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Abstract

Pebbles are placed on some vertices of a directed graph.
Is it possible to move each pebble along at most one
edge of the graph so that in the final configuration no
pebble is left on its own? We give an O(mn)-time
algorithm for solving this problem, which we call the
2-gathering problem, where n is the number of vertices
and m is the number of edges of the graph. If such a 2-
gathering is not possible, the algorithm finds a solution
that minimizes the number of solitary pebbles. The 2-
gathering problem forms a non-trivial generalization of
the non-bipartite matching problem and it is solved by
extending the augmenting paths technique used to solve
matching problems.

1

A group of students is taking an algorithms course.
To review the material they would like to form study
groups. Each study group should comprise at least r
students and should meet in one of several possible
meeting places. Each student can conveniently reach
only some of these meeting places. Is there a way of
partitioning the students into study groups, and assign
these study groups meeting places, so that each student
can conveniently reach the meeting place of her group?
It is easy to see that this problem is NP-complete when
r > 3. (See, e.g., Armon [2].) For r = 2, the problem
is equivalent to the 2-gathering problem mentioned in
the abstract. We present an O(mn)-time algorithm for
solving this problem.

Polynomial time algorithms for the 2-gathering
problem can be obtained via reductions to the
{K3, K3}-packing problem studied by Cornuéjols et al.
[4] and by Hell and Kirkpatrick [10], to the general
factor problem studied by Lovész [12, 13], Cornuéjols
[3] and Sebd [15], and to the simplex matching prob-
lem studied by Anshelevich and Karagiozova [1]. These
problems and their relation to the 2-gathering problem
are described in the next section. Our algorithm for
the 2-gathering problem is faster than the algorithms
obtained via reductions by a factor of at least Q(n?).
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The 2-gathering problem is a non-trivial generaliza-
tion of the non-bipartite matching problem. We solve it
by using extensions of the augmenting paths technique
used by Edmonds [5] to solve matching problems. Simi-
lar extensions were used before by Cornuéjols et al. [4],
Hell and Kirkpatrick [10], Cornuéjols [3], and Anshele-
vich and Karagiozova [1]. They were mostly interested,
however, in showing that the problems they study can
be solved in polynomial time. We, on the other hand,
obtain a very efficient algorithm whose complexity is
not much worse than the complexity of algorithms for
the non-bipartite matching problem.

2 2-gatherings and related problems

Let G = (V,E) be a directed graph and let S C V
be a set of vertices each containing a single pebble. In
various applications, pebbles may correspond to agents,
clients, servers, terminals etc. Is there a mapping
M : S — V such that for every u € S either M(u) = u
or (u,M(u)) € E and such that for every v € V we
have [M~1(v)| # 1, i.e., the set of pebbles mapped to v
is not of size 17 This is exactly the 2-gathering problem
mentioned in the abstract.

The 2-gathering problem is a generalization of the
non-bipartite matching problem. Indeed, given an
undirected graph G (V,E) we can construct a
directed graph G’ (VUE,E') by replacing each
undirected edge (u,v) in G by two directed edges u —
uwv and wv «— v in G, where uv is a newly added vertex,
and by placing pebbles on all original vertices of the
graph. It is easy to check that G has a perfect matching
if and only if G’ has a 2-gathering.

Several more general versions of the 2-gathering
problem can be easily reduced to the basic 2-gathering
problem defined above. For example, we may assume
that the edges of the graph G = (V, E) have lengths
associated with them, and that a pebble placed at a
vertex w € S has a travel budget of b(u). A pebble
at u € S can then travel to any vertex v € V for
which dg(u,v) < b(u), where dg(u,v) is the distance
from u to v in G. Is there a mapping meeting these
constraints under which each pebble ends up in a vertex
with at least one other pebble? The ’budgeted’ version
of the problem can be reduced to the basic version of
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the problem by defining a graph G’ = (V, E’) such that
(u,v) € E' if and only if u € S and d¢g(u,v) < b(u).
The main result of this paper is an O(mn)-time
algorithm for the 2-gathering problem, where n is the
number of vertices and m is the number of edges in the
input graph. Our algorithm uses an approach similar
to the one used to obtain a perfect matching in a non-
bipartite graph. It starts with an arbitrary mapping M.
The deficiency of a mapping M is defined to be the
number of vertices v € V for which |M~1(v)| 1.
We show that if the deficiency of M is not minimal,
then there is always a relatively simple augmenting
structure that can be used to augment M, i.e., decrease
it deficiency. If a matching is not a maximum matching,
then it can always be augmented using an augmenting
path. In our case things are a bit more complicated.
We need to use not only augmenting paths but also
augmenting cycles, or a combinations of augmenting
paths and cycles. We can, however, still reduce the
task of finding an appropriate augmenting structure to
the task of finding a conventional augmenting path in
an appropriately constructed graph, with respect to
a suitably constructed matching. A different graph,
and a different matching, are used in each iteration of
the algorithm. Our algorithm looks for at most O(n)
augmenting paths, each in a graph with O(m) edges. As
an augmenting path, if one exists, in a graph with O(m)
edges can be found in O(m) time (Gabow and Tarjan
[8]), the total running time of our algorithm is O(mn).
The 2-gathering problem is related to a non-
weighted version of the simplex matching problem stud-
ied recently by Anshelevich and Karagiozova [1]. The
unweighted simplex matching problem is equivalent to
the { K3, K3}-packing problem studied by Cornuéjols et
al. [4] and by Hell and Kirkpatrick [10]. The input to
the unweighted simplex matching problem is a hyper-
graph H = (V, E) in which each (hyper-)edge e € E
is of size 2 or 3 and if e = {u,v,w} € E, then also
{u,v},{u,w},{v,w} € E. The goal is to a find a per-
fect matching, i.e., a disjoint collection of edges whose
union is V. The input to the {Kj, K3}-packing prob-
lem is an undirected graph G = (V,E) and a sub-
set T of triangles in G. The goal is to find a vertex
disjoint collection of edges (K3’s) and triangles (K3’s)
from T whose union is V. The {K3, K3}-packing prob-
lem on a graph G = (V,E) is clearly equivalent to
the unweighted simplex matching problem on the hy-
pergraph H = (V,E UT), where T is the set of al-
lowed triangles in G. In the weighted simplex matching
problem, each edge e € E has a nonnegative cost c¢(e)
associated with it such that if {u,v,w} € E, then
c(u,v) +c(u, w) + c(v, w) < 2¢(u,v,w). The main result
of [1] is a polynomial time algorithm for the weighted
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simplex matching. The running time of their algorithm
on unweighted simplex matching problems is O(n3m?)
(see Karagiozova [11], p. 51), where n is the number of
vertices and m is the number of (hyper)-edges in H.

The unweighted simplex matching problem can be
easily reduced to the 2-gathering problem. Given a
hypergraph H = (V, E), we construct a bipartite graph
G = (VUE,FE') such that (v,e) € E' iff v € e
and place pebbles on all original vertices of the graph.
Clearly H has perfect matching iff G has a 2-gathering.
Note that G has O(m) vertices and edges. Using
our 2-gathering algorithm, we can therefore solve the
unweighted simplex matching problem in O(m?)-time,
improving on the O(n®m?) running time of [1].

Conversely, the 2-gathering problem can be re-
duced to the unweighted simplex matching problem.
Given a directed graph G (V,E) and a subset
S C V, construct a hypergraph H (S, E’) such
that {u,v,w} € FE’ if and only if u,v,w € S and
(u,w), (v,w) € E, or there exists a vertex = € V such
that (u,z), (v,z), (w,z) € E. Similarly, {u,v} € E’ if
and only if u,v € S and (u,v) € F or there exists z € V
such that (u,x), (v,z) € E. Clearly, G has a 2-gathering
iff H has a perfect matching. Note, however, that E’
may contain Q(|S|?) edges. If |S| = Q(n), then running
time of the algorithm of [1] on the instance produced
may be Q(n?).

Anshelevich and Karagiozova [1] use their weighted
simplex matching algorithm to solve the terminal backup
problem. The input to this problem is a weighted
undirected graph G = (V,E) and a set of terminals
S C V. The goal is to find a subset of edges £’ C FE
of minimal total weight such that in the subgraph G’ =
(V,E’) no connected component contains exactly one
terminal. The terminal backup problem is equivalent
to a weighted version of the 2-gathering problem in
which the goal is to find a mapping M : § — V
such that |M~Y(v)| # 1, for every v € V, and such
that > .¢dc(u, M(u)) is minimized. Adapting our
algorithm to the solution of the weighted 2-gathering
problem is an interesting open problem.

The 2-gathering problem is also a special case of
the generalized factor problem studied by Cornuéjols
[3]. The input to the generalized factor problem is
an undirected graph G = (V,E) and a subset B, C
{0,1,...,d(v)} for each v € V', where d(v) is the degree
of vin G. The goalis to find a subgraph H = (V, F') of G
such that dg(v) € B, for each v € V. The generalized
factor problem can be solved in polynomial time if none
of the sets B, has a gap of size greater than 1, and the
problem is NP-hard otherwise. (A set B has a gap of k
atiifand only ifi,i+k+1 € Bbut i+1,...,i+k ¢ B.)

It is easy to show, as we do in the next section,
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Figure 1: A 2-gathering in a bipartite graph.

that the 2-gathering problem is equivalent to a general
factor problem in which for every v € V, either B, =
{0,...,d(v)} — {1} or B, = {1} . (Cornuéjols [3] refers
to this problem as the 1-factor-antifactor problem.) As
none of these sets has a gap of size greater than 1,
the resulting problem may be solved using the general
algorithms provided by Cornuéjols [3] for the polynomial
cases of the general factor problem. Cornuéjols [3]
provides four algorithms that can be used to solve the 1-
factor-antifactor problem. The complexity of the fastest
two of these are O(n®*m) and O(m?), respectively, slower
than our algorithm by a factor of at least Q(n?).

3 Augmenting paths, cycles and lassos

The 2-gathering problem on general directed graphs
can be easily reduced to the 2-gathering problem on
undirected bipartite graphs: Given a directed graph
G = (V,E) and a subset S C V, construct a bipartite
graph G’ (S,V,E'), where S = {u|ue€ S} and
{t,v} € E' if and only if u = v or (u,v) € E. (Here @
is a copy of u.) It easy to see that there is a 2-gathering
of S in G if and only if there is a 2-gathering of S in G”.

In the remainder of the paper we consider the
bipartite version of 2-gathering problem. If G
(S,T, E) is a bipartite graph, with £ C Sx T, we call S
the set of sources, and T the set of targets. A mapping
M : S — T is then simply a subset M C FE such that
dp(s) = 1, for every s € S, where dp(s) is the degree
of s in the subgraph (S, T, M).

DEFINITION 3.1. (MAPPINGS AND 2-GATHERINGS)
Let G = (S,T, E) be a bipartite graph. A subset M C FE
for which dy(s) = 1, for every source s € S is called a
mapping. A mapping M is a 2-gathering if dps(t) # 1,
for every target t € T. A target t € T for which
dy(t) = 1 is said to be deficient. We let Def(M)
denote the number of deficient targets under M. (For
an example of a 2-gathering in a bipartite graph, see
Fig. 1. Sources are represented by circles, targets by
squares, and the 2-gathering edges are bold.)

We say that target t € T is odd with respect to M
if dps (t) is odd, and even if dps (t) is even.

In analogy with alternating paths used to augment
matchings, we now define altering paths that would be
used to augment mappings.
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DEFINITION 3.2. (ALTERING PATHS and CYCLES) A
simple path P from t1 € T to to € T is said to be an
altering path with respect to M if for every source
s € P, among the two edges of the path touching s, one
is from M while the other is not, i.e., dynp (s) = 1.
Similarly, a simple cycle C is said to be to an altering
cycle with respect to M if for every source s € P we
have dpne (s) = 1.

Note that unlike augmenting paths, altering paths and
cycles with respect to a mapping M may contain two
consecutive edges from M or two consecutive edges not
from M. Such two edges, however, must share a target.

LEMMA 3.1. Let M be a mapping and let P be an
altering path with respect to M. Then, M @ P is also a
mapping. Similarly, if C is an altering cycle with respect
to M, then M & C is also a mapping.

Proof. Every source s € P has one edge from M and
one edge not from M adjacent to it in P. In M & P the
role of these two edges is switched. The proof for cycles
is identical. |

LEMMA 3.2. Let My and Ms be mappings. Then any
path between two targets in My ® M is an altering path
with respect to both My and Ms. Similarly any cycle in
M & Ms is an altering cycle with respect to both M,
and M.

Proof. Since M; and Ms are mappings, for any source
s € S we have dy, (s) = du,(s) = 1, and so
danem, () = 0 or 2. In the later case, each of the
edges adjacent to s belongs to a different mapping. O

DEFINITION 3.3. (EVEN ALTERING PATHS ana CYCLES)
An altering path P with respect to M from t; € T to
to € T is said to be an even altering path if every target
t € P—{t1,t2} is even with respect to M. (Recall that
a target t is even with respect to M if and only if dps(t)
is even.) An altering cycle C' with respect to M is said
to be an even altering cycle passing through a target ¢
if t € C, every other target t' € C — {t} is even, and
the two edges of C' touching t are not in M.

LEMMA 3.3. Let M be a mapping and let P be an even
altering path (with respect to M ) from a deficient target
t1 € T to a targetty € T. Then Def (M @ P) < Def(M)
and the inequality is strict if to is not deficient with
respect to M @ P. Similarly, if C' is an even altering
cycle (with respect to M ) through t, then Def(M & C) <
Def (M) and the inequality is strict if t is deficient in M.

Proof. By Lemma 3.1, M’ = M & P is a mapping. Ast;
and t9 have only one path edge touching them, we have
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dM/(tl) 75 dM(tl) and dM/(tQ) 75 dM(tQ). Any other
target t € P — {t1,t2} has two path edges touching it
and hence dpp (t) = dp(t) (mod 2). Since all targets
in P — {t1,t2} are even in M, they are all even in M’,
and hence none of them is deficient in M’. Thus, ;
is deficient in M but not in M’, while t5 is the only
target that may be deficient in M’ but not in M. Thus,
Def(M') < Def(M). If ¢ is not deficient in M’ then
Def(M’) < Def(M).

If C is an even altering cycle through ¢, then as in
the previous case M’ = M @ C'is a mapping, and every
target t' € C' — {t} is even with respect to both M
and M’. As the two edges of the cycle touching ¢
are not in M, we get that dpp(t) = dp(t) +2 # 1.
No deficient targets are thus introduced and hence
Def(M') < Def(M). If t was deficient in M, we get
that Def(M') < Def(M). O

DEFINITION 3.4. (LAss0S) A lasso is composed of an
even altering path P from a target t1 € T to a target
to € T and an even altering cycle C' through ty such
that PN C = {ta}. We call ty the base or end of the
lasso.

We now describe five types of paths, cycles and lassos
that can be used to augment a mapping, i.e., reduce its
deficiency.

DEFINITION 3.5. (AUGMENTING STRUCTURES)

P1) An even altering path P from a deficient target t1
to a target to with dy (t2) # 0 whose last edge is
not in M is said to be a Pr-augmenting path.

P2) An even altering path P from a deficient target t1
to a target to with dyy (t2) # 2 whose last edge is
in M is said to be a Po-augmenting path.

C) An even altering cycle C through a deficient target t
is said to be a C-augmenting cycle.

L1) A lasso L with a base ta such that dps (t2) = 0 is
said to be an Lq-augmenting lasso.

L2) Alasso L with a base ty such that dys (t2) = 2, and
such that the last edge of the lasso path is in M is
said to be an Lo-augmenting lasso.

Examples of augmenting structures of these five types
can be found in Figure 2. Bold gray edges in the
figure represent edges of M that are not part of the
augmenting structure.

A P-augmenting path is a P;-augmenting path or a
Po-augmenting path. Similarly, an L-augmenting lasso
is an £;-augmenting lasso or an Lo-augmenting lasso.
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LEMMA 3.4. Let M be a mapping and let P be an
altering path from a deficient target t1 € T to a target
to € T. If P is not an even altering path, then it
contains a P-augmenting path from t1 to a targett' € T
on P.

Proof. If P is not an even altering path, then at least
one of the intermediate targets on it is odd. Let ¢’ € P
be the first odd target encountered when P is traversed
from t; to t. The subpath of P from ¢; to t' is an even
altering path that ends with an odd target, so it is a
P-augmenting path. O

LEMMA 3.5. Let M be a mapping, and let R be an aug-
menting structure of one of the types of Definition 3.5.
Then, Def(M & R) < Def(M).

Proof. Suppose that P is a P-augmenting path. It is
easy to check that to is not deficient in M & P and
thus by Lemma 3.3 we have Def(M @ P) < Def(M).
Similarly, if C is a C-augmenting cycle through a
target ¢, then ¢ is not deficient in M @ C and thus by
Lemma 3.3 we have Def(M @ C) < Def(M).

Suppose that L is an L-augmenting lasso, composed
of a path P and a cycle C with PN C = {t}. Then
Def(M @ P) = Def(M) and C' is a C-augmenting cycle
through ¢ with respect to M @& P. By the previous
case, we get Def(M @ L) Def(M@® P)®C) <
Def(M @& P) = Def(M). 0

We now show that a mapping is of minimum defi-
ciency if and only if it admits no augmenting structure.

THEOREM 3.1. A mapping M is a mapping of mini-
mum deficiency if and only if there is no augmenting
structure of type P1, P2, C, L1 or Lo with respect to M.

Proof. If R is an R-augmenting structure, where
R € {P1,P2,L1,L2,C}, then by Lemma 3.5 we have
Def(M @& R) < Def(M). We next show that if M is
not a mapping of minimum deficiency, then it admits an
R-augmenting structure, where R € {P1, P2, L1, L2,C}.
Let M’ be a mapping with Def(M’) < Def(M)
for which |[M N M’'| is maximal. Let D = M & M’
and consider the subgraph (5,7, D). For a connected
component, @ of this subgraph, let Def, (M) be the
number of deficient targets in @ with respect to M.
There must be at least one component ) for which
Defo (M') < Defg (M). By Lemma 3.2, every path
or cycle in @ is altering with respect to M and M’.
Let ¢; be a deficient target in @) with respect to M.
If there exists a target to € Q@ — {t1} such that ds(t2) is
odd, then by Lemma 3.4, the path from ¢; to ¢5 in @Q, or
a prefix of it, is a P-augmenting path, and we are done.
We may assume, therefore, that all targets in Q — {¢1}
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Figure 2: Five types of augmenting structures.

are even with respect to M and thus all paths from ¢;
and cycles through ¢; in @ are even altering with respect
to M. Ast; is the only deficient target in () with respect
to M, we get that Defg (M) = 1 and Def, (M') = 0.

If there exists a target to € Q — {¢1} with dg (t2) =
dyem (t2) = 1, let P be a simple path in @ from ¢,
to to. Let e be the last edge of P. Assume at first
that e € M — M’. Since t5 is not deficient with respect
to M, there must be another edge ¢’ # e adjacent to t2
which belongs to M N M’. Since ts is not deficient with
respect to M’, there must be a third edge e’ # €',e
adjacent to to which again belongs to M N M’. Thus
dar (t2) > 3. If e € M' — M, we get in a similar manner
that dps (t2) > 2. In both cases we get that P is a
P-augmenting path, and we are again done.

We may assume, therefore, that for every target
t € Q — {t1} we have dg (t) > 2. For every source
s € @ we have dg (s) = 2. Thus @Q has at most one
vertex of degree 1. It follows that @ is not a tree and it
contains, therefore, a simple cycle C.

As C C M @& M’, the mapping M’ @ C has a larger
intersection with M than M’, ie., |[(M' & C)N M| >
|[M’' N M|. Hence, there must exist a target tg € C
which is deficient with respect to M’ @ C' but not with
respect to M’. This can happen only if dps (t9) = 3 and
dyrne(to) = 2, i.e., both edges of C that touch ¢ are in
M — M.

We next show that for every target ¢t € C' we have
dyine(t) = 0 or 2, and hence dync(t) = 0 or 2.
Assume, for the sake of contradiction, that there exists
a target 1o € C for which dM/ﬁC(tQ) =1. As dag (f,g) >
dyrne(tz) = 1, and as no targets in @ are deficient with
respect to M, we get that das (t2) > 2. Consider now
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the path P on C from t; to ty that starts with the edge
of C that belongs to M — M’, and let M" = M’ & P.
We claim that Def(M") = Def(M’) < Def(M). Indeed
dM// (tg) = dM/ (t2)+1 2 3 and dMH (to) = dMI (to)—]. =
2, while for every target t € C — {to,t2} we have
dpr (t) = dp (t) (mod 2). As |[M" N M| > |M' N M|,
this is a contradiction to the choice of M’.

Recall that t; € @ and dy(t1) = 1. If t; € C,
we must have dync(t1) = 0, as dync(t) = 2 is
impossible, and hence C'is a C-augmenting cycle passing
through t;. Assume, therefore, that t; & C. Let P be a
simple path in @ from ¢; to a target t2 on C such that
PNC ={tz}. (Note that the first encounter between a
path and a cycle in (Q must be at a target, as all sources
are of degree 2 in ).) Let e be the last edge on P. If
e & M and djs(t2) # 0, then P is a P; -augmenting path.
If dps(t2) = 0, then PUC is an £ -augmenting lasso. If
e € M and dps(t2) # 2, then P is a P2-augmenting path.
Finally, if e € M and dj;(t2) = 2, then as dyno(t2) =0
or2and e € M—C, we get that dync (t2) = 0 and PUC
is an Ls-augmenting lasso. O

Finding augmenting lassos turns out to be a harder
task than finding augmenting paths or cycles. The
difficulty lies in the fact that the path and the cycle that
comprise a lasso need to be disjoint. We next show that
instead of looking for an augmenting lasso it is enough
to look for a deficiency transferring path and then for
an augmenting cycle.

DEFINITION 3.6. (DEFICIENCY TRANSFERRING PATHS)

P1) An even altering path P from a deficient target t1
to a target to with das (t2) = 0 is said to be a P;-
path.
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PL) An even altering path P from a deficient target t,
to a target to with dy (t2) = 2 whose last edge is
in M is said to be a Pj-path.

A P’-path with respect to M is a Pi-path or a Pj-path
with respect to M.

If P is a P’-path with respect to M, then the deficiency
of t; in M is replaced by the deficiency of ¢t in M & P.
The deficiency of all other targets does not change.

LEMMA 3.6. Let My a mapping, let P be a P’-path with
respect to My from tq1 to ta, and let C' be a C-augmenting
cycle with respect to My & P through to. Then, for any
P’-path P’ with respect to My from t| to to (t) might
be equal to t1) there is either a C-augmenting cycle C’
through to, or a P-augmenting path P from t1 to ta,
both with respect to My ® P’.

Proof. Let M = Mq® P® C, M' = My @ P’ and
D= MM = P®C®C'. By Lemma 3.2 all
paths and cycles in D are altering with respect to
M' = My @ P’. Moreover, all targets on P, C or P’,
except ta, and possibly ¢; (if t1 # t¢}), are even with
respect to M’ = My @& P’ . Similarly, all vertices,
except t1, and possibly ] (if 1 # t}), have even degrees
in D. Let @ be the connected component of D that
contains to.

If t1 # t} and t; € @, then the path in @ that
connects t1 and t9 is a P-augmenting path with respect
to M’ = My ® P’ and we are done. We may assume,
therefore, that t; =t} or that t; ¢ Q. If t; = ¢/, then all
the vertices in @) have even degrees with respect to D.
If ¢; # t}, then since ¢; and ¢} are the only odd degree
vertices in D, we get that t; and ¢} must be in the same
connected component of D. As t; € @Q we get that
t) € @ and again all degrees in @ are even. In both
cases, () is Eulerian.

Let p and p’ be the edges of P and P’, respectively,
that touch ¢35, and let ¢; and co be the edges of C' that
touch t5. Note that c¢; # co, but we may have p = p/,
p = ¢, p' = ¢j, etc. (See Fig. 3 for the different non-
symmetric possibilities.) As P and P’ are both P’-paths
with respect to My, we get that p € My if and only if
p' € My. Also dyep(t2) = dyyep(t2) =1. AsCis a
C-augmenting cycle through ¢, with respect to My @ P,
we get that ¢1,co € M @ P. Our goal is now to show
that @ contains a C-augmenting cycle through ts with
respect to My @ P’. We know that dp (t2) is even. As
p,p’, c1,co are the only edge that can touch t5 in Q, we
get that dg (t2) = 0,2 or 4. (See Fig. 3.)

If dg (t2) = 4, then p,p’,c1,co are all distinct. As
dyoep (t2) = 1, at most one of these edges belongs
to Mo @ P’. Let C' be a simple cycle in @ that goes
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Figure 3: Edges touching to in P& C & P’.

through ¢3. (Such a cycle exists as @ is Eulerian.) If
the two edges of C’ touching ty are not in My ¢ P/,
then C” is a C-augmenting cycle with respect to My® P’.
Otherwise, let Q' = Q — C’. All degrees in @)’ are again
even and dg (t2) = 2. Let C” be a simple cycle in @’
that goes through t5. Since none of the edges touching to
in Q" isin Mo® P’, the cycle C" is a C-augmenting cycle
with respect to My @ P’. In both cases we are done.

Suppose now that dg(t2) = 2. Let C’ be a simple
cycle in @ that goes through t5. We show that both
edges of @, and hence of C’, that touch ty are not in
My @ P’. Tt follows that C’ is a C-augmenting cycle
with respect to Mo ® P’. Indeed, if c; € P®C @ P/, for
i € {1,2}, then as ¢; € C and ¢; € My @ P, we get that
c; € My @® P’. Next, suppose that p e P& C & C’ and
that do(t2) = 2. That means that either p # c1,c2
and p) = ¢, for i € {1,2}, or p = p' = ¢, for
i € {1,2}. Assume at first that p # ¢1,ce and p’ = ¢;.
Asc; & My @ P and ¢; € P, we get that p’ = ¢; € M.
Hence p &€ My. As p € P, we get that p € My & P'.
Ifp=p =c; thenasc; & Mo® P, ¢; =p € P and
¢ =p € P, we get that p = p' = ¢ &€ My @ P.
It remains to show that p’ € P & C @ C’ implies
p' & My @® P’. The case p = p’ = ¢; was already dealt
with. Thus, we only need to consider the case p’ # c1, co
and p=c¢;. As¢; € Mo @® P and ¢; = p € P, we get
that ¢; = p € My and hence p’ € My. Asp’ € P/, we
get that p’ & My @ P’, as required.

Finally, we show that the case dg (t2) = 0 is
impossible. For this to happen we need p = ¢; and
p’ = ¢y (or the symmetric case p = ¢ and p’ = ¢1). As
c1,00 € Mo®P andc; =p & P and co = p' € P’ we get
that ¢; = p € My while ¢c; = p’ € My, a contradiction,
as p € My if and only if p’ € M. O

4 The basic algorithm

Theorem 3.1 suggests the following natural algorithm
for finding a mapping with a minimum number of
deficient targets. Start with an arbitrary mapping M.
Look for an augmenting structure of one of the five types
considered above. If such an augmenting structure is
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found, use it to augment M, and repeat. Otherwise, M
is an optimal mapping.

P;1- and Ps-augmenting paths, C-augmenting cycles
and Lo-augmenting lassos, if they exist, can be found
fairly easily. Finding £;-augmenting lassos, on the other
hand, seems to be a harder task. We circumvent the
need for finding augmenting lassos using Lemma 3.6.
Suppose that L is an augmenting lasso through ¢5. The
lasso L is composed of a P’-path P from t; to to, and
a C-augmenting cycle C' through t2. Instead of looking
for the path P and the cycle C simultaneously, we first
look for a P’-path P’ that ends at t2, use it to modify
the mapping, and then look for a C-augmenting cycle C’
through ¢, or a P-augmenting path P” that ends at t5.
By Lemma 3.6, the existence of L implies that for any
P’-path P’ chosen, we are guaranteed to find either a
C-augmenting cycle C' or a P-augmenting path P”. In
both cases we can augment the mapping and proceed to
the next iteration.

An optimal mapping would clearly be found after
at most |S| < n augmentations. For each target to € T,
we show below that we can find a P-augmenting path
ending at g, a P’-path ending at ¢y, or a C-augmenting
cycle passing through ¢o, if they exist, in O(m) time. As
there are |T'| < n targets, we can find an augmentation,
if one exists, in O(mn) time. The total running time of
the algorithm would therefore be O(mn?). In the next
section, we reduce the running time of the algorithm to
O(mn).

4.1 Finding augmenting structures Let G =
(S,T,E) be a bipartite graph and let M C FE be a
mapping. Let tg € T be a specific target. Let R €
{P1, P2, Py, Py, C}. To find an R-structure ending at t,
if one exists, we construct a new graph G' = (V' E’)
and a matching M’ C E’ such that there is an R-
structure ending at tg in G with respect to the map-
ping M, if and only if there is a (conventional) aug-
menting path ending at to in G’ with respect to the
matching M'. Furthermore, given an augmenting path
in G’ ending at t, we can easily construct an R-structure
in G ending at to. The graph G’ has O(n) vertices and
O(m) edges. An augmenting path with respect to M’
ending at t can be found in O(m) time using an algo-
rithm of Gabow and Tarjan [8].

The graph G’ is obtained by replacing each target
t € T by one of the target gadgets shown in Figure 4.
Bold edges in the left hand side of each gadget corre-
spond to edges of the mapping M while bold edges on
the right correspond to edges of the newly constructed
matching M’. Some targets and sources are removed
from the graph. Some of the gadgets are similar to gad-
gets used by Gabow [7]. We next give a short description
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Figure 4: The target gadgets.

of each one of these gadgets:

START: Applied to a deficient target, i.e., a target
t € T with dy(t) = 1. Suppose that (s1,t) € M.
Introduce a new vertex s;t and replace the edge (s1,t)
by the two edges (s1, s1t) and (s1¢,t). The edge (s1, s1t)
is placed in M’. Other edges entering ¢ are added to G’
but not to the matching M’.

PASS: Applied to an even target, i.e., a target t € T'
with das(t) even. The target ¢ is replaced by two new
vertices ¢1 and to and an edge (¢1, t2) is added to both G’
and M'. If (s;,t) € M, we again introduce a new
vertex s;t and replace the edge (s;,t) by the three edges
(Si, Sit), (Silf, tl) and (Sit, tg). The edge (Si, Sit) is added
to M'. If (s;,t) ¢ M, the edge (s;,t) is replaced in G’
by the two edges (s;,%1) and (s;,t2).

END;: Applied to an arbitrary target ¢. Sources
mapped to ¢ are removed. Edges (s,t) € M are retained.

ENDy: Applied to a target t with dp(t) > 0.
Edges (s;,t) € E are subdivided, as in START. Edges
(sj,t) ¢ M are removed.

CYCLE: Applied to a target ¢t with das(t) = 1. The
source mapped to t is removed from the graph. The
target ¢ in G is replaced by two vertices ¢t; and ¢ in G'.
Every edge (s,t) in G is replaced by two edges (s,;)
and (s,t2) in G'.

DELETE: Applied to a target ¢ with ds(t) odd.
Target ¢t and all sources mapped to it are removed.

LEMMA 4.1. Let G’ and M’ be the graph and the edge
set obtained by applying a target replacement gadget, of
any suitable kind, on each target of G. Then, M’ is a
matching in G’ and all vertices in G’ that correspond to
sources of G are matched by M’ .

Proof. Let s € S. As M is a mapping, there is a single
target ¢t € T such that (s,t) € M. If s appears in G’

Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



| | to | def (T) - {to} | Oddzg(T) — {to} | even(T) - {to} |
Py, P} END, START DELETE PASS
Pa, P} END» START DELETE PASS
C CYCLE DELETE DELETE PASS

Table 1: The target replacement recipe.

then the edge (s,t), or an edge (s, st), appear in both G’
and M’. No other edge of M’ touches s. All other
vertices of G’ are vertices that belong to one of the
gadgets and at most one edge of M’ is adjacent to them.
O

To find R-structures, for R € {Py,Pa, P;,P5,C},
we follow the recipe prescribed in Table 1. We use
def(T) = {t € T | du(t) = 1} to denote the set
of deficient targets, odd(T) = {t € T | du(t) >
3, dp(t)is odd} to denote the set of non-deficient odd
targets, and even(T) = {t € T | dum(t)is even} to
denote the set of even targets, all with respect to M.

For example, to find a P;-path or a P;-path ending
at a target to, we replace ty by an END; gadget, replace
all deficient targets by a START gadget, replace all non-
deficient odd targets by a DELETE gadget, and finally
replace all even targets by PASS gadgets. Let G’ be the
resulting graph.

LEMMA 4.2. Let G = (S,T,E) be a bipartite graph,
let M be a mapping of G, and let to € T. Let
R € {P1,P2,P;,P5,C} and let G' and M’ be the graph
and the matching obtained by replacing each target of
G by a gadget, as prescribed by the corresponding row
of Table 1. Then, there is a correspondence between
R-structures with respect to M that end at tog in G
and augmenting paths that end at one of the vertices
corresponding to to in G'.

Proof. We sketch the proof for P;-augmenting paths.
The other cases are similar. Let P = (t1,s1,t2,...,
tk—1,Sk—1,tk = to) be a Pi-augmenting path ending
at to. By definition dy(t1) = 1, and ¢; is there-
fore replaced by a START gadget, das(t2), ..., da(tk—1)
are all even, and are therefore replaced by PASS gad-
gets. Finally t; is replaced by an END; gadget. We
can construct an augmenting path in G’ with respect
to M’ from t; to t; as follows. Each pair of edges
(si—1,ti), (ti,si), where 2 < i < k— 1, in P is replaced
by an alternating path (of length 3,4 or 5) in the PASS
gadget replacing ¢; such that the first edge in this path
is in M’ if and only if (s;—1,t;) € M. Similarly, the
last edge is in M’ if and only if (¢;,s;) € M. The edges
(t1,s1) is replaced by the corresponding edge or pair of
edges in the START gadget replacing ¢;, and the edge
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(sg—1,tx) is replaced by the corresponding edge in the
END; gadget replacing t.

Conversely, let P’ be an augmenting path with
respect to M’ in G’ ending at tp. As the only other
exposed vertices in G’ are targets replaced by a START
gadget, we get that P’ must start at a target ¢; for which
dp(t1) = 1. The only gadgets through which P’ can
pass are PASS gadgets that correspond to even targets
with respect to M. A Pj-augmenting path from t; to tx
can be obtained by collecting the sources and gadgets
through which P’ passes. ad

4.2 The complete algorithm Given a mapping M,
we first try to find a Pj-augmenting path, a Pa-
augmenting path, or a C-augmenting cycle. If such a
path or a cycle is found, we of course use it to augment
the mapping. To find such an augmenting path or
cycle we do the following. For every target to with
dpr(to) > 1, we look for a Pr-augmenting path ending
at to. For every target to with dps(to) # 2, we look for
a Py-augmenting path ending at to. For every deficient
target tg, i.e., das(to) = 1, we look for a C-augmenting
cycle through ty. If no augmenting path or cycle is
found, we proceed as follows. For every target ty with
du(to) = 0, we look for a Pi-path ending at to. If such
a path P is found, we let M’ «— M @ P (recall that
Def(M') = Def(M)). We now look for an augmenting
path or cycle with respect to M’ that end at tg. If found,
we augment, otherwise, we revert back to M. Similarly,
for every target to with dys(to) = 2, we look for a Pj-
path ending at tg, and then for an augmenting path or
cycle ending at ty. If no augmentation is found, the
mapping M is optimal.

THEOREM 4.1. The algorithm described finds an opti-
mal mapping in O(mn?) time.

5 Speeding up the algorithm

The running time of the algorithm described above is
O(mn?) as in each iteration we have to examine all
targets and look for augmenting structures ending at
them. One way to reduce the running time of the
algorithm to O(mn) would be to devise an O(m)-time
algorithm for finding an augmenting structure that ends
at an arbitrary target. Unfortunately, we do not know
how to do that. A second way of reducing the running
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time of the algorithm to O(mn) would be to show that if
augmenting structures ending at a given target to were
sought at a given iteration, then no matter whether
they were found or not, there is no need to look for
augmenting structures ending at to again at subsequent
iterations.  Unfortunately, this is generally not the
case. We show, however, that this claim is true if the
mappings we work with are mazimum even mappings.

DEFINITION 5.1. (MAXIMUM EVEN MAPPINGS) Let

G = (S,T,E) be a bipartite graph. A mapping M C FE
is a maximum even mapping if it has the maximum
number of even targets among all mappings of G.

Using the framework developed in the previous section,
we can obtain an O(mn)-time algorithm for finding a
maximum even mapping of a given graph. The proof of
this claim is given in Section 6.

Our more efficient algorithm for finding an optimal
mapping starts with a maximum even mapping. We
show that a mapping obtained by augmenting a maxi-
mum even mapping remains a maximum even mapping.

LEMMA 5.1. Let M be a mazimum even mapping of G
and let P be a P-augmenting path or a P’-path with
respect to M from t1 to ta. Then M' = M & P is also
a mazimum even mapping of G. Furthermore, dps(t1)
is odd and dp;(t2) is even, while dys:(t1) is even and
dpie (t2) is odd. Similarly, if C is a C-augmenting cycle
through to, then M’ = M & C is also a mazimum even
mapping of G and both dp(t2) = 1 and dpp(t2) =
3 are odd. In both cases, the parities of all targets
t # t1,to are unchanged, and if dp(t) is odd, then
dpy(t) = dpr ().

Proof. Omitted due to lack of space. O

In the sequel, we refer to a pair (P,C) such that P is
a P’-path with respect to M that ends in a target to
and C is a C-augmenting cycle through t5 with respect
to M @ P as a P’'C-augmenting pair with respect to M.
To unify the terminology used, we also allow ourselves to
say that the C-augmenting cycle C' and the pair (P, C)
end at to.

As an immediate corollary of Lemma 5.1, we get
that there is no need to look for augmenting paths that
end at odd targets, as such augmenting paths cannot
exist when M is a maximum even mapping. Further-
more, if a P-augmenting path, or a C-augmenting cycle,
or a P’'C-augmenting pair ending at a target ¢, is found,
then after the augmentation we have dp(t2) > 3 and
dpe(t2) is odd, and t2 would never serve as the end of
an augmentation structure.

We next show that if the search for an augmenting
structure ending at a target to fails, then there is again
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no need to look for augmenting structures ending at to
at subsequent iterations.

LEMMA 5.2. Let M be a mazimum even mapping of G
and let R be an R-structure ending at t2, where R €
{P1, P2, P{,P%,C}. If there is a P-augmenting path P,
or a C-augmenting cycle C, or a P'C-augmenting pair
(P,C) with respect to M & R ending at th # ts, then
there is a P-augmenting path P', or a C-augmenting
cycle C', or a P'C-augmenting pair (P’,C") with respect
to M ending at t}.

Proof. Omitted due to lack of space. o

Thus, if we start with a maximum even mapping, we
only need to look once at augmenting structures ending
at a given target. As a consequence, we get

THEOREM 5.1. The algorithm described finds an opti-
mal mapping in O(mn) time.

6 Maximum even mappings

In this section we describe an O(mn)-time algorithm for
finding a maximum even mapping of a bipartite graph
G = (S,T, E), completing the description of the O(mn)-
time algorithm for finding optimal 2-gatherings given
in the previous section. Maximum even mappings are
also interesting in their own right as they correspond,
as we show below, to the problem of finding a maximum
matching in a graph represented as a union of cliques.

Let V be a vertex set, and let C = {C1,...,Cy}
be a collection of subsets of V. Construct a graph
G(C) = (V,E) such that (u,v) € E if and only
if there exists C; € C such that uw,v € C. How
efficiently can we find a maximum matching in G? If
|C;| = ¢;, then G contains O(Y.F_, £2) edges and a
maximum matching in G can therefore be found in
O(n'/2 3% | 2) time ([14],[16],[9]). Via a reduction to
the problem of computing a maximum even matching in
a suitably constructed graph, it is possible to solve the
problem in O(n Zle ¢;) time, which is faster in many
situations.

Given a collection C = {Cy,...,C} of subsets
of V, construct a bipartite graph G'(C) = (V,C, E’),
where (u,C;) € E’ if and only if w € C;. It is not
difficult to see that G(C) has a matching with at most &
unmatched vertices if and only if G’(C) has a mapping
with at most k£ odd targets. We omit the straightforward
proof. We mention in passing that a somewhat related
problem of finding maximum matchings in bipartite
graphs represented as a union of bi-cliques is considered
in [6].

The O(mn)-time algorithm for finding a maximum
even matching is based on the following analogues of
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Figure 5: Target gadgets for maximum even mappings

Lemma 3.5 and Theorem 3.1. The proofs in this section
are omitted due to lack of space.

LEMMA 6.1. Let M be a mapping and let P be an even
altering path between two odd targets with respect to M.
Then, M ® P is a mapping with more even targets.

THEOREM 6.1. A mapping M is maximum even map-
ping if and only if there is no even altering path between
two odd targets with respect to M.

This suggests the following natural algorithm for finding
a maximum even mapping of G. Start with any
mapping. While there exists an even altering path
between two odd targets with respect to the current
mapping, use it to improve the mapping. We next claim
that such an improving path, if one exists, can be found
in O (m) time.

The search for improving paths is similar to the
search for augmenting structures conducted in Sec-
tion 4. Only two gadgets, ENDPOINT and PASS gad-
gets, shown in Fig. 5, are needed this time.

The ENDPOINT gadget is an extension of the
START gadget for cases where the number of sources
mapped to ¢ is odd (but not necessarily one). The PASS
gadget is identical to the PASS gadget used in Section 4.

To find an even altering path between two odd
targets with respect to M in G, we construct a new
graph G’ and a matching M’ in G’ by replacing every
odd target in G by an ENDPOINT gadget, and every

improved to O(m|S|),where S is the set of sources, or
equivalently the set of vertices that contain pebbles,
or even to O(m|S|'/?), which would then match the
complexity of the fastest known matching algorithms
(see [14],]16],]9]). It is also an interesting open problem
whether our algorithm could be extended to handle the
weighted version of the 2-gathering problem.
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