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Abstract

Finding interactions between variables is a fundamen-
tal concept in Data Mining. In this work, correlations
between variables are considered using Pearson’s prod-
uct moment correlation coefficient. Of interest are com-
plex, complete, and maximal sub-graphs which describe
the correlation structure between variables. This paper
considers both positive and negative correlations – com-
plex interactions. It is proved that under a constraint
on the minimum level of correlation desired, there are
useful guarantees on the structure of the correlations.
In particular, the sign of the correlation between vari-
ables can be mapped to the variables themselves (i.e.
to the vertices). This means that the complete complex
sub-graphs can be represented as a complex set, where
each element – a variable with a positive or a negative
sign – is highly positively correlated with every other.
This makes the interaction much easier to understand.
It is also exploited to develop an algorithm that runs in
the same time as if complex interactions were not con-
sidered, resulting in significantly improved scalability.
Mining maximal sets of variables characterized by the
lack of correlations is also briefly considered.

The approach is useful for examining complex cor-
relation structures, as well as mining a representative
subset of the entire data set. The latter idea is ex-
tended to the problem of feature subset selection in a
way that gives guarantees on the minimum correlation
required for features to be considered interchangeable
(redundant), while guaranteeing that the selected fea-
tures are not correlated with each other. Experiments
show the approach performs well.

1 Introduction

Finding interactions between variables is a fundamental
concept in Data Mining. This paper considers a type
of correlation structure between variables as the desired

interaction. In the graph view, each variable is a vertex,
and an edge exists between vertices if the magnitude
of the correlation between the corresponding variables
exceeds a threshold. Graphs defined by a lack of
correlation are also briefly considered. The sign of
the correlation (positive or negative) is also taken into
account and the edge labeled accordingly.

What properties should sub-graphs of interest have?
In this work, completely connected sub-graphs (cliques)
are of interest. The reasoning behind this is quite
straightforward: the resulting sub-graph has the guar-
antee that each variable is highly correlated with each
other variable in the sub-graph, therefore describing
a very strong symmetric relationship between all vari-
ables. An application is that one variable could be used
in place of the entire sub-graph. In this application,
being completely connected is useful as the user may
define a level of correlation over which the variables are
considered to be equivalent – or more precisely; of in-
sufficient difference to warrant inclusion of more than
one of them.

An important consideration is the inclusion of pos-
itive and negative correlations. If only positive corre-
lations or high magnitude correlations are considered,
much of the structure will be missed. That is, poten-
tially important negative correlations will not be found.
For example, A may be highly correlated with D, but
both of these may also be negatively correlated with B
and C. The goal is to mine complete and complex sub-
graphs – that is, allowing positive and negative relation-
ships – that describe such a structure. Furthermore,
the goal is to be able to represent these as complex
sets of variables – sets of variables that may include
negated variables – and that are all highly positively
correlated with each other. For instance, the complex
set {A,−B,−C,D} indicates that A, −B (negative B),
−C and D are highly positively correlated. Without
consideration for complex relationships, either a) two
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separate sets {A,B} and {C,D} would be mined in-
stead or b) the set {A,B,C,D} would be mined – in
both cases failing to show the complete structure of the
correlations.

In part, this work shows that under a practical con-
straint on the correlation coefficient, mining sub-graphs
with positive and negative edges can be reduced to min-
ing complex sets of variables, as a majority of the edge
combinations are impossible. Furthermore, the positive
and negative labeling of variables in the sets can be
achieved completely for free. More specifically, suppose
there is a complete sub-graph on the variables V ′ ⊆ V ,
where V is the set of all variables in the data set. There
are |V ′|2/2 edges in the complete sub-graph and there-

fore 2|V
′|2/2 possible labellings of edges as either positive

or negative. In other words, there are 2|V
′|2/2 different

complex correlation structures for the single complete
set of variables V ′. However, the results in this paper
show that under the constraint, only 2|V

′| of these are
possible. This has a number of consequences. First, this
is precisely the number of labellings of vertices, which
means that instead of mining and reporting entire sub-
graphs (i.e. including edge labels) and incurring the
correspondingly higher complexity, only complex sets of
variables must be mined and reported. That is, the
same information represented by a complex complete
sub-graph can be represented by a complex set. Fur-
thermore, of the 2|V

′| possibilities, half are simply the
negation of all variables in another combination, leav-
ing 2|V

′|−1 configurations that are of practical interest.
Finally, the way in which the algorithm works provides
the labellings completely for free: searching through all
the possible subsets of all vertices V takes O(2|V |) time,
but the algorithm presented here also labels the variables
within this time. For comparison, note that if any com-
bination of positive and negative variables are possible,
and excluding combinations having both positive and
negated versions of the same variable, there would be
O(22|V |) different complex sets – the complexity of the
algorithm squared. Furthermore, if the edge labellings
could not be mapped to vertices, then it would not be
possible to report sets and there would be O(2|V |2/2)
different sub-graphs.

Simply mining these complex sets creates the prob-
lem of redundancy, as each set of size k will contain
2k −1 subsets. Consequently, this work focuses on max-
imal sets (maximal complete sub-graphs).

What is the motivation for all this? Each maximal
complex set of variables indicates that all the variables
in that set are highly positively correlated with every
other variable. Recall that variables may be negated
in a complex set. Furthermore, no other variable (or
its negation) can be added to the set without breaking

this property. For a start, such correlation structures
are interesting in their own right and can indicate near
duplicate variables or flag previously unknown interac-
tions. By comparison, analysing or graphing a correla-
tion matrix usually hides interactions that involve more
than two variables at a time. Each maximal complex
set can also be thought of as capturing an underlying
feature, or ‘factor’ in the process captured by the data
set. Of course, there are other approaches for doing this,
namely Principle Component Analysis (PCA) [3], Sin-
gular Value Decomposition (SVD) – which is related to
PCA – and Factor Analysis [3] – which uses PCA. Each
principle component is considered to capture a source
of variability in the data – that is, a factor. While it is
possible to examine the coefficients of a principle com-
ponent in order to determine what variables are associ-
ated with it, it is a technique that does not provide the
type of guarantees on the correlation structure that the
approach in this paper does. It also becomes difficult to
do when many variables are involved.

The advantages of the proposed technique are that
it gives guarantees on the correlations in a set, it main-
tains the actual variables, and the resulting patterns are
easy to interpret.

Another advantage is that it can provide sugges-
tions for selecting a representative set of features. It is
therefore applied to the problem of feature subset se-

lection [8] using a three stage filter [8] approach: First,
maximal sets of variables (features) are mined. The
variables in such a set are considered interchangeable,
as they are highly correlated with each other. Then, a
representative variable for each maximal set is found,
taking account the overlap between such sets. This is
intended to remove from consideration any redundant,
duplicate, or otherwise unnecessary variables while cap-
turing the primary factors in the underlying process.
Finally, a subset of the representative variables is cho-
sen so that none of them are correlated with each other.

The approach allows the user to define the minimal
correlation required for features to be considered inter-
changeable, and provides a guarantee that the features
selected will not be correlated. Another advantage of
this approach is that a subset of the original features
are used as selected features. This means models such
as trees and rules built on these remain highly inter-
pretable. This contrasts approaches such as PCA or
SVD which produce features that are linear combina-
tions of all original features. These make the resulting
models very difficult to interpret as the original features
are lost. Furthermore, they do not reduce the number
of attributes that need to be collected in future: The
principle components are only orthogonal if the linear
combination is not truncated. This means that while
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the algorithm uses fewer features, the features used are
still a function of all the original features.

The contributions of this paper are as follows:

• Complete, complex and maximal sub-graphs (sets)
of correlated variables are considered useful pat-
terns for describing complicated correlation struc-
tures in an easily understood manner.

• It is proved that under a constraint on the mini-
mum correlation desired, there is a specific struc-
ture on the correlations between variables that al-
lows edge relationships to be mapped to the ver-
tices, and thus allows complex sets to capture the
same information as complete complex sub-graphs.

• An algorithm is developed that exploits the above
theory in order to mine all complex maximal sets of
variables. This is a data mining technique, where
the patterns mined highlight interesting and com-
plex interactions between variables that would oth-
erwise be hidden. Experiments show the algorithm
is very efficient at mining such sets, due also in part
to the extensive pruning it employs.

• The approach is further developed for mining a
representative subset of the variables. In partic-
ular, for the feature subset selection problem. As
a result, an unsupervised feature subset selection
method is proposed. Experiments on the UCI car-
diac arrhythmia data set show that it performs well.

The remainder of the paper is organised as follows:
Section 2 presents the theory, Section 3 describes the
data mining algorithm, Section 4 describes the feature
subset selection algorithm, Section 5 provides experi-
mental results and Section 7 concludes this paper.

2 Complete, Complex Variable Sub-graphs,

Sets and Correlation

Recall that the graph on the variables was defined
as follows: each variable is a vertex, and there is an
edge between vertices if the corresponding variables are
correlated. Specifically, given a threshold t, an edge
exists between two variables A and B if |ρA,B | ≥ t.
The weight of the edge is ρA,B and of specific interest
is whether ρA,B is positive or negative – which is called
the label of the edge. Later, the problem of mining
uncorrelated sets is considered, where |ρA,B | ≤ t.

Pearson’s correlation coefficient between two ran-
dom variables A and B is

ρA,B =
cov(A,B)

σAσB
=

E((A − µA)(B − µB))

σAσB

If the data is centered, that is, E(A) = E(B) = 0,
then

ρA,B =
~a ·~b

||~a|| ||~b||
= corr(~a,~b)

where ~a and ~b are the vectors of samples for the
variables A and B. In this work, corr(~a,~b) is used, and
the data is assumed to be centered1. The use of the dot
product also means that the kernel trick is applicable –
potentially allowing non-linear correlations to be used.

Recall that the goal is to mine complete, complex
and maximal sub-graphs of variables, and to be able to
represent these as complex and maximal sets. Recall
that a sub-graph is complete if it is completely con-
nected. A set will only ever be used to describe a com-
plete subgraph. Recall that the term complex is used to
describe the inclusion of negative and positive relation-
ships – that is, positive and negative labelings of edges
or variables. Recall that a complete sub-graph is called
maximal if no other complete sub-graph subsumes it.
Equivalently, a set is maximal if no super-set exists.

Section 2.1 considers the problem of mining max-
imal and complex sets of highly correlated variables –
which is the focus of this paper. Section 2.2 briefly con-
siders the problem of mining uncorrelated variables.

2.1 Highly Correlated, Complex Variable Sets

In this Section, the theory required to mine highly
correlated, complex variable sets is developed.

Lemma 2.1. corr(~a,~b) > t ∧ corr(~b,~c) > t ∧
|corr(~a,~c)| > t =⇒ corr(~a,~c) > t if and only if t ≥ 0.5.

In other words, if (~a,~b) are highly positively correlated

and (~b,~c) are highly positively correlated and (~a,~c) are
highly positively or negatively correlated, then (~a,~c) are
in fact highly positively correlated. In this case, “highly”
means with a correlation coefficient above 0.5.

Proof. Without loss of generality, assume {~a,~b,~c} are
all unit vectors (this does not change the correla-

tion: ~a·~b

||~a|| ||~b||
= ( ~a

||~a|| ·
~b

||~b||
)/(|| ~a

||~a|| || ||
~b

||~b||
||)). Then

corr(~a,~b) = ~a ·~b – the dot product. The following iden-
tity is used:

∑
i(ai + ci − bi)

2 =
∑

i[(a
2

i + b2

i + c2

i ) +

2(aici − bici − aibi)] = 3 + 2(~a · ~c − ~b · ~c − ~a · ~b). The
last equality follows as the vectors are unit vectors (i.e.

||~a|| = 1 =⇒
∑

i a2

i = 1). Using the thresholds ~a ·~b > t

and ~b · ~c > t and the fact that
∑

i(ai + ci − bi)
2 ≥ 0 we

have: 0 ≤ 3 + 2(~a · ~c −~b · ~c − ~a ·~b) < 3 + 2~a · ~c − 4t.
To avoid a contradiction we must therefore have

~a · ~c ≥ 2t − 1.5 If ~a · ~c < −t then −t > 2t − 1.5 ⇐⇒

1Centering the data is not necessary, and this is sometimes

preferred in practice, but in that case it does not equal ρA,B .
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(a) Lemma 2.1 followed by Corollary 2.3. (b) Corollary 2.2 followed by Corollary 2.3.

Figure 1: Simple Example of the Lemma and Corollaries for sub-graphs of size 3. Recall that an edge exists
between two variables a, b if |corr(a, b)| ≥ t. It is assumed t ≥ 0.5 so the Lemma and Corollaries apply. In the
first step (implication) in (a), Lemma 2.1 is applied. In the first step in (b), Corollary 2.2 is applied. The second
step of both (a) and (b) is the application of Corollary 2.3, choosing a as the arbitrary + variable. Hence, the
relationships can be represented as the complex sets {a, b, c} for (a) and {a, b,−c} for (b).

t < 0.5. Therefore, when t ≥ 0.5, a · c < −t provides a
contradiction and therefore we must have ~a · ~c > t.

In the reverse direction, we have ~a · ~c > t (as
the implication is true). Suppose for the purpose of
a contradiction that t < 0.5. Then we can see from
~a · ~c ≥ 2t − 1.5 that it is possible to have ~a · ~c < −t –
providing the contradiction (for example substitute any
value t < 0.5). �

A Corollary follows immediately:

Corollary 2.2. corr(~a,~b) > t ∧ corr(~b,~c) < −t ∧
|corr(~a,~c)| > t =⇒ corr(~a,~c) < −t if and only if
t ≥ 0.5

Proof. Replace ~c with −~c in Lemma 2.1. �

These are illustrated graphically in the left hand
implications of Figures 1 (a) and (b).

These results mean that given a complete complex
sub-graph of size three, the sign of the third edge can
be obtained from the sign of the other two, simply by
multiplying them together. Since this works for any
triple in a complete sub-graph, this can be extended to
the entire sub-graph. Furthermore, it allows the signs
of the edges to be mapped to the variables themselves.
The following Corollary describes this:

Corollary 2.3. If t ≥ 0.5, then relationships between
variables in a complete sub-graph can be assigned to the
variables themselves (without loss of information) using
the following procedure: Select an arbitrary variable a
and label it +. Then, for each other variable b in the
subgraph, label it according to the sign of it’s correlation
to a. All relationships between two variables can be
inferred (reconstructed) from their labeled sign: if they
have the same (different) sign, they have a positive
(negative) correlation.

Proof. In the procedure, every variable b ∈ V : b 6= a
will clearly be assigned only one sign. It suffices to

show that after this has been done, the reconstruction
of edge signs works. Consider two variables b 6= a and
c 6= a. By the construction, the sign of their correlation
with a is known. The sign of corr(b, c) can therefore
be determined by Lemma 2.1. By considering all such
pairs (b, c), every edge’s sign can be constructed. �

Actually, there are exactly two ways of labeling ev-
ery complete complex sub-graph, both of which express
exactly the same edge relationships. In Corollary 2.3, a
may be arbitrarily labeled − (instead of +), which sim-
ply flips all the other signs also. Of course this would be
redundant, hence only one is used. In the algorithm, an
arbitrary order is imposed on variables and the greatest
variable in a sub-graph is arbitrarily chosen to be +. A
simple example is shown in Figure 1.

Corollary 2.3 means that the sign of the edges
between variables in the graph can be assigned to
the variables themselves. This has two important
consequences:

• Complex sets completely describe the relationships.
This means that with the assigned signs, every vari-
able in a complex set is highly positively correlated
with each other variable in the set. This makes the
structure very easy for the user to understand as a
set is a much simpler construct than a graph.

• The search space of the mining algorithm is sig-
nificantly decreased, as the problem is reduced to
mining sets of variables, rather than sub-graphs.
The relevant part of the algorithm presented actu-
ally takes O(2|V |) time, precisely the same as only
enumerating sets – that is, not considering complex
interactions.

Observe that the inclusion of negative correlations
only makes sense if the above Lemma holds – otherwise
we cannot assign the direction of the correlation between
variables to the variables themselves. For example,
when t < 0.5 it is not possible to report a set of variables
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(a) A configuration

like this is possi-

ble only when t <

0.5. It cannot be

mapped to a com-

plex set.

(b) When t ≥ 0.5, any complete com-

plex sub-graph can be mapped to a

complex set. The signs on the dotted

edges can be inferred from the others.

Figure 2: Example of Corollary 2.3

such as {a,−b, c, d} with the interpretation that these
four variables are highly positively correlated with each
other. When t < 0.5 it is possible that corr(a, b) < −t,
corr(a, c) > t but corr(b, c) > t. In this case there is
no labeling of variables that can produce a set so that
each element is positively correlated with the others.
Therefore, complex sets are not meaningful when t <
0.5. The reader may like to try this on the example in
Figure 2(a). Following the procedure of Corollary 2.3
does not work as the edges cannot be reconstructed,
so it is impossible to map the complex sub-graph it
to a complex set. The theory shows this situation is
only possible when t < 0.5. On the other hand, the
example in Figure 2(b) does work and demonstrates the
procedure.

Therefore, if t < 0.5 it makes little sense to consider
complex interactions as they cannot be mapped to
sets and are therefore of limited use as they are too
complicated to understand in general. In such cases only
the existence of any correlation is of interest, in order
to report variables as sets. Although in that case it is
not possible to state that they are all highly positively
correlated with each other. It can only be stated that
the magnitude of the correlation is high.

In Section 3, a method of enumerating the possible
sets will be presented that, in conjunction with Corol-
lary 2.3, means that all complex and complete variable
sets can be mined and labeled in O(2|V |) time – the same
complexity as without considering the sign of the cor-
relations. For comparison, note that a naive approach
would be to enumerate possible sets, and for each, ap-
ply Corollary 2.3. This would require O(|V | · 2|V |) time
due to the O(|V |) operations used for labeling the extra
O(|V |) edges added whenever another variable is added
in the search.

2.2 Uncorrelated Variable Sets

An interesting but simpler problem is to find maximal

sets of variables that are pairwise uncorrelated, in the
sense that the absolute correlation is below a threshold.
That is, an edge exists between two variables A and B if
|corr(A,B)| ≤ t, where t is a (usually small) threshold.
This mines sets of uncorrelated variables. Of course,
complex relationships don’t make sense for these.

3 Mining Complex Maximal Sets: Algorithm

In order to make the algorithm easy to understand, a
Prefix-Tree will be used to help describe it and prove
properties. Without loss of generality, assume the
variables are integers V = {1, 2, ..., n}. A complete
Prefix-Tree can be constructed as follows: First, an
arbitrary but fixed order is chosen on the variables –
in this paper I will use ascending order. Each node has
a label corresponding to a variable v ∈ V . The root
node is special, and is labeled with ∞.

The tree is constructed so that each node can
only have a parent with a label greater than it’s own
label. In the algorithm, a node has a reference to it’s
parent (but not to its children). Each node in the
Prefix-Tree represents a distinct subset of the variables,
represented as a sequence in decreasing order, which
may be constructed by traversing toward the root. The
root corresponds to the empty set (in the algorithm, ∞
is treated as a constant). Whenever a set is mentioned
henceforth, it is assumed to be represented as a sequence
in decreasing order. A complete Prefix-Tree, an example
of which is shown in Figure 3, clearly has 2|V | nodes.
A complete Prefix-Tree is the worst case search space
for mining the sets of variables, as the algorithm is an
enumeration approach.

The algorithm effectively works by performing a
depth first traversal of the search space, expanding
sibling nodes in increasing order – which is important

Figure 3: A complete Prefix-Tree for V = {1, 2, 3, 4}.
Each node represents a complete set of variables.
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as described later – and pruning the search as soon as
possible.

Specifically, the following properties are exploited.
Here, a set is called complete if the corresponding sub-
graph is complete. Elsewhere in the paper this is
implicit.

1. Whenever a new variable v2 is considered to be
added to a complete set C, and v2 is not highly
correlated with each variable in C, then neither
C ∪ v2 or any super-set of C ∪ v2 can be complete.
That is, the corresponding sub-graphs will also be
missing at least one edge. One consequence of
this is the following: Since by construction v2 <
v1∀v1 ∈ C, the entire sub-tree rooted at the node
corresponding to C ∪ v2 may be pruned. The case
C = ∅ holds trivially by defining it as complete.

2. When checking whether a new variable v2 can be
added to a complete set C ∪ v1, the algorithm
only needs to consider those v2 for which C ∪ v2

is complete, by property 1. That is, if C ∪ v2 is not
complete, then neither can its super-set C ∪ v1 ∪ v2

be. Now, if C ∪ v1 and C ∪ v2 are complete, then
C ∪ v1 ∪ v2 is complete if and only if v1 ∪ v2 is
complete (that is, if and only if v1 and v2 are highly
positively or negatively correlated). The reason for
this is straightforward: the only edge that can be
missing in the sub-graph defined by C ∪ v1 ∪ v2

is (v1, v2), as the existence of all the other edges
has already been established. Translated to the
Prefix-Tree and the algorithm, this means that only
siblings need to be considered – note that C ∪ v1

and C ∪ v2 will become siblings in the Prefix-Tree,
with common prefix C. The algorithm is said to
progress by joining siblings.

3. The above two properties also work in combination.
If C∪v2 is not complete, then neither can C∪v1∪v2

be. By never creating the node for C ∪ v2 (recall
this part of the search space is pruned), C ∪ v1 will
have one less sibling that must be considered.

In Algorithm 1, Properties 2 and 3 are achieved us-
ing the newSiblings list, which is used as the siblings
list for expanding new child nodes in the depth first
search. Property 1 is achieved by not adding the cor-
responding node or expanding the search (no recursive
call). Note that the for loop in Algorithm 1 traverses
the siblings in increasing order.

It can be of use to report the minimum correlation
between any pair or variables in a set. This is useful,
as it provides a bound that is generally higher than t.
This can be achieved by storing the minimum at the
corresponding node, and computing the new minimum

for a new node as the minimum over the siblings and
the additional link.

Note that the algorithm works by growing sets,
and using heavy pruning. This approach is appropriate
when the graph of correlations is sparse – precisely what
happens when high correlations are desired.

3.1 Complex Sets

Finally, the only thing left in the search part of the
algorithm is to label the variables. Accordingly, each
Prefix-Tree node also has a sign associated with it –
either + or −. The sign corresponds to the relationship
that the node’s variable has to the first node in the
sequence – the node whose parent is the root.

Without loss of generality2, the children of the root
are labeled +. The sign of a new node is calculated
as follows. When joining the siblings corresponding to
C∪v1 and C∪v2, the sign of C∪v1∪v2 is the sign of C∪v1

multiplied by the sign of the correlation between v1 and
v2. This is a direct consequence of Lemma 2.1 and
Corollary 2.2 applied to the variables v1, v2 and x, where
x is the first node in the sequence (the first element of
C). Note that this is the application of the procedure in
Corollary 2.3. Furthermore, by that Corollary, the signs
of the relationships between any of the variables can be
derived from the sign of the node (variable). When the
sets are output, the sign also becomes the sign of the
variable.

The case of complex relationships when t < 0.5 is
not covered. As discussed earlier as a consequence of
Lemma 2.1, it makes little sense as the positive and
negative correlations cannot be mapped back to the
variables. The algorithm can still be used, but the labels
do not capture all the relationships and should therefore
simply be ignored.

3.2 Maximal Complex Sets

The algorithm must also calculate the maximal com-
plex sets. It does this by maintaining the current max-
imal sets, and as new sets are added, deleting any sub-
sets. Labels can be ignored during this process. The
following Lemma makes this much easier.

Lemma 3.1. Subsets of a set represented by a node
currently being examined can only occur in a part of the
tree that has already been examined by the algorithm.

Proof. By construction, the algorithm progresses
through the search space by joining existing sets to-
gether (“joining siblings”), creating sets that are one
variable larger than the two original sets. Suppose for

2There are two equivalent labellings for variables in complex

sets – just flip the sign of each variable.
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the purpose of contradiction that a set S exists that is a
super-set of a set mined later. Proceed by showing that
each subset of size |S| − 1 has already been mined, so
that the result follows by induction on S (the base case
is trivial). The immediate subsets of S can be obtained
by removing one element (variable) at a time. Suppose
x ∈ S is removed, so that S = Sp ∪x∪Ss where Sp and
Ss are the prefix and suffix (either potentially empty)
respectively. Since the expansion of the search is done
in depth first fashion and with increasing order amongst
the siblings, Sp ∪ Ss must be expanded first, since by
definition the sequences in the Prefix-Tree appear in de-
creasing order. Since this is true for all x ∈ S, the result
follows by induction and contradiction. �

Note that this is why the order of expansion of
siblings is important. More specifically, maintaining a
consistent (but possibly arbitrary) order is important.

The algorithm only updates the maximalSets list
with sets (nodes) that are known to be maximal so far
and in the near future in the search. The first constraint
is trivially met by Lemma 3.1. The second constraint is
met by adding those sets (nodes) that have no children
when that path is complete, as such a set may only be
a subset of a node on a different path of the search,
which occurs later (that is, only after the current path
is completed). Because of Lemma 3.1, new maximal sets
can only replace existing ones, and therefore only sets
that have been mined earlier must be checked for being
subsets of a new one.

Finally, note that since the Prefix-Tree shares as
many nodes as possible, the space of the collection of
maximal sets is minimized since prefixes of the stored
maximal sets are shared.

Considering all of the above, the resulting algorithm
can be written surprisingly simply – especially in recur-
sive form as shown in Algorithm 1.

3.3 Mining Uncorrelated Sets

In order to mine sets where each variable is uncor-
related with every other, Algorithm 1 is modified as
follows. “|corr(v1, v2)| ≥ t” in mine( , , ) is replaced
with “|corr(v1, v2)| ≤ t”, and “return 1” in corr( , )
is replaced with “return 0”. The sign of the variables
should also be ignored, as they cannot represent all re-
lationships.

However, it should be pointed out that data sets
generally have many uncorrelated variables, so using the
enumeration approach of Algorithm 1 is not the most
practical method. Algorithm 1 is designed for mining
sets defined by high correlations, as this allows it to take
maximum advantage of the pruning abilities described
earlier.

Algorithm 1 Simplified algorithm for mining complete
and maximal sets when t ≥ 0.5. The algorithm assumes
a garbage collector, or an alternative approach to delete
nodes in the Prefix-Tree that are no longer required.

Input:

double corr[ ][ ] //precomputed correlation matrix
double t //correlation threshold, t ∈ [0, 1]

Output:

maximalSets //complete, maximal sets
//as PrefixTree nodes

Data Type:

Node(Node parent, int v, int sign)
//nodes in the PrefixTree

List〈int〉V = [1, 2, ..., corr[0].length] //variables
List〈PrefixNode〉maximalSets = ∅
mine(V, ∅, Node(null,∞, 1)) //

mine(List〈int〉 siblings, List〈int〉newsiblings, Node n)
int v1 = n.v
booleanhasChild = false
for each (int v2 in siblings)

if (|corr(v1, v2)| ≥ t)
Nodenn = Node(n, v2, n.sign ∗ corr(v1, v2))
mine(newsiblings, ∅, nn) //recursive, DFS
newsiblings.add(v2) //new sibling was created
hasChild = true

else //no need to expand search
if (!hasChild) //super-set known to exist

addCompleteSet(n) //n is maximal so far

addCompleteSet(Noden)
for each (Noden2 in maximalSets)

if (n2 subsetof n) //simple linear traversal
maximalSets.remove(n2) //not maximal

maximalSets.add(n)

double corr(int v1, int v2)
if (v1 = ∞) return 1 //root of PrefixTree.
else return corr[v1 − 1][v2 − 1]

4 Selecting a Representative Set: an

Application to Feature Subset Selection

Recall that maximal sets of correlated variables can
be presumed to capture sets of variables that are
interchangeable with each other and therefore can be
represented by one member of the set. In this Section,
this idea is developed for the purpose of feature subset
selection. The goal is to select variables in such a
way that they “cover” (represent) the original dataset,
but at the same time are not correlated with each
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other. The primary complication is the overlap between
maximal sets of variables, which requires some care.
The approach is as follows:

1. Mine all maximal sets, where variables are con-
nected if |corr(A,B)| ≥ t, using Algorithm 1. Call
the result – a set of such sets – M . Note that a
set containing a single variable may be maximal.
Clearly, all variables will be present in at least one
element of M and in that sense, the data set is
completely “covered”.

2. Select a representative variable from each maximal
set C ∈ M . This is a two step procedure,
complicated by overlap between elements of M :

(a) Recall that the weight of each edge (vi, vj)
is the correlation between the variables. For
each C ∈ M select the representative variable
v ∈ C as follows, breaking ties arbitrarily:

v = arg max
v

(
∑

vj∈C

|corr(v, vj)|)

In other words, the most central variable
is chosen, measured by it being the most
correlated with all the other variables in the
set C. The variable v is taken to represent the
other variables and to capture the underlying
factor of the set. The remaining variables
C − {v} are assumed to be redundant.

(b) Due to the frequent overlap between the C ∈
M (different maximal sets often share a com-
mon subset), it is not possible to treat each
C in isolation, as a redundant variable in one
maximal set may be the representative (non-
redundant) variable of another – overlapping
– maximal set. The problem with this is that
two or more variables that are in fact in the
same maximal set (and therefore correlated
with each other) can be chosen.

To partially remedy this, assign each variable
v ∈ V an integer weight. When considering
each C ∈ M as above, the chosen variable v ∈
C has it’s weight incremented by the number
of variables it replaces in C – that is, |C|.
Every other (redundant) variable v′ ∈ C−{v}
has it’s weight decremented by |C| − 1. Note
that a variable may be determined to be a
representative (redundant) variable for some
C ∈ M , but a redundant (representative)
variable in other C(’s).

Only variables with a positive weight after the
procedure has completed are retained. This

means that a variable is only retained if it is
more representative than non-representative,
measured by the number of variables it rep-
resents minus the number of variables that it
does not represent. The reason for decrement-
ing by |C| − 1 rather than C is to avoid vari-
ables “canceling” each other out when repre-
senting two overlapping sets of equal size.

Call the resulting set of variables Vc. Gener-
ally, Vc contains fewer variables than V and
so the number of features has been reduced.
However, Vc is only considered a candidate set
of selected features, as it’s elements may still
be correlated with each other. This can occur,
for example, when two sets of equal size over-
lap, or when two sets are connected to each
other. In the latter case they don’t overlap,
but some elements of one set may be corre-
lated with elements of the other. This is un-
desirable, as the selected variables should not
be correlated with each other.

3. This step ensures that none of the selected variables
are correlated with each other. First, the “cumu-
lative sum” of correlations is computed for each
variable:

cum sum(v) =
∑

C∈M

∑

vj∈C,v 6=vj

|corr(v, vj)|

Note that this can be done as part of step 2a.
A variable with a higher cumulative sum is more
representative, and therefore is more desirable.
This is used to decide between pairs of correlated
variables. The procedure is as follows;

Loop through each v ∈ Vc, and check if it is
correlated with another variable v′ ∈ Vc. If not,
add v to Vs. If it is, add it to V ′

c if the cumulative
sum of it’s correlations (as described above) is
higher than that of v′. Set Vc to V ′

c and repeat
the procedure until Vc is empty. The final set of
selected variables is Vs.

Note that complex relationships are not applicable
for feature selection. That is, of interest is only whether
there is a high correlation – the sign of the correlation is
irrelevant. Therefore, Algorithm 1 can be used as Step
1 of the feature selection procedure for any value of

t.
Note that this is an unsupervised approach. If a

variable to be predicted is present, it must be removed
from |V | prior to applying the procedure.

The approach ‘covers’ the data set, in the sense
that every variable is taken into account by the final
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(a) MADELON Dataset (b) SYLVA dataset

(c) Arrhythmia Dataset (d) Arrhythmia Dataset, vertical axis in log scale

Figure 4: Run time Results. Total Sets Examined is the exact number of sets that the search has examined. That
is, the size of the space examined. Maximal Complete Complex Sets is the number of such sets mined. Mining
time is the run time of the entire algorithm in milliseconds.

selected set – provided that this does not lead to selected
attributes being correlated with each other.

The threshold t functions in two ways: First, it al-
lows the user to define the minimum correlation magni-
tude between variables that signifies that variables can
be considered redundant. Secondly, no variables in the
final selected set will be correlated with each other (have
a correlation magnitude greater than t).

The technique therefore generates a representative
subset of the original variables while guaranteeing that
the selected variables are uncorrelated.

An advantage of this feature selection approach, in
addition to the guarantees provided on the correlations
and redundant features, is its simplicity.

5 Experiments

An implementation of Algorithm 1 is first evaluated on
some large data sets for the purpose of run time analysis.
Then, the approach is applied to feature selection using
the technique described in Section 4.

5.1 Run Time Performance

Experiments were performed on three data sets:
MADOLEN, SYLVA and Arrhythmia. The MADOLEN
data set was obtained form [6] and SYLVA was ob-
tained from [10]. The datasets were part of feature
selection and performance prediction challenges respec-
tively. No pre-processing was done on them and the
“training data” sets were used. The Arrhythmia data
set was obtained from the UCI repository [1], and all
missing values replaced by the mean of the correspond-
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Algorithm Accuracy,
original data

set

Accuracy,
after PCA

Accuracy,
reduced data

set

Accuracy
improvement over
original data set

Accuracy
improvement over

using PCA

J48 76.99 66.81 65.04 -11.95 -1.77
J48graft 78.32 67.48 65.71 -12.61 -1.77

NaiveBayes 76.99 71.68 72.12 -4.87 0.44
IBK, K=5 63.72 57.74 63.94 0.22 6.19
IBK, K=1 63.72 57.30 62.39 -1.33 5.09

DecisionStump 65.93 60.62 64.60 -1.33 3.98
ZeroR 54.20 54.20 54.20 0.00 0.00
OneR 54.20 59.07 54.87 0.66 -4.20

DecisionTable 71.68 68.14 66.37 -5.31 -1.77
ADtree 79.65 71.02 67.92 -11.73 -3.10

BaysianNet 77.21 72.12 70.35 -6.86 -1.77
Jrip 65.27 61.50 65.93 0.66 4.42

SimpleCart 77.88 68.36 69.03 -8.85 0.66
RandomForest 75.00 66.81 69.25 -5.75 2.43

Kstar 57.52 53.98 63.05 5.53 9.07
Logistic 63.27 67.48 69.47 6.19 1.99

SimpleLogistic 75.22 74.78 71.68 -3.54 -3.10
PART 76.77 72.12 68.81 -7.96 -3.32

Average 69.64 65.07 65.82 -3.82 0.75

Table 1: Accuracy results for various Classifiers on the Arrhythmia data set.

ing attribute. In all data sets, the class variable was
omitted. All data sets were chosen for a large number
of numeric features and high density in order to attempt
to challenge the algorithm. In particular, the Arrhyth-
mia data set is one of the larger data sets in the UCI
repository, and due to the problem domain, many vari-
ables are related. Properties of the data sets are listed
in Table 2.

The run time results for various levels of t are shown
in Figure 4. For the SYLVA and MADELON data sets
the run time remains relatively constant. It is only when
the threshold becomes very small that the search space
expands significantly. In the Arrhythmia data set on
the other hand, many more correlations are exhibited.
Indeed, this is expected as the variables in the data
set are related in the domain. A threshold of t = 0.2
took over 10 minutes, at which point the experiment
was stopped.

The results also show that on these data sets, which
are presumed to be at worst typical, there are relatively

Data set Attributes Instances

MADOLEN 500 2000

SYLVA 216 13086

Arrhythmia 279 452

Table 2: Data set properties.

few complete maximal sets when t is above about 0.4.
This means that the enumeration approach considered
is ideal, as it allows heavy pruning of the search space
and therefore allows it to progress quickly.

5.2 Feature Selection Performance

The approach of Section 4 is used here to perform
feature selection on the Arrhythmia data set. t was set
to 0.5, resulting in 111 attributes being selected out of
the 279 original attributes. If only positive correlations
are considered, 135 attributes would have been selected.

In addition to comparing classification results on
the reduced dataset to the original data set, a compar-
ison to PCA was also performed. PCA was performed
using the algorithm from WEKA [11], and options were
set so the same number of attributes – 111 – were cho-
sen. The 111 principle components cover 96% of the
variance of the data set.

Table 1 shows the results on various classifiers in
WEKA [11] (version 3.5.7), evaluated over the original
data set, the data set with features extracted using
PCA, and the subset of the attributes selected using
the approach in Section 4. Unless otherwise stated,
default values were used in the ML algorithms. The
16 classes in the original dataset were amalgamated
into two classes, representing normal heart rhythms
(245 instances) and cardiac arrhythmia (207 instances).
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10-fold cross validation was used for the evaluation of
classification accuracy in all cases. The approach in
this paper performs comparably to PCA, having only
a 0.75% better accuracy on average. On average, the
accuracy is 3.82% lower than on the original dataset.
Therefore, not only can this approach compete well
against PCA, but it maintains the interpretability of
the model. That is, the rules and decision trees built on
the data set retain the actual attributes, in contrast to
when PCA is used.

6 Related Work

A complete set and a clique are equivalent. The latter is
often used in social network situations or in spatial data
sets. In spatial applications, the space in which vari-
ables exist is usually low dimensional so enumeration
approaches to mine them are not appropriate. Also,
distances are used, rather than correlations (angles).
Complex cliques have been considered [5], but this is
in relation to absence of objects.

Graph based clustering approaches are also related.
In some sense, the approach described in this paper is
related to agglomerative clustering [8]. The desire for
complete sub-graphs (sets) is the same as the clique
pattern, or in distance based approaches, the MAX
approach [8]. The maximal set idea could be considered
as the highest level in a hierarchy defined over subsets,
but the method does not fit into hierarchical clustering.
In particular, the threshold is fixed. The approach
in this paper is not really a clustering method. It
is best described as a method of mining interactions
between variables, with those interactions having a
specific structure and being defined by correlation –
rather than what would traditionally be called ‘distance’
measures. The consideration of complex interactions in
particular sets it well apart from clustering approaches.

The algorithmic approach actually has a closer re-
lationship to item-set mining than it does to clustering.
Items are a special type of variable, and item-sets are
sets of variables possessing some interesting property
– usually that they occur frequently (frequent item-
set mining). The similarity to item enumeration ap-
proaches is that the enumeration is over sets of variables,
from the bottom up. The most related of such tech-
niques is GLIMIT [9], which, unlike Apriori [2], is able
to function in a depth first fashion like the algorithm
presented here. The fundamental difference to item-set
mining is that the item-set mining problem cannot be
mapped to graph mining, as it cannot be reduced to
pairwise relationships. Complex relationships therefore
also don’t mean the same thing. While the absence of
an item can be considered, this is completely different
to the complex relationships considered in this paper.

It should also be emphasised that the use of corre-
lation is a core component of this work, in particular,
the lemma and corollaries that are developed under the
completely connected sub-graph structure. Correlation
is generally not used for clustering, and it cannot be
used for item-set mining, as it does not translate to more
than two variables at a time. Unlike distance measures,
it has both positive and negative values – therefore tech-
niques based on it necessarily have different semantics.

Feature subset selection comes in three flavours;
wrapper, embedded or filter [8]. In the wrapper or em-
bedded approaches, it is used in conjunction with a data
mining or machine learning algorithm in some form of
supervised or semi-supervised approach. The wrapper
approach uses the DM or ML algorithm as an objective
function, while in the embedded approach the DM or
ML algorithm decides what features to discard as part
of its operation. The filter approach selects a subset
independently of the subsequent DM/ML algorithm. It
may or may not be supervised. The approach described
in Section 4 fits into the unsupervised filter category.
A filter approach using correlation for feature subset
selection is [4]. However, this is a hill climbing, super-
vised, optimizing approach that, in short, is completely
different. It is also based on entropy – not statistical
correlation.

Finding representative sets is considered in [7] us-
ing an entropy based approach on binary data. The
algorithm in [7] mines a representative set directly (this
work performs it as a second step), and overall it is also
quite different.

As earlier mentioned, the idea of maximal complex
sets representing underlying factors of the data set
has similarities to the way principle components can
be applied. But as also mentioned earlier, these are
completely different approaches.

In summary, the work in this paper is related to
various bodies of work in Data Mining, but to the
author’s knowledge, is quite different to each. To
the author’s knowledge, the approaches and theory
presented in this paper are novel.

7 Conclusion

This paper has presented and exploited useful results
about the possible correlation structures between vari-
ables. Additionally, it proposes the ‘complete, complex
and maximal sub-graphs or sets of highly correlated
variables’ pattern. This approach is useful as a Data
Mining technique in its own right, or, as also demon-
strated in this paper, as the core component of an un-
supervised feature subset selection procedure.

Future work will improve or replace the feature
subset selection technique.
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