itemset I as the maximum of the two p-values
computed under the assumptions of independence of
items and transactions, as explained in Section 2.3.

The set RY contains the closed itemsets mined from
the dataset D;. For each query a € RY, the query (—a)
is added to RY if p-value(—a) < Ppax (lines 2-4). The
p-values in line 3 are computed as in the previous step.
Only the first IV queries constitute the input for the next
steps (line 5). At eachstepj =1,..., K—1, (line 6) new
queries are added to the set RY of “surprising” queries
using Boolean operators A and V. Such queries have
p-value higher than the given threshold and are built by
using j + 1 closed itemsets. That is, at each step j, the
set R2T! is built in a level-wise fashion, starting from
the set RZ (lines 6-13). In these steps, when a positive
disjunctive query is extended by adding to its formula
another itemset, the sharing of any items between the
two itemsets is avoided. For this reason, the p-values in
lines 9 and 11 are computed without taking into account
the second p-value described in Section 2.3, i.e., the one
that considers the transactions to be independent, but
only that computed under the assumption that items
are independent.

In the last step (lines 15-22), the subgroups having
redescriptions are mined. If only one dataset is given as
input, i.e. m = 1, the descriptions are computed using
the queries (aq,as) found in the previous steps (lines
20-22). Instead, m descriptions, oy, 9, ..., aKx—1, will
be sought in lines 16-18 taking into account the set
of queries RiK ~! found in the previous steps from each
dataset D;, respectively.

The final result R is sorted by Jaccard similarity.
However, this measure could suggest misleading results.
Indeed, a set of queries with high Jaccard similarity
is not necessarily an “interesting” result, as mentioned
in Section 2.3. Thus, the MID algorithm uses both
the Jaccard similarity and p-value to find accurate and
interesting redescriptions.

Let us note that the result of the MID algorithm
is slightly different to that of GREEDY. While MID
tries to find the descriptions starting from itemsets, the
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ALGORITHM 3.2 The MID Algorithm for Problem 2.1
and Problem 2.2

Input: Datasets Di,..., Dy,, thresholds omin, Jmin, and Pmax
and a maximum number of formula tuples N and a maximum
number of itemsets per query K
Output: A set F of m-tuples of Boolean queries with at most K
itemsets.
1: for D; € D do R? «— set of closed itemsets mined from D; with
support threshold omin and sorted by p-value< Pmax
2 for a € RY do
3 if p-value(—a) < Ppax then
4: RY — RY U (m)
5: R} «— first N queries of R?
6.
7
8

forj=1,...,(K—1) do
L
: for a € R} and 8 € R! do
9: if p—vqlue(a A B) < Ppax then
10: RITY — RIT U (anp)
11: if p—palue(a v B) < Ppax then
12: v R-;'H <—R-17+1 U(a\/@)
13: R3+1 « first N queries of Rﬁl
14: R0
15: if m > 1 then
16: for alER{(_l,alER;(_l,...,ameRﬁ_l do
17: if J(a1,a2,...,am) > Jmin then
18: R(—RU(al,ag,...,am)
19: else
20: for a; € R{(_l,az S R{(_l do
21: if J(al,oq) > Jmin then
22: R — RU (a1, a2)

GREEDY algorithm considers single items. Therefore,
the descriptions returned by the GREEDY algorithm
will have a maximum number K of items, while those
resulting from the MID algorithm contain a maximum
number K of itemsets.

3.3 Redundancy Reduction Methods. The re-
descriptions (formula tuples) returned by the algorithms
can still be very redundant, e.g., the formulae in differ-
ent descriptions can be almost the same. For a simple
example of redundant results, consider two pairs of for-
mulae, (g = (A=1AB=1vC=0),as=(D=1))
and (b1 =(A=1AB=1vD=1),06:=(C =0)). We
say that (81, 02) is redundant with (a1, as), if it con-
tains (almost) the same set of variables and is satisfied
in (almost) the same set of transactions as (a1, az). To
remove the redundancy, we use a simple postprocessing
method similar to that used in [4].

The algorithm is very straightforward. It takes
as an input the redescriptions from GREEDY or MID,
the datasets D;, and the thresholds. It sorts the
redescriptions according to their Jaccard similarity, and
starts from the one with highest value. Then, for each
formula «; and each transaction ¢t € {t = (tid, X) :
tid € a;(D;)}, it removes the items of I(«;) from the
items of t. The algorithm then starts iterating over
the remaining redescriptions. For each redescription,
it first checks if it still admits the thresholds in the
new data (with some items removed from transactions),

and if it does, then removes the items as with the
first redescription. If a redescription fails to meet the
thresholds, then it is discarded. After the algorithm has
gone throughout all redescriptions, it reports only those
that were not discarded.

4 Experimental Evaluation

In this section we describe the experimental evaluation
of the algorithms. Our results show that, despite the
simplicity of the algorithms, we can find interesting
and intuitively appealing results from real data. We
also assess the significance of our results via swap
randomization (see, e.g., [3, 8]).

4.1 Synthetic Data. As the first test to our algo-
rithms, we used two synthetic datasets. The goal of the
experiments was to show that (1) we can find planted
descriptions from the data, and (2) we will not find too
many spurious descriptions. To this end, we created
two data instances, both of which consist of two small
0-1 matrices. In the first data we planted two simple
descriptions describing the same set of rows; one de-
scription in both matrices. The columns not appearing
in the formulae constituting the descriptions were filled
with random noise. We then added some noise to the
columns appearing in the formulae and tried to find the
correct descriptions from the data.

To measure the quality of the answers, we ordered
all redescriptions returned by the algorithms according
to their Jaccard similarity. The quality of the answer
was then the position in the list where our planted
redescription appeared. Thus, quality 1 means that
the algorithm performed perfectly and the planted
redescription was on the top of the list, and higher
values mean worse results.

The formulae we planted were of the type (A =
1vB =0)and (C = 1VD = 1). As we can
as well consider the complements of these formulae,
(A=0AB =1)and (C = 0AD = 0), we also
accepted them as a correct answer. As the noise can
make the full formula of the description less significant
of an answer than a sub-formula of it, we considered
the highest-ranked pair of (possible) sub-formulae of the
planted description when computing the quality. The
results can be seen in Table 1.

As we can see from Table 1, the GREEDY algorithm
finds the correct answer well with low values of noise.
It does, however, occasionally fail to find the descrip-
tion at all, as is the case with 8% of noise. With higher
levels of noise the algorithm’s performance deteriorates,
as expected. The MID algorithm also performs well
at first, but when the noise level increases, its perfor-
mance drops faster than GREEDY’s. Part of this worse
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Table 1: The position of the planted redescription in the results ordered according to Jaccard similarity.

w. »

denotes that the algorithm was unable to find the redescription.

Noise level

Algorithm 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
GREEDY 1 1 1 1 - 1 3 1 - 67 —
MID 1 1 1 331 - - - _ _ _ _

Table 2: The results with completely random data and
varying Pnax-

PII!B,X
Algorithm 1 05 025 0.125 0.0625
GREEDY 158 64 23 5 1
MID 0 0 0 0 0

Table 3: The results with completely random data and
varying Jmin.

Jmin
Algorithm 04 0.5 0.6 0.7 0.8
GREEDY 158 4 0 0 0
MID 0 0 0 0 0

performance can be attributed to MID’s stronger use of
p-values in pruning the search space: as the noise level
increases, the findings start more and more look like the
ones obtained by a mere change.

The other synthetic data we used consisted of two
matrices with fully random data. The idea of this data
is to show that from a random data one cannot find any
significant descriptions. The support thresholds for this
experiment were set to opin = 20% and opmax = 80%.
Thresholds Pyax and Jnin were varied: first, Jyi, was
fixed to 0.4, and Pyax varied from 1 to 0.0625, halving
at every step; then P.x was fixed to 1 and Jy;, varied
from 0.4 to 0.8. The goal of this experiment was not
to find anything, and the MID algorithm performed
perfectly in this sense: it never found any descriptions.
The GREEDY algorithm did found some descriptions; its
results are given in Tables 2 and 3.

Tables 2 and 2 show that while GREEDY does find
descriptors with the minimum values of the thresholds,
the number of descriptors it reports decreases rapidly
when the thresholds are increased. The J,;, threshold is
especially effective, as there are no descriptions reported
after Jmin > 0.6.

4.2 Real Data. We tested the methods on real data.
The first test is whether the methods find intuitively
interesting results from real data. That is, do the al-
gorithms output something that passes the pruning cri-
teria and seems interesting for a user who understands
(at least part of) the application domain.

As this test can be somewhat subjective, we also
wanted to verify that the results are not just due
to the presence of sufficient amounts of data about
phenomena that we are familiar with. To test this, we
used randomization methods to check that on the real
data there are clearly more pairs of formulae passing
the pruning criteria than on randomized versions of
the data. For the second type of test, we used swap
randomization [3, 8], a method that generates matrices
having the same row and column sums as the original
0-1 data set.

The Data. We used three real data sets, called
Courses, Web, and DBLP. Courses data contains stu-
dents’ course enrollment data of CS students at Univer-
sity of Helsinki. The data contains a single dataset of
106 courses (items) and 2401 students (transactions).
Thus it is applicable for testing our algorithms in the
framework of Problem 2.2.

The Web data! is used in [2] and is collected from
web pages of US universities’ CS departments. It
contains two datasets. The first dataset is about the
terms appearing in the web pages. The transactions
(rows) are the web pages (1051 pages) and the items
are the terms occurring in the pages (1798 terms).
The other dataset contains the terms from hyperlinks
pointing to the web pages: the transactions are again
the pages, and the items are the terms occurring in the
hyperlinks (438 terms). The Web data thus gives two
parallel views to a single web page: the terms used
in the page and the terms used to describe the page
in hyperlinks. All terms were stemmed and the most
frequent and infrequent terms were removed.

The DBLP data was collected from the DBLP Bibli-
ography database?. It also contains two datasets. The

Thttp://www.cs.cmu.edu/afs/cs/project/theo-11/www/

wwkb/
2http://www.informatik.uni-trier.de/~1ley/db/
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transactions (rows) in the first dataset are authors, and
the items in the first dataset are CS conferences: the
presence of an item in a transaction means that the
author has published in that conference. The other
dataset indicates the co-authorship relations: transac-
tions are again authors and as items we also have au-
thors. The dataset is symmetric (i.e., the matrix rep-
resentation of it is symmetric). As the whole dataset
is huge, we selected only 19 conferences in our sam-
ple. The conferences were WWw, SIGMOD, VLDB, ICDE,
KDD, SDM, PKDD, ICDM, EDBT, PODS, SODA, FOCS,
STOC, STACS, ICML, ECML, COLT, UAI, and ICDT. We
then removed all authors that had published less than
5 times in these conferences, resulting in a dataset con-
taining 2345 authors. Thus the dimensions of the two
tables are 2345 x 19 and 2345 x 2345. The properties of
the real data are summarized in Table 4.

The Results. With the Courses data, the
GREEDY algorithm reports a lot of descriptions. How-
ever, as discussed earlier, many of these results are in
fact redundant, and can thus be pruned using the re-
dundancy reduction method from Section 3.3. Another
way to prune the results is to select the accuracy thresh-
old Jpin to a high enough value. Our experiments with
swap randomized data suggest setting it to as high as
0.9, as with lower values of J.i, the results are not
found significant, but while there still are more than
50 redescriptions having Jaccard similarity at least 0.9,
none of such redescriptions were found from randomized
data, as can be seen from Table 5. After applying these
two pruning criteria, we were left with 5 redescriptions.
The results are given in Table 6.

Both formulae in the first pair shown in Table 6,
for example, describe a set of students that have stud-
ied their first-year courses according to the old curricu-
lum. The second pair of formulae is about the students
that have studied their first-year courses according to
the new curriculum. The fifth pair of formulae is also
describing the similar set of students, but this time
with somewhat different set of attributes. The results
with MID were similar in fashion, and they are omit-
ted here. From the randomized data MID did found
many redescriptions but, as all of those redescriptions
had p-value higher than the highest p-value of the re-
descriptions from the original data, they were pruned
and thus all results by MID can be considered signifi-
cant.

While the results from the GREEDY algorithm with
the Courses data originally contained lots of redun-
dancy, the results from the Web data were free of re-
dundancy. The similarity of the results was also lower
than in the results from Courses, hinting that the data
does not contain subgroups that are easy to describe.
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However, the results can be considered significant, as
neither of the algorithms found any results from the ran-
domized data (Table 7). The GREEDY algorithm gave
9 redescriptors, some of which are reported in Table 8.

Due to the nature of the data, the redescriptions
in Table 8 mostly refer to courses’ home pages: course
pages constitute a substantial part of the data and they
tend to be very homogeneous, all containing similar
words. Describing, for example, people’s personal home
pages is much harder due to the heterogeneity of them.
All of the examples in Table 8 describe some set of
course home pages: the first pair, for example, is about
courses held in autumn or winter and not in Seattle.

The MID algorithm reported 56 redescriptions hav-
ing similarity at least 0.4. Some of the redescriptions are
given in Table 9. The first two redescriptions, both hav-
ing very high similarity, exploit the usual structure in
web pages: universities’ and people’s home pages tend
to mention some address. The third redescription is sim-
ilar to those reported by GREEDY, though with smaller
similarity.

The third data, the DBLP data, has a different
structure. A redescription in this data describes a group
of computer scientists via their publication patterns and
co-authorships. As a such, it is easier to describe what a
certain computer scientist is not than to say what she is.
However, saying that those who do not publish in data
mining conferences have not published with certain data
miners is not as interesting as it is to say the opposite.
Therefore, for this data, we applied an extra restriction
to the descriptions: For the GREEDY algorithm the
formulae must be monotone, i.e., they can only test
if variable equals to 1, and for the MID algorithm
the itemsets can be joined using only conjunctions and
negations.

The GREEDY algorithm again reported very small
set of redescriptions, only 8, and the similarities were
quite low, varying between 0.35 to 0.25 (0.2 being the
minimum allowed). The results were, again, very signif-
icant, as nothing could be found from the randomized
data even with as low of a minimum similarity as 0.1
(Table 10). Some of the results by GREEDY are reported
in Table 11.

The results in Table 11 show three groups of con-
ferences and authors: machine learning (redescription
1), theoretical computer science (redescription 2), and
data mining (redescription 3).

The results from the MID algorithm are similar to
those of GREEDY, but with somewhat more structure
and less similarity. As with GREEDY all results can
be considered significant, as no results with accuracy
higher than 0.1 were found from the randomized data
(Table 10). Some example results of MID are given in
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Table 4: Properties of the real datasets.

Data Description Rows Columns Density
Courses students X courses 2401 106 0.1223
Web pages X terms in pages 1051 1798 0.0378
pages X terms in links 1051 438  0.0060
DBLP authors x conferences 2345 19 0.1938
authors x authors 2345 2345 0.0049

Table 5: Number of redescriptions found from original
and randomized Courses data; N = 200.

Jmin
Algorithm  Data 04 05 06 07 08 09
GREEDY Orig. 200 200 200 200 200 56
Rand. 200 200 200 200 167 0
MID Orig. 150 119 53 19 0 0
Rand. 0 0 0 0 0 0

Table 12. To improve the readability, we write formulae
of type “(A=1AB=1)as A =0V B = 0; thus the
results contain disjunctions even if the algorithm did not
use them. The redescriptions given in Table 12 describe
a subgroup of theoretical computer scientists with the
special emphasis on avoiding those with research also in
the field of data mining.

5 Related Work

Redescription rule mining was introduced by Ramakr-
ishnan et al. [16], and they also presented an algorithm
for it. Their algorithm, CARTwheels, is based on learn-
ing decision trees and, like our algorithms, it does not
put any restriction to the type of the formulae in re-
descriptions, but rather limits the number of variables
in formulae. Since that, other algorithms have been
proposed, most of which concentrate only on special
type of Boolean formulae. For example, Zaki and Ra-
makrishnan [22] give an algorithm to find exact minimal
conjunctive redescriptions while Parida and Ramakrish-
nan [15] give algorithms for finding exact and approxi-
mate monotone redescriptions in CNF or DNF. Parida
and Ramakrishnan also study several theoretical prop-
erties of redescriptions.

Recently, Kumar et al. [11] extended redescription
mining framework to the fascinating task of storytelling,
where the goal is to find consecutive redescriptions that
relate completely disjoint elements. Notice that this is
different to our goal of finding m-tuples of formulae,
as we require the mutual similarity of the formulae to
be high, while in storytelling, the similarities between

descriptions next to each other is required to be high,
but the similarity between first and last formulae must
be zero.

Mining association rules and their variants has
been, and still is, an active area of research. See [9]
for a thorough survey. Redescription mining can be
seen as a one generalization of association rule mining.
Other generalizations include, for example, the negative
association rules [17], i.e., rules of type A — -B,
—-A — B, and -A — —B.

An adaptation of the standard classification rule
learning methods to subgroups discovery is proposed in
[12]. The method proposed in [12] seeks for the best
subgroups in terms of rule coverage and distributional
usualness. A weighted relative accuracy heuristic is used
to trade off generality and accuracy of a certain rule
a — A, where A is a single target attribute. For other
methods for subgroup discovery, see, e.g., [18].

Recently, Wu et al. [21] proposed an algorithm to
mine positive and negative association rules. Their
approach has some similarities with ours, as they define
an interestingness measure and a confidence measure
and use these and the frequency to prune the search
space. However, excluding the frequency, their measures
are different to ours. Also, they only consider itemsets
and their negations, not general Boolean formulae, as
we do. Negative association rules have also been applied
with success for example to bioinformatics [1].

Another generalization to association rules are the
disjunctive association rules that can contain disjunc-
tions of itemsets. Nanavati et al. [13] propose an algo-
rithm for mining them.

Both negative and disjunctive association rules still
have restriction in the types of the Boolean expressions
they consider, and they do not allow arbitrary Boolean
expressions. Recently Zhao et al. [23] have proposed a
framework to mine arbitrary Boolean expressions from
binary data. While their algorithm is able to find
all frequent expressions, and in theory could be used
in redescription mining, its time complexity makes it
difficult to apply for our purposes.

The idea of studying two parallel datasets is present
also in co-training [2]. This technique has some similar-
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Table 6: Results from the Courses dataset with GREEDY algorithm.

Left formula

1.  “Introduction to UNIX"=1 V “Programming in
Java”’=0 V “Introduction to Databases”=0 V “Pro-
gramming (Pascal)”=1

2. “Database Systems I”=0 VvV “Concurrent Systems
(Fin)”=1 Vv “Data Structures Project”=0 V “Oper-
ating Systems [”=1

3. “Information Systems Project”=1 A “Data Struc-
tures Project”=1 A “Database Management”=0 A
“Elementary Studies in Computer Science”=0

4.  “Information Systems”=1 V “Introduction to
Databases”=0 V “Managing Software Projects”=1
V “Corba Architecture”=1

5. (“Programming in Java’=1 A “Programming (Pas-
cal)”=0 V “Introduction to Application Design”=1)
A “Software Engineering”=0

Right formula J
“Introduction to Programming”=0 V “Introduc- 0.91
tion to Application Design”=0 V “Programming
Project”=0 V “The Principles of ADP”=1
“Introduction to Application Design’=1 VvV “Con- 0.91
current Systems (Eng)”=0 V “Database Manage-
ment”=1 Vv “Data Structures”=1
“Database Systems I”=1 A “Information Sys- 0.90
tems”=1 A “Database Application Project”=0 A
“Operating Systems I"=0
“Introduction to Application Design”=0 Vv 0.90
“Database Systems [”=1 V “Languages for
AT”’=1 Vv “Unix Softwareplatform”=1
(“Operating Systems I”=1 Vv “Introduction to Pro-  0.90

gramming”=1 V “Introduction to Databases”=1) A
“Corba Architecture”=0

Table 7: Number of redescriptions found from original
and randomized Web data.

Jmin
Algorithm Data 04 0.5 0.6 0.7 08 0.9
GREEDY Orig. 52 50 13 ) 0 0
Rand. 0 0 0 0 0 0
MID Orig. 56 56 56 56 55 0
Rand. 0 0 0 0 0 0

ities with redescription mining. In the problem setting
one is given two parallel datasets with some, but not
all, transactions being labeled. The goal is to build two
classifiers to classify the data. The building of these
classifiers is done iteratively, using the labeling given
by one of the classifier as a training data to the other,
after which the roles are switched. This approach has
some similarities with the CARTwheels algorithm by
Ramakrishnan et al. [16] and indeed, in redescription
mining, if we are given a formula o € T'(Dy), finding
the formula 8 € T'(D3) can be considered as a machine
learning task.

The concept of cross-mining binary and numerical
attributes was studied recently in [6]. In short, in the
cross-mining problem we are given a set of transactions,
each of which contains two types of attributes, Boolean
and real-valued, and the goal is to segment the real-
valued data so that the segments correspond to itemsets
in Boolean data and segment the real-valued data well.

In a Boolean data table, a pattern is defined as a
set of rows that share the same values in two or more
columns. Similarly, it can be identified as a set of items
occurring in the same transactions. Unfortunately, in
real-world problems the number of all the possible pat-
terns is prohibitively large. Quantifying the interesting-
ness of patterns found is thus often mandatory in order
to prune the search space. Several methods were defined
in the last decade to define the “interestingness” of a
pattern: conciseness, generality, reliability, peculiarity,
diversity, novelty, surprisingness, utility, applicability.
A survey on the most prominent interestingness mea-
sures is given in [7].

In [4] a scalable method to mine interesting and
non-redundant patterns from a dataset is proposed. A
new statistical measure of interestingness is devised in
order to measure the “surprisingness” of a pattern under
two different null models. An extension of the method
for parallel datasets is given in [5].

6 Concluding remarks

We have considered a version of the redescription mining
problem, i.e., finding Boolean formulae o and ( such
that the rules @« — ( and 8 — « both hold with
a reasonable accuracy. The problem is motivated by
the general goal of data mining: finding unexpected
viewpoints to the data.

We gave two simple heuristic algorithms for the
task. The results are pruned by requiring that the sub-
group is large enough, the Jaccard similarity between
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Table 8: Results from the Web data with the GREEDY algorithm. Left formulae are over the terms in web pages
and right formulae are over terms in links.

Left formula Right formula J
1. (autumn=1 V cse=1) A seattl=0 A intern=0 (cse=1 V autumn=1) A other=0 V winter=1 0.75
2. (grade=1 A section=1 V wendt=0) A hour=1 (section=1 V lectur=1) A system=0 A program=0  0.63
3. (lectur=1 V instructor=1) A fax=0 V exam=1 cs=1 V cse=1 V report=1 V introduct=1 0.55

Table 9: Results from the Web data with the MID algorithm. Left formulae are over the terms in web pages and
right formulae are over terms in links.

Left formula Right formula J
1. dayton=0 V wi=0 V madison=0 back=0 V home=0 V page=0 V to=0 0.88
2. texa=0 V austin=0 back=0 V home=0 V page=0 V to=0 0.83
3. instructor=1 A assign=1 A hour=1 section=1 A cs=1 V cse=1 0.34

Table 10: Number of descriptions found from original and randomized DBLP data.

Jmin
Algorithm  Data 0.1 0.15 0.2 025 03 035 04
GREEDY Orig. 8 8 8 8 5 1 0
Rand. 0 0 0 0 0 0 0
MID Orig. 2440 0 0 0 0 0 0
Rand. 0 0 0 0 0 0 0

Table 11: Results from the DBLP data with the GREEDY algorithm. Left formulae are over the conferences and
right formulae are over the co-authors.

Left formula Right formula J
1. COLT=1 A ICML=1 “Michael J. Kearns”=1 V “Peter L. Bartlett”=1 Vv “Robert E. 0.35
Schapire”=1 Vv “Phillip M. Long”=1
2. SODA=1 A FOCS=1 A STOC=1 “Noga Alon”=1 V “Frank Thomson Leighton”=1 V “Leonidas J. 0.32
Guibas”=1 VvV “Sampath Kannan”=1
3. SDM=1 A ICDE=1 “Philip S. Yu”=1 Vv “Matthias Schubert”=1 Vv “Jessica Lin”=1 Vv  0.30

“Yiming Ma”=1

Table 12: Results from the DBLP data with the MID algorithm. Left formulae are over the conferences and right
formulae are over the co-authors.

Left formula Right formula J
1. SODA=1 A FOCS=1 A STOC=1 A (KDD=0 V “Noga Alon”=1 A “Hector Garcia-Molina’=0  0.13
PODS=0)
2. SODA=1 A FOCS=1 A STOC=1 A (PKDD=0 V “Sanjeev Khanna”=1 A “Rakesh Agrawal”’=0 0.09
ICML=0)
344
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the formulae is large enough, and the p-value of the for-
mulae being approximately equivalent is small enough.
The significance of the results was evaluated by using
swap randomization.

We tested the algorithms on synthetic data, show-
ing that the methods can find planted subgroup descrip-
tions, and that on completely random data the methods
do not find many descriptions. On real datasets the al-
gorithms find small sets of results, and the results are
easy to interpret. Swap randomization shows that on
randomized versions of the datasets the algorithms do
not find anything: this implies that the results are not
due to chance.

There are obviously several open problems. Our
algorithms are quite simple; it would be interesting to
know whether more complex methods would be useful.
Also, evaluation of the methods on, say, genetic marker
data is being planned.

Generalizing the approach to other types of queries
is — at least in principle — straightforward. For example,
if the data is real-valued, we can ask whether there are
subgroups that have at least two different definitions by
sets of inequalities. Algorithmically, such variants seem
challenging.
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