Semi-supervised Multi-label Learning by Solving a Sylvester Equation

Gang Chen * Yangqiu Song*

Abstract

Multi-label learning refers to the problems where an
instance can be assigned to more than one category.
In this paper, we present a novel Semi-supervised al-
gorithm for Multi-label learning by solving a Sylvester
Equation (SMSE). Two graphs are first constructed on
instance level and category level respectively. For in-
stance level, a graph is defined based on both labeled
and unlabeled instances, where each node represents
one instance and each edge weight reflects the simi-
larity between corresponding pairwise instances. Simi-
larly, for category level, a graph is also built based on
all the categories, where each node represents one cat-
egory and each edge weight reflects the similarity be-
tween corresponding pairwise categories. A regulariza-
tion framework combining two regularization terms for
the two graphs is suggested. The regularization term
for instance graph measures the smoothness of the la-
bels of instances, and the regularization term for cat-
egory graph measures the smoothness of the labels of
categories. We show that the labels of unlabeled data
finally can be obtained by solving a Sylvester Equation.
Experiments on RCV1 data set show that SMSE can
make full use of the unlabeled data information as well
as the correlations among categories and achieve good
performance. In addition, we give a SMSE’s extended
application on collaborative filtering.
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1 Introduction

Many learning problems require each instance to be as-
signed to multiple different categories, which are gen-
erally called multi-label learning problems. Multi-label
learning problems arise in many practical applications
such as automatic image annotation and text catego-
rization. For example, in automatic image annotation,
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an image can be annotated as “road” as well as “car”,
where the terms “road” and “car” are different cate-
gories. Similarly, in text categorization, each document
usually has different topics (e.g. “politics”, “economy”
and “military”), where different topics are different cat-
egories.

The most common approach toward multi-label
learning is to decompose it into multiple independent
binary classification problems, one for each category.
The final labels for each instance can be determined by
combining the classification results from all the binary
classifiers. The advantage of this method is that many
state-of-the-art binary classifiers can be readily used to
build a multi-label learning machine. However, this
approach ignores the underlying mutual correlations
among different categories, while in practice, which
usually do exist and could have significant contributions
to the classification performance. Zhu et al. [35] gives an
example illustrating the importance of considering the
category correlations. To take the dependencies among
categories into account, a straightforward approach is
to transform the multi-label learning problem into a set
of binary classification problems where each possible
combination of categories rather than each category
is regarded as a new class. In other words, a multi-
label learning problem with n different categories would
be converted into 2™ — 1 binary classification problems
where each class corresponds to a possible combination
of the original categories. However, this approach has
two serious drawbacks. First, when the number of
original categories is quite large, the number of the
combined classes, which increases exponentially, would
become too large to be tractable; Second, when there
are very few instances in many combined classes, the
data sparsity problem would occur. So this approach is
limited to a relatively small number of categories and
assumes that the amount of training data is sufficient
for training each binary classifier. In the past years,
many novel multi-label learning algorithms modeling
the correlations among categories have been developed
[3,7,9-11,14,16,17,21,22,28-30, 33, 35], some of which
will be introduced briefly in Section 2.

In this paper, we present a novel Semi-supervised
Multi-label learning framework by solving a Sylvester
Equation (SMSE). Two graphs are first constructed on
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instance level and category level respectively. For in-
stance level, a graph is defined based on both labeled
and unlabeled instances, where each node represents one
instance and each edge weight reflects the similarity be-
tween corresponding pairwise instances; Similarly, for
category level, a graph is also built based on all the cat-
egories, where each node represents one category and
each edge reflects the similarity between corresponding
pairwise categories. Then we define a quadratic energy
function on each graph, and by minimizing the com-
bination of the two energy functions that balance the
two energy terms, the labels of unlabeled data can be
inferred. Here, the correlations among different cate-
gories have been considered via the energy function for
category graph. In fact, our algorithm can be viewed
as a regularization framework including two regulariza-
tion terms corresponding to the two energy functions
respectively. The regularization term for instance graph
measures the smoothness of the labels of instances, and
the regularization term for category graph measures the
smoothness of the labels of categories. Finally, the la-
bels of unlabeled instances can be obtained by solving
a Sylvester Equation.

The rest of this paper is organized as follows: we
first give a brief summary of related work on multi-
label learning in Section 2; Section 3 describes our semi-
supervised multi-label learning algorithm; in Section
4, we discuss our algorithm’ relationship with spectral
clustering; the data and experimental results are pre-
sented in Section 5; Section 6 presents our algorithm’
extended application on collaborative filtering, followed
by our conclusions in Section 7.

2 Related Work

Just as discussed in Section 1, the most simple method
toward multi-label learning is to divide it into a set of
binary classification problems, one for each category
[6, 15, 32]. This approach suffers from a number of
disadvantages. One disadvantage is that it can not
scale to a large number of categories since a binary
classifier has to be built for each category. Another
disadvantage is that it does not exploit the correlations
among different categories, because each category is
treated independently. Finally, this approach may
face the severe unbalanced data problem especially
when the number of categories is large. When the
number of categories is large, the number of “negative”
instances for each binary classification problem could
be quite larger than the number of “positive” instances.
Consequently, the binary classifiers is likely to output
the “negative” labels for most “positive” instances.
Another direction toward multi-label learning is la-
bel ranking [7-9,25]. These approaches learn a ranking
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function of category labels from the labeled instances
and apply it to classify each unknown test instance by
choosing all the categories with the scores above the
given threshold. Compared with the above binary clas-
sification approach, the label ranking approaches can
be more appropriate to deal with large number of cat-
egories because only one ranking function need to be
learned to compare the relevance of individual category
labels with respect to test instances. The label rank-
ing approaches also avoid the unbalanced data problem
since they do not make binary decisions on category la-
bels. Although the label ranking approaches provide a
unique way to handle the multi-label learning problem,
they do not exploit the correlations among data cate-
gories either.

Recently, more and more approaches for multi-label
learning that consider the correlations among categories
have been developed. Ueda et al. [30] suggests a gen-
erative model which incorporates the pairwise correla-
tion between any two categories into multi-label learn-
ing. Griffiths et al. [12] proposes a Bayesian model to
determine instance labels via underlying latent repre-
sentations. Zhu et al. [35] employs a maximum en-
tropy method for multi-label learning to model the cor-
relations among categories. McCallum [22] and Yu
et al. [33] apply approaches based on latent variables
to capture the correlations among different categories.
Cai et al. [5] and Rousu et al. [23] assume a hierar-
chical structure among the categories labels to handle
the correlation information among categories. Kang et
al. [16] gives a correlated label propagation framework
for multi-label learning that explicitly exploits the cor-
relations among categories. Unlike the previous work
that only consider the correlations among different cat-
egories, Liu et al. [21] presents a semi-supervised multi-
label learning method. It is based on constrained non-
negative matrix factorization which exploits unlabeled
data as well as category correlations. Generally, in
comparision with supervised methods, semi-supervised
methods can effectively make use of the information pro-
vided by unlabeled instances, and are superior partic-
ularly when the number of training data is relatively
small. In this paper, we propose a novel semi-supervised
approach for multi-label learning different from [21].

3 Semi-supervised Multi-label
Solving a Sylvester Equation

Learning by

We will first introduce some notations that will be used
throughout the paper. Suppose there are [ labeled
instances (z1,41), - -, (%1, ¥1), and u unlabeled instances
Tig1, T, Where each x; = (141, -+, i) T is an m-
dimensional feature vector and each y; = (yi1, -+, Yik )~
is a k-dimensional label vector. Here, we assume
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the label of each instance for each category is binary:

yij € {0,1}. Let n = I + u be the total number of
instances, X = (21, -+, 2,)7 and Y = (y1,---,yn)? =
(1,5 ck).

3.1 Background Our work is related to semi-
supervised learning, for which Seeger [26], Zhu [36] give
a detailed description respectively. In order to make our
work more comprehensive, we will introduce Zhu et al.’s
graph-based semi-supervised learning algorithm [37].

Consider a connected graph G = (V, E) with nodes
corresponding to the n instances, where nodes L =
{1,---,1} correspond to the labeled instances with labels
Y1, ,yi, and nodes U = {l +1,---,l + u} correspond
to the unlabeled instances. The object is to predict the
labels of nodes U. We define an n X n symmetric weight
matrix W on the edges of the graph as follows

" (tia = 30)”
3.1 Wi — exp(— \id 7 bjd)
(31) 5 = (=) A
d=1
where o1, -, 0., are length scale hyperparameters

for each dimension. Thus, the nearer the nodes are, the
larger the corresponding edge weight is. For reducing
parameter tuning work, we generally suppose o1 = - -+ =
Om.-

Define a real-valued function f : V — R that
determines the labels of unlabel instances. We constrain
that f satisfies f; = y;(i = 1,---,1). Assume that
nearby points on the graph are likely to have similar
labels, which motivates the choice of the quadratic
energy function

1 n
(3.2) E(f) = 3 Z Wil fi — fillIP
ij=1
By minimizing the above energy function, the soft
labels of unlabeled instances can be computed. Further,
the optimization problem can be summarized as follows

[37]

l n
. 1
(3.3) minoo Y || f; — will* + 3 > Willfi - £l

i=1 ij=1

Essentially, here the energy function as a regulariza-
tion term measures the smoothness of the labels of in-
stances. Zhou et al. [34] gives a similar semi-supervised
learning algorithm, which can be described as the fol-
lowing optimization problem

n
min  p Y ||fi il +
=1
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1 n
(3.4) 3 > Wil fi/Ndi = £i//d5]1?
ij=1
where p is a positive constant, d; = 2;21 Wi

and y; = 0(¢ = 1+ 1,---,n). Furthermore, Belkin et
al. [2] proposes a unified regularization framework for
semi-supervised learning by introducing an additional

regularization term in Reproducing Kernel Hilbert Space
(RKHS).

3.2 Owur Basic Framework Traditional graph-
based semi-supervised methods only construct a graph
on instance level, which is appropriate when there are
no correlations among categories. However, category
correlations often exist in a typical multi-label learning
scenario. Therefore, in order to make use of the corre-
lation information, we have another graph constructed
on category level too. Let G’ = (V' E’) denote the cat-
egory graph with k nodes, where each node represents
one category. We define a k x k symmetric weight matrix
W' as the following formula

(3.5) W/ = exp(=A(1 — cos(ci, ¢5)))

where A is a hyperparameter, ¢; is a binary vector
whose elements are set to be one when the correspond-
ing training instances belong to the ¢th category and
zero otherwise (Please refer to the notation ¢; at the
beginning of Section 3 ) and cos(c¢;, ¢;) computes the
Cosine Similarity between ¢; and c; by

<ci7 Cj>
cos(¢, ¢j) = T
T el |
Define F = (f1, -+, fn)t = (91,--+,9%), and we
can also obtain a quadratic energy function for category
graph

(3.6)

k
1
' =35 i/j i Y5
E'(9) =5 Wiillg: — g5

i,j=1

(3.7)

This can also been viewed as a regularization term
that measures the smoothness of the labels of categories.

If we incorporate the regularization term for cate-
gory graph into Eq. (3.3), the category correlation in-
formation can be used effectively. This encourages us
to propose the following graph-based semi-supervised
algorithm for multi-label learning, i.e. SMSE1

l
(3.8) minoo > | fi —uill* + nE(f) + vE'(g)
=1

where ;1 and v are nonnegative constants that
balance E(f) and E’(g). By solving Eq. (3.8), we can
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obtain the soft labels for unlabeled instances that in
fact provide a ranked list of category labels for each
unlabeled instance.

Similarly, if the regularization term for category
graph is incorporated into Eq. (3.4), we can obtain
another semi-supervised algorithm for multi-label learn-
ing, i.e. SMSE2

l
min ZHfi*yiﬂer

=1

1 n

38 > Willfi/Vdi = £/ d5 |17 +

ij=1
1 &K,
(3.9) 37 > Whllei/V/d; = g/ /d511°

4,j=1

where § and 7 are nonnegative constants and d =

Z?:l Wl/j .
Next we will give the solution of Eq. (3.8) and Eq.
(3.9).

3.3 Solving the SMSFE

3.3.1 SMSE1 First we have
1 n
E(f) = 3 Z Wil fi — f51I?
ij=1
1 n
= 3 SOWi Ui+ £ =208 1)
ij=1
1 n n n
= g(zdz‘fini +Y diff =2y Wiyl )
=1 j=1 ij=1
trace(FT (D — W)F)
= trace(FTLF)
(3.10)

where d; = Z?Zl Wi, D = diag(d;) and L =
D — W. Here L is called the combinatorial Laplacian,

and obviously is symmetric.

Similarly,
1 k
E'(g) = 3 Z Wiillgi — 9517
ij=1
= trace(F(D' — W')FT)
(3.11) = trace(FHFT)
where D' = diag(d}), d; = Y¢_, W/, and H =

D’ —W'. H is the combinatorial Laplacian of category
graph.
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Therefore, Eq. (3.8) reduces to finding

min
(3.12) s.t.

ptrace(FTLF) + vtrace(FHFT)
fi :yi(i: 1""’l)

In order to solve the above optimization problem,
let @ = (a1,---,09)T be the | x k Lagrange multiplier

matrix for the constraint f; = y;(¢ = 1,---,1). The
Lagrange function Lag(F, o) becomes

Lag(F, «)

ptrace(FTLF) + vtrace(FHFT) +
!

Z af (fi — i)

i=1

the

(3.13)

By applying matrix properties
Otrace(XTAX)/0X (A + AT)X  and
Otrace(XAXT)/0X = X (A + AT), the Kuhn-Turker
condition 0Lag(F, a)/0F = 0 becomes

a
)=

We split the matrix L into four blocks after the
Ith row and column: L = ( Lu L ) and let F' =

Lul Luu
F
F,

instances. So the following equation can be derived from
Eq. (3.14)

1
(3.14) uLF +vFH + (

where F,, denotes the soft labels of unlabeled

(3.15) Ly By + pLy Fy +vFE,H =0

The above matrix equation is called Sylvester Equa-
tion which often occurs in the control domain. We first
discuss the solutions of Sylvester Equation

(3.16) AX+XB=C
where A € R™*™ B € R"*" and X,C € R™*™,

THEOREM 3.1. Eq. (8.16) has a solution if and only if
the matrices

A 0 d A C

0o -B )™\ 0o -B

THEOREM 3.2. When Eq. (8.16) is solvable, it has a
unique solution if and only if the eigenvalues d1,- -,y
of A and v, -,V of B satisfy §; +v; # 0 (i
Loeoywsj=1,--,k) .

(3.17)

are similar.
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Please see [18] for the proofs of Thm. 3.1 and 3.2.

Eq. (3.15) has a unique solution F, if it satisfies
the above conditions that usually easily occur in the
practical multi-label learning problems.

Here, an iterative Krylov-subspace method is
adopted to solve Sylvester Equation. Please see [13] for
details.

When v =0 and p # 0, Eq. (3.15) becomes

(3.18)

This corresponds to solving the optimization prob-
lem in Eq. (3.3), so Zhu et al.’s semi-supervised learning
approach [37] can be viewed as a special case of SMSE1.

LulFl +LuuFu =0

3.3.2 SMSEFE2 First

5 Wl £/~ £/

i,j=1
= % S Wi fifdi + £ fi/dy = 288 15/ /did,)
i,j=1

1 n n n
= QAT+ £ =2 )] Wil fi//didy)
i=1 j=1 i,j=1
= trace(FT(I — D"3WD™2)F)
= trace(FTL,F)

(3.19)

where L, = I — D WDz, Here, L, is called the
normalized Laplacian and also is symmetric.
Similarly,

|~

k

> Willgs/ NV = g3/ 4511?

i,j=1

= trace(F(I — D'~ 2W’'D'~2)FT)
(

(3.20) = trace(FH,FT)

where H,, = I — D'"2W'D'~%. H,, is the normal-
ized Laplacian of category graph.
Thus, Eq. (3.9) is converted into

min Z | fi — vil|* + Btrace(FT L, F) 4 ~ytrace(FH, FT)
i=1
(3.21)

By applying the optimization method similar to
solving SMSE1, Eq. (3.21) reduces to

(3.22) (8L, + D)F +yFH, —Y =0

Obviously, the above matrix equation is also a
Sylvester Equation. Compared with solving SMSFE1,
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solving SMSE2 do not refer to block matrices but
need more computational expense since the number of
variables increases from u x k to n x k. However, SMSE1
cannot be applied in some cases where no natural block
matrix exists while SMSE2 can. In Section 6, we will
give such an application.

4 Connections to Spectral Clustering

Zhu et al. [37] discussed the relations between their
graph-based semi-supervised learning algorithm and
spectral clustering. Spectral clustering is unsupervised
where there is no labeled information and only depends
on the graph weights W. On the other hand, Graph-
based semi-supervised learning algorithms maintain a
balance between how good the clustering is, and how
well the labeled data can be explained by it [36].

The typical spectral clustering approach: the nor-
malized cut [27] seeks to minimize

oy (D-W)y
min —_—
yT Dy
(4.23) st. y'D1=0

The solution y is the second smallest eigenvector of
the generalized eigenvalue problem Ly = ADy. Then
y is discretized to obtain the clusters. In fact, if we
add the labeled data information into Eq. (4.23) and
simultaneously discard the scale constraint term y” Dy,
Zhu et al.’s semi-supervised learning algorithm [37] can
be immediately obtained.

Therefore, if there is not any supervised labeled in-
formation and the graph weights W, W' both instance
and category can be calculated in some way, our algo-
rithm SMSFE can reduce to do simultaneously clustering
(also called co-clustering) on two different graphs. For
example, if we apply the combinational Laplacian to do
co-clustering, the corresponding co-clustering algorithm
can be formalized as follows

trace(FTLF) trace(FHFT)
trace(FTDF) 7—trace(FD’FT)
ffp1=0, ¢!D'1=0

(4.24)  sit.

where 7 is a nonnegative constant. The solution F' of
the above equation is further done row and column
clustering respectively. Thus, the clusters for both
category and instance can be gotten. However, research
on co-clustering has gone beyond the scope of this
paper, and here we only concentrate on semi-supervised
learning.

5 Experiments

5.1 Data Set and Experimental Setup Our data
set is a subset of RCVI-v2 text data, provided by
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Reuters and corrected by Lewis et al. [19]. The data set
includes the information of topics, regions and indus-
tries for each document and a hierarchical structure for
topics and industries. Here, we use topics as the clas-
sification tasks and simply ignore the topic hierarchy.
We first randomly pick 3000 documents, then choose
words with more than 5 occurrences and topics with
more than 40 positive assignments. Finally, We have
3000 documents with 4082 words, and have 60 topics
left. On average, each topic contains 225 positive docu-
ments, and each document is assigned to 4.5 categories.

In order to reduce computational expense, we create
kNN graphs rather than fully connected graphs. It
means that nodes ¢ and j are connected by an edge
if 4 is in j’s k-nearest-neighborhood or vice versa.
Computation on such sparse graphs are fast. In general,
the size of neighbors and other parameters in Eq. (3.8)
and Eq. (3.9) can be gotten by doing cross validation
on training set. In the next experiments, the sizes of
neighbors for instance graph and category graph are 17
and 8 respectively.

5.2 Evaluation Metrics Since our approach only
produces a ranked list of category labels for a test
instance, in this paper we focus on evaluating the quality
of category ranking. More concretely, we evaluate the
performance when varying the number of predicted
labels for each test instance along the ranked list of
class labels. Following [16, 32], we choose Fy Micro
measure as the evaluation metric, which can be seen as
the weighted average of F'1 scores over all the categories
(see [32] for details) . The F; measure of the sth
category is defined as follows

F (8) _ 2psTs
Ps +7Ts
where ps and r, are the precision and recall of the
sth category, respectively. And they can be calculated
by using the following equations

(5.25)

~ Halse CiAs e G}

 Hailse G}
[{zi|s € C; \s € Ci}|

T Hulse G

where C; and 62 are the ith instance x;’s true labels
and predicted labels, respectively.

(5.26) Ps

(5.27) s

5.3 The Influence of Parameters We analyze the
influence of parameters in SMSE. We randomly choose
500 from 3000 documents as labeled data, and the left
2500 documents as unlabeled data. The number of
predicted labels for each test document is assigned to 10.
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Number of training instances = 500

F1 Micro
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v/

Figure 1: Performance of SMSE1 with respect to v/u

Number of training instances = 500

0.3

F1 Micro

Q
N
o

0.2
10

Figure 2: Performance of SMSFE2 with respect to 3 and
v

Set the hyperparameters 0? = g3 = -+ = 02, = 0.27,
A = 10. With respect to above configurations, Fig.
1 shows the F'1 Micro scores of SMSE1 when varying
the value of v/u. When v = 0 and p # 0, SMSE!
reduces to Eq. (3.3) that only constructs an instance
graph and does not consider the correlations among
different topics. Contrarily, when v # 0 and pu = 0,
only a category graph is used in SMSE1. From Fig.
1, we see that by choosing the appropriate value of
v/u our approach indeed makes use of the correlation
information among different categories and obviously
increases the performance compared with the algorithm
which only builds an instance graph or a category graph.
In practice, we only have a parameter tuned when fixing
the other parameter to 1 in SMSE1.

Fig. 2 shows F'1 Micro scores of SMSE2 when vary-
ing the values of § and . Similarly, by choosing appro-
priate values of the two parameters, we can achieve the
best predictions. However, in comparision with SMSE1,
SMSE2 has two parameters tuned rather than one.
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5.4 Comparisons and Discussions We compare
our algorithm with three baseline models. The first
one is a semi-supervised multi-label learning method
based on Constrained Non-negative Matriz Factoriza-
tion (CNMF) [21]. The key assumption behind CNMF
is that two instances tend to have large overlap in their
assigned category memberships if they share high simi-
larity in their input patterns. CNMF evaluates the in-
stance similarity matrix for instance graph from two
different viewpoints: one is based on the correlations
between the input patterns of these two instances, the
other is based on the overlap between the category la-
bels of these two instances. By minimizing the differ-
ence of the two similarity matrix, CNMF can determine
the labels of unlabeled data. The second model is Sup-
port Vector Machine (SVM). A linear SVM classifier is
built for each category independently. The last baseline
model is Multi-label Informed Latent Semantic Indexing
(MLSI) [33], which first maps the input features into a
new feature space that retains the information of orig-
inal inputs and meanwhile captures the dependency of
the output labels, then trains a set of linear SVMs on
this projected space. Fig. 3 shows the performance of
all the five algoritms: SMSE1, SMSE2, CNMF, SVM,
MLSI at different ranks when the number of training
data is 500 or 2000. All the methods are tested by a
10-fold experiment using the same training/test split of
the data set and the average of F'1 Micro scores for each
method is computed. It should be also noted that all
parameters contained in the five methods are chosen by
grid search. From Fig. 3, we can obtain:

1. SMSE1, SMSE2 and CNMF achieve the similar
performance in F'1 Micro, and they both are su-
perior to SVM and MLSI if we choose a proper
number of predicted labels for each test instance.
However, in comparision with SMSE1 and SMSE2,
CNMF have more variables and more complicated
formulae to be calculated. The average execu-
tion time for SMSE1, SMSE2 and CNMF on the
PC with 24GHz CPU and 1Gb RAM using Mat-
lab codes is 83.2s, 187.3s, and 423.9s respectively
when the number of labeled data is 500, and 40.1s,
199.4s and 353.3s respectively when the number of
labeled data is 2000. This sufficiently demonstrates
SMSFE’s advantage on computational expense. Just
as discussed in Section 3.3.2, SMSE2 has more vari-
ables to solve than SMSFE1 so that its execution
time is more than that of SMSFE1.

2. More performance improvement by SMSFEI,
SMSE2 and CNMF is observed when the number
of training data is 500 than when the number
of training data is 2000. This is because that in
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Figure 3: Performance when varying the number of
predicted labels for each test instance along the ranked
list of category labels

semi-supervised learning the benefit provided by
unlabeled data is expected to decrease with more
labeled data, which has been verified in many
studies such as [26,36,37].

To sum up, when the amount of labeled data is
relatively small especially for labeled instances are dif-
ficult, expensive, or time consuming to obtain, relative
to supervised algorithms, semi-supervised algorithms is
generally a better choice. Here, considering the balance
between F'1 Micro and computational efficiency, maybe
the overall performance of SMSFE1 is the best in the five
approaches for multi-label learning.

6 The Extended Application on Collaborative
Filtering

6.1 Introduction to Collaborative Filtering
Collaborative filtering aims at predicting a test user’s
ratings for new items based on a collection of other like-
minded user’ ratings information. The key assumption
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Figure 4: A user-item matrix. “?” means the item is

not rated by the corresponding user.

is that users sharing the same ratings on past items
tend to agree on new items. Various collaborative fil-
tering techniques have been successfully utilized to build
recommender systems (e.g. movies [1] and books [20]).

In a typical collaborative filtering scenario, there
is a p X n user-item matrix X (see Fig. 4 ), where p
is the number of users and n is the number of items.
Each element of X: z;, = r denotes that the jth user
rates the mth item by r, where r € {1,---, R}. When
the item is not rated, xj,, = 0. The goal is usually to
predict the unknown items’ ratings.

Let

T )T’

X:[ula Ty up]
(6.28) je{l, ---,p}

) uj:(lev oty Tgn

where the vector u; indicates the jth user’s ratings to
all items.
Likewise, the user-item matrix X can be decom-
posed into column vectors
X =[i1, -+ i), i = (T1m, - )z
me{l, ---,n}

I Ipm I

(6.29)

where the vector %, indicates all users’ ratings to the
mth item.

Collaborative filtering approaches can be mainly
divided into two categories: user-based [4] and item-
based [24]. User-based algorithms for collaborative fil-
tering aim at predicting a test user’s ratings for un-
known items by synthesizing the like-minded users’ in-
formation. It first computes the similarities between
the test user and other users, then selects the most sim-
ilar K-users to the test user by ranking the similarities.
Finally the unknown rating is predicted by combining
the known rating of the K neighbors. Item-based al-
gorithms for collaborative filtering are similar to user-
based algorithms except for that they need to compute
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the pairwise similarity between the items. In item-based
approaches, the similarities between the test item and
other items are also first calculated and sorted, as a re-
sult, we can obtain the most similar K-items to the test
item. Then, the unknown rating is also predicted by
combining the known rating of the K neighbors.

6.2 Applying SMSE2 on Collaborative filter-
ing In fact, collaborative filtering is quite analogous to
multi-label learning. If considering collaborative filter-
ing from the viewpoint of graph, we can construct a
user graph and an item graph respectively. The graph
weights can be obtained by computing the similarities
between pairwise user or item vectors (Here, we utilized
Eq. (3.5) to calculate graph weights). The regulariza-
tion term for user graph measures the smoothness of
user vectors and the regularization term for item graph
measures the smoothness of item vectors. Obviously,
by combining the two regularization terms for user and
item graphs, the unknown ratings can be gotten by solv-
ing the SMSE. Tt should be noted that since the user-
item matrix does not have natural blocks (see Fig. 4),
only SMSE2 can be used in collaborative filtering while
SMSFE1 cannot. To some extent, SMSE2 can be seen as
a hybrid method for collaborative filtering that convexly
combines user-based and item-based.

6.3 Preliminary Experiments We used the Movie-
Lens ' data set to evaluate our algorithm. The Movie-
Lens data set is composed of 943 users and 1682 items
(1-5 scales), where each user has more than 20 ratings.
Here, we extracted a subset which contained 500 users
with more than 40 ratings and 1000 items. The first 300
users in the data set are selected into training set and
the left 200 users as test set. In our experiments, the
available ratings of each test user are half-and-half split
into an observed set and a held out set. The observed
ratings are used to predict the held out ratings.

Here, we are only concerned with ranking the
unrated data and recommending the top ones to the
active user. Therefore, following [31], we choose Order
Consistency (OC) to measure how similar the predicted
order to the true order. Assuming there are n items, v is
the vector that these n items are sorted in an decreasing
order according to their predicted ranking scores, v’ is
the vector that these n items are sorted in an decreasing
order according to their true ratings. For these n items,
we have C2 = n(n — 1)/2 ways to randomly select a
pair of different items. A is the set whose elements are
pairwise items whose relative order in v are the same as

Thttp://www. grouplens. org/
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Table 1: The OC values of SMSE2, IRSM and URSM.
A larger value means a better performance

Algorithm | SMSE2 | IRSM | URSM | IB UB

ocC 0.820 | 0.785 | 0.782 | 0.719 | 0.711

in v, then Order Consistency is defined as

(6.30) OC = |A|/C?
The larger the value of OC, the better the predictions
are.

Recently, Wang et al. [31] proposed a novel item-
based recommendation scheme called Item Rating
Smoothness Mazimization (IRSM). In their framework,
the items are first described by an undirected weighted
graph, then based on Zhou et al’s method [34], the
unknown ratings can be predicted. Their theoretical
analysis and experimental results show the effectiveness
of TRSM on recommendation problems. It is easy to
find that TRSM is a special case of SMSE2. In IRSM,
the user graph is not been utilized. Similarly, if we
only consider constructing a user graph to predict the
unknown ratings, the other method that we call User
Rating Smoothness Maximization (URSM) is obtained.
It is clear that URSM is also a special case of SMSEZ2.
Here, we compare SMSE2 with four approaches includ-
ing TRSM, URSM, traditional user-based (UB) [4] and
item-based (IB) [24]. Tab. 1 shows the OC values of
the five algorithms. Note that all parameters are deter-
mined by grid search. It can be observed that SMSE2
is superior to other four approaches, that validates the
effectiveness of SMSEZ2 on collaborative filtering.

7 Conclusions

In this paper we propose a novel semi-supervised al-
gorithm for multi-label learning by solving a Sylvester
Equation. Two graphs are first constructed on both
instance level and category level respectively. By com-
bining the regularization terms for the two graphs, a
regularization framework for multi-label learning is sug-
gested. The labels of unlabeled instances can be ob-
tained by solving a Sylvester Equation. Our method
can exploit unlabeled data information and the corre-
lations among categories. Empirical studies show that
our algorithm is quite competitive against state-of-the-
art multi-label learning techniques. Additionally, we
successfully applied our algorithm to collaborative fil-
tering.

In the future, we will further study SMSEZ2’s overall
performance on collaborative filtering and develop more
effective multi-label learning approaches.
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